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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
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p

R
� p̃
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(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

5

Level-matching

Hamiltonian

Motivation



Simplest: bosonic string on S1:               

g, B,�

y

gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy

Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1
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Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string

gµ⌫ , Bµ⌫ ,�
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p
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U(1)⇥ SU(2)⇥ SO(30)
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
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totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
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compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
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taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete
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On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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• Fully understand compactifications on Td at all points in moduli space 

fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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Simplest: bosonic string on S1:               
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2
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+
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, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).
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Consider the closed bosonic string theory compactified on a circle of radius R. The
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from
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has two e↵ects. On the one hand, univaluedness of the wave function requires discrete
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around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).
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Consider the closed bosonic string theory compactified on a circle of radius R. The
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Motivation
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• Fully understand compactifications on Td at all points in moduli space 

→

From string scattering amplitudes

fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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M±±,M±⌥

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).
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, k̄ =
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R
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = y(z) + ȳ(z̄) ⇠ Y (z, z̄) + 2⇡R (0.2)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from
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Consider the closed bosonic string theory compactified on a circle of radius R. The
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has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

1

= ✏2

=
p
✏

M±±,M±⌥

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Extra massless states 
have momentum 

and/or winding on circle
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+
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x(z, z̄) = xL(z) + xR(z̄)

y(z, z̄) = yL(z) + yR(z̄)

ỹ(z, z̄) = yL(z)� yR(z̄)

y = yL + yR ' y + 2⇡R

ỹ = yL � yR ' y + 2⇡R̃

k 2 R

kL,R = p
R

± p̃
R̃

↵0 = 1

Consider the closed bosonic string theory compactified on a circle of radius R. The
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Hamiltonian

=1

=1

Motivation

At

• Fully understand compactifications on Td at all points in moduli space 

→

Double Field TheoryFrom string scattering amplitudes

→

fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string

gµ⌫ , Bµ⌫ ,�

1/
p
2

U(1)⇥ SU(2)⇥ SO(30)

U(1)2 ⇥ SO(30)

U(1)⇥ SO(32)

SU(2)⇥ SO(32)

SO(34)

4



Massless states at 
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gmn
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Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
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+

p̃2

R̃2
(0.2)

R̃ = ↵0

R
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p
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N̄ = 1
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N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1
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N̄ = 0

1

g, B,�

y

gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy

Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2
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+
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R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
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+

p̃2

R̃2
(0.2)

R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
↵0

N̄ = 1

p = p̃ = ±1

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

p = �p̃ = ±1

1

= ✏2

=
p
✏

M±±,M±⌥

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

5

Level-matching

Mass
Bosonic string on S1 



Massless states at 

g, B,�

y

gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy

Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.2)

R̃ = ↵0

R

R̃ = ↵0/R

=
p
↵0

N̄ = 1

p = p̃ = ±1

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

p = �p̃ = ±1

N̄ = 0

1

g, B,�

y

gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy

Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.2)

R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
↵0

N̄ = 1

p = p̃ = ±1

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

p = �p̃ = ±1

1

Vectors

g, B,�

y

gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy

Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.2)

R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
↵0

N̄ = 1

p = p̃ = ±1

N̄x = 1

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

1

g, B,�

y

gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy

Bµy

U(1)⇥ U(1)

M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
p2

R2
+

p̃2

R̃2
(0.2)

R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
↵0

N̄ = 1

Ny = 1

p = p̃ = ±1

N̄x = 1

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

1

-

-

Ny = 1

Ny = 0

p = p̃ = ±1

N̄x = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

p = �p̃ = ±1

N̄ = 0

SU(2)⇥ SU(2)

N = Ñ = 0
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the
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where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).
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1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].

2.1 Compactifications on T k

Consider the heterotic string propagating on a background manifold that is a product of a
d = 10� k dimensional space-time times an internal torus T k with constant background
metric G = ete

�
) Gmn = eam�abebn

�
, antisymmetric two-form field Bmn and U(1)16

gauge field AA
m, where m,n = 1, ..., k and A = 1, . . . , 16. For simplicity we take the

dilaton to be zero. The set of vectors em define a basis in the compactification lattice
⇤k such that the target space is the k-dimensional torus T k = Rk/⇡⇤k. The vectors êa
constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn, and thus they
obey êtê = G�1

�
) êam�abêbn = Gmn

�
.

The contribution from the internal sector to the world-sheet action (we consider only
the bosonic sector here) is

S =
1

4⇡

Z

M

d⌧d�
�
�↵�Gmn � i✏↵�Bmn

�
@↵Y

m@�Y
n

+
1

8⇡

Z

M

d⌧d�
�
�↵�@↵Y

A@�Y
A � 2i✏↵�AA

m@↵Y
m@�Y

A
�
, (2.1)

where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
been gauge fixed to �↵� (↵, � = ⌧, �) and ✏01 = 1. The internal string coordinate fields
satisfy

Y m(⌧, � + 2⇡) ' Y m(⌧, �) + 2⇡wm , (2.2)

where wm 2 Z are the winding numbers. It is convenient to define left and right-movers

Y m(z, z̄) =

✓
1

2

◆1/2

[Y m
L (z) + Y m

R (z̄)] , z = exp(⌧ + i�) , z̄ = exp(⌧ � i�) , (2.3)

with

Y m
L (z) = ymL � ipmL lnz + · · · , Y A

L (z) = yAL � ipA lnz + · · · , (2.4)

Y m
R (z̄) = ymR � ipmR lnz̄ + · · · , (2.5)

the dots standing for the oscillators contribution. Then the periodicity condition is

Y m(⌧, � + 2⇡)� Y m(⌧, �) = 2⇡

✓
1

2

◆1/2

(pmL � pmR ) = 2⇡wm . (2.6)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Level-matching

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.100 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã

[µF
ã

⌫⇢] + f ãb̃c̃Aã

µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã

µ⌫
= 2@[µA

ã

⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.4)

H = dB + Ai ^ F i � Āi ^ F̄ i

H = dB + Ai ^ F i + Āi ^ F̄ i

F i = dAi + ✏ijkAj ^ Ak

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj

µ
M ik

M ij ! ✏ �ij33 +M 0ij

: A±
µ

Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)
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3

fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string

gµ⌫ , Bµ⌫ ,�

kL,R = 1p
2

⇣
p
R ± p̃

R̃

⌘

1/
p
2

U(1)⇥ SU(2)⇥ SO(30)

U(1)2 ⇥ SO(30)

U(1)⇥ SO(32)

SU(2)⇥ SO(32)

4

SO(34)

= e±
p
2iY L(z)

In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].

2.1 Compactifications on T k

Consider the heterotic string propagating on a background manifold that is a product of a
d = 10� k dimensional space-time times an internal torus T k with constant background
metric G = ete

�
) Gmn = eam�abebn

�
, antisymmetric two-form field Bmn and U(1)16

gauge field AA
m, where m,n = 1, ..., k and A = 1, . . . , 16. For simplicity we take the

dilaton to be zero. The set of vectors em define a basis in the compactification lattice
⇤k such that the target space is the k-dimensional torus T k = Rk/⇡⇤k. The vectors êa
constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn, and thus they
obey êtê = G�1

�
) êam�abêbn = Gmn

�
.

The contribution from the internal sector to the world-sheet action (we consider only
the bosonic sector here) is

S =
1

4⇡

Z

M

d⌧d�
�
�↵�Gmn � i✏↵�Bmn

�
@↵Y

m@�Y
n

+
1

8⇡

Z

M

d⌧d�
�
�↵�@↵Y

A@�Y
A � 2i✏↵�AA

m@↵Y
m@�Y

A
�
, (2.1)

where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
been gauge fixed to �↵� (↵, � = ⌧, �) and ✏01 = 1. The internal string coordinate fields
satisfy

Y m(⌧, � + 2⇡) ' Y m(⌧, �) + 2⇡wm , (2.2)

where wm 2 Z are the winding numbers. It is convenient to define left and right-movers

Y m(z, z̄) =

✓
1

2

◆1/2

[Y m
L (z) + Y m

R (z̄)] , z = exp(⌧ + i�) , z̄ = exp(⌧ � i�) , (2.3)

with

Y m
L (z) = ymL � ipmL lnz + · · · , Y A

L (z) = yAL � ipA lnz + · · · , (2.4)

Y m
R (z̄) = ymR � ipmR lnz̄ + · · · , (2.5)

the dots standing for the oscillators contribution. Then the periodicity condition is

Y m(⌧, � + 2⇡)� Y m(⌧, �) = 2⇡

✓
1

2

◆1/2

(pmL � pmR ) = 2⇡wm . (2.6)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Mass
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string

gµ⌫ , Bµ⌫ ,�

kL,R = 1p
2

⇣
p
R ± p̃

R̃

⌘

1/
p
2

U(1)⇥ SU(2)⇥ SO(30)

U(1)2 ⇥ SO(30)

U(1)⇥ SO(32)

SU(2)⇥ SO(32)

4

SO(34)

= e±
p
2iY L(z)

In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].

2.1 Compactifications on T k

Consider the heterotic string propagating on a background manifold that is a product of a
d = 10� k dimensional space-time times an internal torus T k with constant background
metric G = ete

�
) Gmn = eam�abebn

�
, antisymmetric two-form field Bmn and U(1)16

gauge field AA
m, where m,n = 1, ..., k and A = 1, . . . , 16. For simplicity we take the

dilaton to be zero. The set of vectors em define a basis in the compactification lattice
⇤k such that the target space is the k-dimensional torus T k = Rk/⇡⇤k. The vectors êa
constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn, and thus they
obey êtê = G�1

�
) êam�abêbn = Gmn

�
.

The contribution from the internal sector to the world-sheet action (we consider only
the bosonic sector here) is

S =
1

4⇡

Z

M

d⌧d�
�
�↵�Gmn � i✏↵�Bmn

�
@↵Y

m@�Y
n

+
1

8⇡

Z

M

d⌧d�
�
�↵�@↵Y

A@�Y
A � 2i✏↵�AA

m@↵Y
m@�Y

A
�
, (2.1)

where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
been gauge fixed to �↵� (↵, � = ⌧, �) and ✏01 = 1. The internal string coordinate fields
satisfy

Y m(⌧, � + 2⇡) ' Y m(⌧, �) + 2⇡wm , (2.2)

where wm 2 Z are the winding numbers. It is convenient to define left and right-movers

Y m(z, z̄) =

✓
1

2

◆1/2

[Y m
L (z) + Y m

R (z̄)] , z = exp(⌧ + i�) , z̄ = exp(⌧ � i�) , (2.3)

with

Y m
L (z) = ymL � ipmL lnz + · · · , Y A

L (z) = yAL � ipA lnz + · · · , (2.4)

Y m
R (z̄) = ymR � ipmR lnz̄ + · · · , (2.5)

the dots standing for the oscillators contribution. Then the periodicity condition is

Y m(⌧, � + 2⇡)� Y m(⌧, �) = 2⇡

✓
1

2

◆1/2

(pmL � pmR ) = 2⇡wm . (2.6)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string

gµ⌫ , Bµ⌫ ,�

kL,R = 1p
2

⇣
p
R ± p̃

R̃

⌘

1/
p
2

U(1)⇥ SU(2)⇥ SO(30)

U(1)2 ⇥ SO(30)

U(1)⇥ SO(32)

SU(2)⇥ SO(32)

4

SO(34)

= e±
p
2iY L(z)

In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].

2.1 Compactifications on T k

Consider the heterotic string propagating on a background manifold that is a product of a
d = 10� k dimensional space-time times an internal torus T k with constant background
metric G = ete

�
) Gmn = eam�abebn

�
, antisymmetric two-form field Bmn and U(1)16

gauge field AA
m, where m,n = 1, ..., k and A = 1, . . . , 16. For simplicity we take the

dilaton to be zero. The set of vectors em define a basis in the compactification lattice
⇤k such that the target space is the k-dimensional torus T k = Rk/⇡⇤k. The vectors êa
constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn, and thus they
obey êtê = G�1

�
) êam�abêbn = Gmn

�
.

The contribution from the internal sector to the world-sheet action (we consider only
the bosonic sector here) is

S =
1

4⇡

Z

M

d⌧d�
�
�↵�Gmn � i✏↵�Bmn

�
@↵Y

m@�Y
n

+
1

8⇡

Z

M

d⌧d�
�
�↵�@↵Y

A@�Y
A � 2i✏↵�AA

m@↵Y
m@�Y

A
�
, (2.1)

where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
been gauge fixed to �↵� (↵, � = ⌧, �) and ✏01 = 1. The internal string coordinate fields
satisfy

Y m(⌧, � + 2⇡) ' Y m(⌧, �) + 2⇡wm , (2.2)

where wm 2 Z are the winding numbers. It is convenient to define left and right-movers

Y m(z, z̄) =

✓
1

2

◆1/2

[Y m
L (z) + Y m

R (z̄)] , z = exp(⌧ + i�) , z̄ = exp(⌧ � i�) , (2.3)

with

Y m
L (z) = ymL � ipmL lnz + · · · , Y A

L (z) = yAL � ipA lnz + · · · , (2.4)

Y m
R (z̄) = ymR � ipmR lnz̄ + · · · , (2.5)

the dots standing for the oscillators contribution. Then the periodicity condition is

Y m(⌧, � + 2⇡)� Y m(⌧, �) = 2⇡

✓
1

2

◆1/2

(pmL � pmR ) = 2⇡wm . (2.6)
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J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

2

: A3
µ

: Aµ

V ⇠ J3(z) · (@̄XµeikX)

V ⇠ J±(z) · (@̄XµeikX)

V ⇠ J3(z) · (@̄xReikX)

J3(z) = @yL(z)

J±(z) = e±2iyL(z)

J i(z) =
P

J i
m z�(m+1)

[J i
m, J

j
n] =

m
2 �

ij�m,�n + ✏ijkJk
m+n

Ny = 1

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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ã

⌫] + f ãb̃c̃Ab̃
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µ
M ik

M ij ! ✏ �ij33 +M 0ij

: A±
µ

Ā±
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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4

SO(34)

= e±
p
2iY L(z)

In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].

2.1 Compactifications on T k

Consider the heterotic string propagating on a background manifold that is a product of a
d = 10� k dimensional space-time times an internal torus T k with constant background
metric G = ete

�
) Gmn = eam�abebn

�
, antisymmetric two-form field Bmn and U(1)16

gauge field AA
m, where m,n = 1, ..., k and A = 1, . . . , 16. For simplicity we take the

dilaton to be zero. The set of vectors em define a basis in the compactification lattice
⇤k such that the target space is the k-dimensional torus T k = Rk/⇡⇤k. The vectors êa
constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn, and thus they
obey êtê = G�1

�
) êam�abêbn = Gmn

�
.

The contribution from the internal sector to the world-sheet action (we consider only
the bosonic sector here) is

S =
1

4⇡

Z

M

d⌧d�
�
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�
@↵Y
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�
�↵�@↵Y

A@�Y
A � 2i✏↵�AA

m@↵Y
m@�Y

A
�
, (2.1)

where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
been gauge fixed to �↵� (↵, � = ⌧, �) and ✏01 = 1. The internal string coordinate fields
satisfy

Y m(⌧, � + 2⇡) ' Y m(⌧, �) + 2⇡wm , (2.2)

where wm 2 Z are the winding numbers. It is convenient to define left and right-movers

Y m(z, z̄) =

✓
1

2

◆1/2

[Y m
L (z) + Y m

R (z̄)] , z = exp(⌧ + i�) , z̄ = exp(⌧ � i�) , (2.3)

with

Y m
L (z) = ymL � ipmL lnz + · · · , Y A

L (z) = yAL � ipA lnz + · · · , (2.4)

Y m
R (z̄) = ymR � ipmR lnz̄ + · · · , (2.5)

the dots standing for the oscillators contribution. Then the periodicity condition is

Y m(⌧, � + 2⇡)� Y m(⌧, �) = 2⇡

✓
1

2

◆1/2

(pmL � pmR ) = 2⇡wm . (2.6)
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• Scalars
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(a) Ny = 1, N̄y = 1 : M33

(b) Ny = 1, p = �p̃ = ±1 (k̄ = ±2) : M3±

(c) N̄y = 1, p = p̃ = ±1 (k = ±2) : M±3

(d) p = ±2, p̃ = 0 (k = k̄ = ±2) : M±±

(e) p = 0, p̃ = ±2 (k = �k̄ = ±2) : M±⌥

with corresponding vertex operators

V i,j
S (z, z̄) = g0c✏

ij : J i(z)J̄ j(z̄)eiK·X : (0.13)

[Gerardo: revisar el M33
, parece tener un

p
2 extra..]

In these expressions, µ = 0, ..., d � 1 denotes an index along the non-compactified

(external) space [Mariana: si?]; J i, i = 1, 2, 3 are the SU(2)L currents in the Cartan-

Weyl basis

J3(z) =
ip
↵0
@zy(z)

J±(z) = : exp(±2i↵0�1/2y(z)) : (0.14)

where J± = J1 ± iJ2. (The SU(2)R current algebra can be read from above just by

replacing J i ! J̄ i, y(z) ! ȳ(z̄).) They satisfy the OPE

J i(z̄)J j(0) ⇠ ✏ijk
z

Jk(0) + . . . (0.15)

with antisymmetric structure constants ✏123 = 1 (which implies ✏+�
3 = 2, ✏3±⌥ = ±1).

The factor

g0c = gc/(2⇡R)�1/2 (0.16)

is the standard d-dimensional closed string coupling written in terms of the original D =

d + 1 coupling gc with the factor (2⇡R)�1/2 coming from the normalization of the zero

mode wave function. Recall that vector polarizations must satisfy the gauge condition

[Mariana: k o K?]

k · ✏i(k) = k · ✏̄i(k) = 0 (0.17)

in order for the operators to have the correct conformal weight (1, 1).
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Bmn
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M2 =
2
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R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
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(gµy +Bµy)

(gyy)

: Aµ

: A3
µ

: A±
µ

V ⇠ J3(z) · (RM)

1

= ✏2

=
p
✏

M±±,M±⌥

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Level-matching

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.100 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã

[µF
ã

⌫⇢] + f ãb̃c̃Aã

µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã

µ⌫
= 2@[µA

ã

⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.4)

H = dB + Ai ^ F i � Āi ^ F̄ i

H = dB + Ai ^ F i + Āi ^ F̄ i

F i = dAi + ✏ijkAj ^ Ak

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj

µ
M ik

M ij ! ✏ �ij33 +M 0ij

: A±
µ

Ā±
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=
p
✏

M±±,M±⌥

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g
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⌫
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µ⌫
= 2@[µA

ã
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F i = dAi + ✏ijkAj ^ Ak

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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M ik

M ij ! ✏ �ij33 +M 0ij
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)
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✏
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.
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In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].
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where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
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(a) Ny = 1, N̄y = 1 : M33

(b) Ny = 1, p = �p̃ = ±1 (k̄ = ±2) : M3±

(c) N̄y = 1, p = p̃ = ±1 (k = ±2) : M±3

(d) p = ±2, p̃ = 0 (k = k̄ = ±2) : M±±

(e) p = 0, p̃ = ±2 (k = �k̄ = ±2) : M±⌥

with corresponding vertex operators

V i,j
S (z, z̄) = g0c✏

ij : J i(z)J̄ j(z̄)eiK·X : (0.13)

[Gerardo: revisar el M33
, parece tener un

p
2 extra..]

In these expressions, µ = 0, ..., d � 1 denotes an index along the non-compactified

(external) space [Mariana: si?]; J i, i = 1, 2, 3 are the SU(2)L currents in the Cartan-

Weyl basis

J3(z) =
ip
↵0
@zy(z)

J±(z) = : exp(±2i↵0�1/2y(z)) : (0.14)

where J± = J1 ± iJ2. (The SU(2)R current algebra can be read from above just by

replacing J i ! J̄ i, y(z) ! ȳ(z̄).) They satisfy the OPE

J i(z̄)J j(0) ⇠ ✏ijk
z

Jk(0) + . . . (0.15)

with antisymmetric structure constants ✏123 = 1 (which implies ✏+�
3 = 2, ✏3±⌥ = ±1).

The factor

g0c = gc/(2⇡R)�1/2 (0.16)

is the standard d-dimensional closed string coupling written in terms of the original D =

d + 1 coupling gc with the factor (2⇡R)�1/2 coming from the normalization of the zero

mode wave function. Recall that vector polarizations must satisfy the gauge condition

[Mariana: k o K?]

k · ✏i(k) = k · ✏̄i(k) = 0 (0.17)

in order for the operators to have the correct conformal weight (1, 1).

6

(a) Ny = 1, N̄y = 1 : M33

(b) Ny = 1, p = �p̃ = ±1 (k̄ = ±2) : M3±

(c) N̄y = 1, p = p̃ = ±1 (k = ±2) : M±3

(d) p = ±2, p̃ = 0 (k = k̄ = ±2) : M±±

(e) p = 0, p̃ = ±2 (k = �k̄ = ±2) : M±⌥

with corresponding vertex operators

V i,j
S (z, z̄) = g0c✏

ij : J i(z)J̄ j(z̄)eiK·X : (0.13)

[Gerardo: revisar el M33
, parece tener un

p
2 extra..]

In these expressions, µ = 0, ..., d � 1 denotes an index along the non-compactified

(external) space [Mariana: si?]; J i, i = 1, 2, 3 are the SU(2)L currents in the Cartan-

Weyl basis

J3(z) =
ip
↵0
@zy(z)

J±(z) = : exp(±2i↵0�1/2y(z)) : (0.14)

where J± = J1 ± iJ2. (The SU(2)R current algebra can be read from above just by

replacing J i ! J̄ i, y(z) ! ȳ(z̄).) They satisfy the OPE
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dim
⇥ O(d+ 3, d+ 3)

O(d+ 3)⇥O(d+ 3)

⇤
= (d+ 3)2

eik(x
L(z)+xR(z̄))

ei(kLy
L(z)+kRyR(z̄))

X(z, z̄) = xL(z) + xR(z̄)

Y (z, z̄) = yL(z) + yR(z̄)

Ỹ (z, z̄) = yL(z)� yR(z̄)

y = yL + yR ' y + 2⇡R

ỹ = yL � yR ' y + 2⇡R̃

k 2 R

kL,R = p
R

3

: A3
µ

: Aµ

V ⇠ J3(z) · (@̄XµeikX)

V ⇠ J±(z) · (@̄XµeikX)

V ⇠ J3(z) · (@̄xReikX)

J3(z) = @yL(z)

J±(z) = e±2iyL(z)

J i(z) =
P

J i
m z�(m+1)

[J i
m, J

j
n] =

m
2 �

ij�m,�n + ✏ijkJk
m+n

Ny = 1

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Bmn
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Bµ⌫
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M2 =
2

↵0 (N + N̄ � 2) +
p2

R2
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p̃2

R̃2
(0.1)

M2 = 2(N + N̄ � 2) +
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R2
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p̃2

R̃2
(0.2)

R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
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(gµy +Bµy)

: Aµ

: A3
µ

: A±
µ

V ⇠ J3(z) · (RM)

V ⇠ J3(z) · (@̄XµeikX)

1

g, B,�
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gmn

Bmn

gµ⌫

Bµ⌫

gµy

gyy
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R = R̃ = 1

R̃ = ↵0

R

R̃ = ↵0/R

=
p
↵0

N̄ = 1

(gµy +Bµy)

(gyy)

: Aµ

: A3
µ

: A±
µ

V ⇠ J3(z) · (RM)

1

= ✏2

=
p
✏

M±±,M±⌥

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.4)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.9) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.5)

and the level matching constraint

N̄ �N = pp̃ , (0.6)

where N = Nx+Ny ( N̄ = N̄x+ N̄y) is the left (right) moving number operator, involving

the sum of the number operator along the circle Ny (N̄y) and the number operator for

the non-compact space-time directions Nx ( N̄x).

k =
p

R
+

p̃

R̃
, k̄ =

p

R
� p̃

R̃
(0.7)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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�detM
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riamos sacar quizas si ya aparece aca?)]
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⌫
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Ac
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µ
Ac̃

⌫
,

(0.4)
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µ
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µ
M ik
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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In this section we recall the main features of heterotic string compactifications on T k.
We first discuss the generic k case and then we concentrate on the k = 1 example. For
a more complete review see [15].

2.1 Compactifications on T k

Consider the heterotic string propagating on a background manifold that is a product of a
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m, where m,n = 1, ..., k and A = 1, . . . , 16. For simplicity we take the

dilaton to be zero. The set of vectors em define a basis in the compactification lattice
⇤k such that the target space is the k-dimensional torus T k = Rk/⇡⇤k. The vectors êa
constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn, and thus they
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.

The contribution from the internal sector to the world-sheet action (we consider only
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where we take ↵0 = 1, Y A are chiral bosons and the currents @Y A form a maximal
commuting set of the SO(32) or E8 ⇥ E8 current algebra. The world-sheet metric has
been gauge fixed to �↵� (↵, � = ⌧, �) and ✏01 = 1. The internal string coordinate fields
satisfy

Y m(⌧, � + 2⇡) ' Y m(⌧, �) + 2⇡wm , (2.2)

where wm 2 Z are the winding numbers. It is convenient to define left and right-movers
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the dots standing for the oscillators contribution. Then the periodicity condition is
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

i

1

R 6= 1( 6= R̃)

U(1)⇥ U(1)

6

(0.4)

H = dB + Ai ^ F i � Āi ^ F̄ i
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Ā

: A±
µ

Ā±
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

6

(0.4)

H = dB + Ai ^ F i � Āi ^ F̄ i
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Ā

M

M33

M ij

: A±
µ

Ā±
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Ā

M

M33

M ij

: A±
µ

Ā±
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H = dB + Ai ^ F i + Āi ^ F̄ i
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

6

(0.4)

H = dB + Ai ^ F i � Āi ^ F̄ i
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Āi

Ā
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

6

(0.4)

H = dB + Ai ^ F i � Āi ^ F̄ i
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Massless states:    

Bosonic string on Td
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

7

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

1
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2d vectors: U(1)d x U(1)d 

d2 scalars 
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement
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periodicity of the string coordinate1
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Massless states:    

+
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periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.9)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.14) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

7

2d vectors: U(1)d x U(1)d 

d2 scalars 

Mass

Narain 86 S1

ỹ
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Here we briefly review some basic features of generalized geometry (GG) and/or DFT.

The theory is defined on a generalized tangent bundle which locally is TM �T ⇤M whose
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yL

yR

y

ỹ
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Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries
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4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.5) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.

20

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become
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Bosonic string on Td
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.9)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.14) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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2
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k2

2
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k̄2

2
, (0.10)

and the level matching constraint

N̄ �N = pp̃ , (0.11)
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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y � ỹ
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periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.9)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.14) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.5) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.9)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.14) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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and the level matching constraint
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)
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these, at the self-dual radius (0.14) more states become massless and the U(1)L ⇥ U(1)R
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Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.9)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.14) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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and the level matching constraint
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.5) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Here we briefly review some basic features of generalized geometry (GG) and/or DFT.

The theory is defined on a generalized tangent bundle which locally is TM �T ⇤M whose
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Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries
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4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.5) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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fication of heterotic DFT describing the string theory results. We explicitly construct the
generalized vielbein reproducing the structure constants of the enhanced gauge groups
through a deformation of the generalized di↵eomorphisms. The formalism extends the
construction introduced in [12] for the bosonic string and, in particular, we show that a
unique deformation accounts for both the SO(32) and E8 ⇥ E8 heterotic e↵ective field
theories, which can thus be considered two di↵erent backgrounds of the same theory be-
fore compactification. In addition, the construction correctly describes the spontaneous
symmetry breaking by Higgsing. The masses acquired by the massless states when the
metric, B-field and Wilson lines on the torus are slightly perturbed away from their val-
ues at the enhancement point agree with the vacuum expectation values of the scalars
along the Cartan directions of the gauge group.

The paper is organized as follows. In section 2 we revisit the toroidal compactification
of the heterotic string, with especial focus on T-duality and on the analysis of the special
points in moduli space where the gauge symmetry is enhanced. In particular, in section
3 we present a detailed study of the pattern of gauge symmetry enhancement in circle
compactifications with Wilson lines. This is a rich pattern even when the Wilson lines
totally or partially break the E8 ⇥ E8 or SO(32) symmetry, and we discuss several ex-
amples of this enhancing-breaking mechanism. In section 4, we construct the low energy
e↵ective actions of (toroidally compactified) heterotic strings from the three and four
point functions of string states. We first consider only massless states and compare the
e↵ective action obtained from the compactified string with the dimensional reduction of
heterotic supergravity performed in [5]. When perturbing the background fields away
from the enhancement points some massless states become slightly massive. We then
compute the three-point functions including these slightly massive fields and construct
the corresponding e↵ective massive gauge theory coupled to gravity. Section 5 reviews
the generalized Scherk-Schwarz compactification of heterotic DFT. We analyze the spon-
taneous gauge symmetry breaking and Higgs mechanism from the DFT perspective and
compare the string theory results. Extending the construction of [12], we find the gener-
alized vielbein that gives the structure constants of the enhanced gauge groups through a
deformation of the generalized di↵eomorphisms and show that the deformation required
for the SO(32) and E8⇥E8 groups is the same one. Finally the conclusions can be found
in section 6. Five appendices contain details of the calculations that are used in the main
body of the paper.

2 Toroidal compactification of the heterotic string
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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0 M t 1 M tA

0 0 0 ea

1

CCCCCCA

0

BBBBBB@

@µ

J

J̄

dxµ

1

CCCCCCA
, (2.50)

M i|̄(x)

Am

Ām

Ai(x)
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

9

0

BBBBBB@

Ea

E
L

E
R

Ea

1

CCCCCCA
=

0

BBBBBB@

ea ◆eaA ◆eaĀ ◆eaB
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0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0
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M2 = 2(N + N̄ � 2) + ZtHZ (0.8)
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MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.13)

Z =
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◆
, (2.14)
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) êa

m�abêb
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LMC

and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm
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1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)
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1

A . (0.9)
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p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.13)

Z =

✓
p̃m

pm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.14)
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The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
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n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.13)

Z =

✓
p̃m

pm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.14)

2

Extra vectors

0

BBBBBB@

Ea

E
L

E
R

Ea

1

CCCCCCA
=

0

BBBBBB@

ea ◆eaA ◆eaĀ ◆eaB
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries
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MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.

25

0=

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = N̄ = 0

N = 1, N̄ = 0

@y

@ỹ
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)
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SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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ETE

ET⌘E

p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.13)

Z =

✓
p̃m

pm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.14)
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

vL1

vL2

dyL

1

CCCA
(2.52)

36

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].
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and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Āı̄(x)

J i(y, ỹ)

J̄ ı̄(y, ỹ)
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0 1 M �MĀ
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition
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êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy
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The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to
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. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.
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The mass of the states and the level matching conditions are
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

36

LMC

LMC

M2=0

0

BBBBBB@

Ea

E
L

E
R

Ea

1

CCCCCCA
=

0

BBBBBB@

ea ◆eaA ◆eaĀ ◆eaB
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)
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SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Āı̄(x)

J i(y, ỹ)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
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�
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�
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These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows
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0 M t 1 M tA

0 0 0 ea

1

CCCCCCA

0

BBBBBB@

@µ

J

J̄

dxµ

1

CCCCCCA
, (2.50)

M i|̄(x)

Am

Ām
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

N = N̄ = 0

Nx = N̄x = 0

5

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

±2

p2
L
= 2, pR = 0

pL = 0, p2
R
= 2

N = N̄ = 0

N = 1, N̄ = 0

@y

@ỹ
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at generic point in moduli space, no solution
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)
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SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)
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SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

36

and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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@ỹ
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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@ỹ
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5



2d vectors

Massless vectors
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

vL1

vL2

dyL

1

CCCA
(2.52)

36

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give
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1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa
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n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

36

adjG

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

0

@pL

pR

1

A =

0

@em
a
[pm + (gmn +Bmn)p̃n]

em
a
[pm � (gmn � Bmn)p̃n]

1

A

G⇥G

d

d

8

and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Āı̄(x)

J i(y, ỹ)
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

vL1

vL2

dyL

1

CCCA
(2.52)

E 0
L
= J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

@wL
1

@wL
2

@yL

1

CCCA
(2.53)

36

0

BBBBBB@

Ea

E
L

E
R

Ea

1

CCCCCCA
=

0

BBBBBB@

ea ◆eaA ◆eaĀ ◆eaB
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
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✓
0 1k
1k 0

◆
, (2.13)

Z =
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1k 0

◆
, (2.14)
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Ām

gµm ± Bµm

gmn +Bmn

N = 0, N̄ = 1

p2
L
+ p2

R
= 2

p2
L
� p2

R
= 2

Ai(x)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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@ỹ
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d vectors 2n vectors

Massless vectors

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)
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SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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0 M t 1 M tA

0 0 0 ea

1

CCCCCCA

0

BBBBBB@

@µ

J

J̄

dxµ

1

CCCCCCA
, (2.50)

M i|̄(x)

Am

Ām
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

vL1

vL2

dyL

1

CCCA
(2.52)

36

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.13)

Z =

✓
p̃m

pm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.14)

2

the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give

paL =
1
p
2
êa

m [nm + (gmn +Bmn)!
n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows

Z =

✓
!m

nm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.13)

Z =

✓
p̃m

pm

◆
, ⌘ =

✓
0 1k
1k 0

◆
, (2.14)
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Extra vectors
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E
L

E
R

Ea

1
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=
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0 1 M �MĀ

0 M t 1 M tA

0 0 0 ea

1

CCCCCCA

0

BBBBBB@

@µ

J

J̄

dxµ

1

CCCCCCA
, (2.50)

M i|̄(x)

Am

Ām

gµm ± Bµm

gmn +Bmn

N = 0, N̄ = 1

Ai(x)

Āı̄(x)

J i(y, ỹ)

J̄ ı̄(y, ỹ)

⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

vL1

vL2

dyL

1

CCCA
(2.52)
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J
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dxµ

1
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, (2.50)
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Am

Ām

gµm ± Bµm
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N = 0, N̄ = 1

p2
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+ p2

R
= 2

p2
L
� p2

R
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Ai(x)

Āı̄(x)

J i(y, ỹ)

J̄ ı̄(y, ỹ)
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2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33
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Ai(x)

Āı̄(x)

J i(y, ỹ)

J̄ ı̄(y, ỹ)

⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1
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33

0
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U(1)d ⇥ U(1)d

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

9

positive root
negative root

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

9

and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.

25

rank d 
dim n

rank d 
dim n 0=

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

N = N̄ = 0

N = 1, N̄ = 0

@y

@ỹ

@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi

J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

N = N̄ = 0

Nx = N̄x = 0

p = ±2

5

or

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

±2

N = N̄ = 0

N = 1, N̄ = 0

@y

@ỹ

@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi

J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

N = N̄ = 0

Nx = N̄x = 0

5

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

±2

p2
L
= 2, pR = 0

pL = 0, p2
R
= 2

N = N̄ = 0

N = 1, N̄ = 0

@y

@ỹ

@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi

J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

5

Ny = 0

p = p̃ = ±1

N̄x = 1

Nx = 1

N̄y = 0

N = 0

N̄ �N = pp̃

N = 0, N̄ = 1, p = p̃ = ±1

±2

p2
L
= 2, pR = 0

pL = 0, p2
R
= 2

N = N̄ = 0

N = 1, N̄ = 0

@y

@ỹ

@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi

J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

5

at generic point in moduli space, no solution
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em
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A

G⇥G

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

8

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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at special points: 
solutions are roots of simply-laced gauge group
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Symmetry enhancement, bosonic string on Td 

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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G
simply-laced
Lie algebra

rank d, dim n
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d=1

J i(z)J j(0) ⇠ �ij
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+

i ✏ijk

z
Jk(0) (0.5)
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H = H�1

g11, g22, g12

B12

⌧ = 1
g11
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has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number
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In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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2
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, (0.11)
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.
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and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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H = H�1

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

i

1

R 6= 1( 6= R̃)

U(1)⇥ U(1)

SU(2)⇥ SU(2)

A1 ⇥ A1

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

7

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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H = H�1

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

i

1

R 6= 1( 6= R̃)

U(1)⇥ U(1)

SU(2)⇥ SU(2)

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

SU(2)⇥ SU(3)⇥ SU(3)⇥ SU(2)

7

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.
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2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 
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(d+16) x d scalars 

Heterotic string on Td
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⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2

êa
m


nm � (Gmn +Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
.

pLa =

✓
1

2

◆1/2

êa
m


nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2
�
N + N̄ � 3

2

�
+ ZtHZ, (2.11a)

0 = 2
�
N � N̄ � 1

2

�
+ Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement
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Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

7

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

1
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Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as
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where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.
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The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 

Heterotic string on Td

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =
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@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
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2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA
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the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta
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mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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SO(32) E8 x E8

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta
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Z
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1

2
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m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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êa
m


nm � (Gmn +Bmn)w
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mw
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�
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
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n � ⇡AAA
m � 1

2
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A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2
�
N + N̄ � 3

2

�
+ ZtHZ, (2.11a)

0 = 2
�
N � N̄ � 1

2

�
+ Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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bosonic x superstring

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H
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0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 

Heterotic string on Td

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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 “chiral heterotic directions”

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
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1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix
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1
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where

Cmn = Bmn +
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2
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IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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@
p̃m

pm
⇡I
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A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

I = 1, ..., 16

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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⌘MN =
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1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix
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@
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�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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0

@
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1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
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0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix
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IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.15)

C = B +
1

2
AAt . (2.16)

where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.17)
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N + N̄ �
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3
2 NS sector

◆
+ ZtMZ , (2.20)

0 = 2
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N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.21)

respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.22)
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respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
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Introducing the O(k + 16, k;R) invariant metric ⌘
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0 0 IJ

1
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⌘ =

0

@
0 1d 0
1d 0 0
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1

A , (2.14)

⌘RL =

0

@
�1d 0 0
0 1d 0
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1

A , (2.15)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix
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the mass formula (2.12a) and level matching condition (2.12b) read
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N + N̄ �
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1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �
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1 R sector
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2 NS sector
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+ Zt⌘Z , (2.23)
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0
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1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m
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⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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quantized momenta 
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◆
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Z
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mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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�
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n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying
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because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
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where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).
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⇢
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. (2.12b)

6

SO(32) E8 x E8

Level-
matching

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2

êa
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êa
m


nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2
�
N + N̄ � 3

2

�
+ ZtHZ, (2.11a)

0 = 2
�
N � N̄ � 1

2

�
+ Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)

6

bosonic x superstring

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

⌘ =

0

@
0 1d 0
1d 0 0
0 0 116

1

A , (2.14)

⌘LR =

0

@
�1d 0 0
0 1d 0
0 0 116

1

A , (2.15)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.16)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.17)

C = B + 1
2AA

t . (2.18)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.19)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.23)
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Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 

Heterotic string on Td

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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 “chiral heterotic directions”
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“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.15)

C = B +
1

2
AAt . (2.16)

where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.17)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.22)
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0 = 2(N � N̄) + Zt⌘Z (0.6)
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H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
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matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
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IJAnJ . (2.15)
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I , with ˆ̃eA
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J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2

êa
m


nm � (Gmn +Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
.

pLa =

✓
1

2

◆1/2

êa
m


nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
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⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.
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The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from
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where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
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lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘
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where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
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0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.16)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.17)

C = B + 1
2AA

t . (2.18)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.19)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.23)
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Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm
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A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

7

2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 

Heterotic string on Td

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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 “chiral heterotic directions”

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

I = 1, ..., 16

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.15)

C = B +
1

2
AAt . (2.16)

where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.17)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.18)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.19)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.20)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.21)

respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.22)
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.15)

C = B + 1
2AA

t . (2.16)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.17)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.18)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.19)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.20)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.21)

respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.22)

7

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

⌘ =

0

@
0 1d 0
1d 0 0
0 0 116

1

A , (2.14)

⌘RL =

0

@
�1d 0 0
0 1d 0
0 0 116

1

A , (2.15)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.16)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.17)

C = B + 1
2AA

t . (2.18)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.19)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.23)

7

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2

êa
m


nm � (Gmn +Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
.

pLa =

✓
1

2

◆1/2

êa
m


nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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SO(32) E8 x E8

Level-
matching

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0
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1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
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moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1
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◆1/2

êa
m


nm � (Gmn +Bmn)w

n � ⇡AAA
m � 1

2
AA
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mw

n
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pLa =
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nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1
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mw
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, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2
�
N + N̄ � 3

2

�
+ ZtHZ, (2.11a)

0 = 2
�
N � N̄ � 1

2

�
+ Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2
�
N + N̄ � 3

2

�
+ ZtHZ, (2.11a)

0 = 2
�
N � N̄ � 1

2

�
+ Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �
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1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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bosonic x superstring

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

⌘ =

0

@
0 1d 0
1d 0 0
0 0 116

1

A , (2.14)

⌘LR =

0

@
�1d 0 0
0 1d 0
0 0 116

1

A , (2.15)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.16)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.17)

C = B + 1
2AA

t . (2.18)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.19)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.23)
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A . (0.9)
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M2 = 2(N + N̄ � 2) + ZtHZ (0.11)
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H 2 O(d+16,d)
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H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
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1

A . (0.12)
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 

Heterotic string on Td

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
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IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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A , ⇡I ⌘ ⇡A ˆ̃eA
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I ˆ̃eA
J = IJ , (2.16)

Z =

0
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p̃m
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⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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 “chiral heterotic directions”
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where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta
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Z
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m⇧̃A

◆
= nm 2 Z ,
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Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
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m⇧̃A. Integrating over �, we get the center of mass momenta
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m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).
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bosonic x superstring

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =
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0 0 IJ
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A , (2.13)
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A , (2.14)
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where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix
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Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read
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1 R sector
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Massless states:    

+
lots of extra vectors & scalars 
with mom & winding at points of 
enhancement
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2d+16 vectors:  U(1)d+16 x U(1)d 

(d+16) x d scalars 

Heterotic string on Td

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =
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@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ
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A 2 O(k + 16, k;R) ,
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where

Cmn = Bmn +
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AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

, AI
µ

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
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A , ⇥mn 2 Z , (2.21)
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 “chiral heterotic directions”
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Cmn = Bmn +

1
2AmI

IJAnJ . (2.17)

Combining the momentum and winding numbers in an O(k + 16, k)-vector
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J = IJ , (2.18)

Z =
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1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.19)

the mass formula (2.12a) and level matching condition (2.12b) read
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N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.20)

0 = 2
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N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.21)

respectively.

, AI
µ

I = 1, ..., 16

, AI
m

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.22)
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘
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1k⇥k 0 0
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A , (2.14)
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1

A , (2.15)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =
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Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.16)
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g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.17)

C = B + 1
2AA

t . (2.18)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.19)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm
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1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =
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1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.23)
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0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.14)
where

Cmn = Bmn +
1

2
AmI

IJAnJ . (2.15)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.16)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.17)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.18)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.19)

respectively.

Note that both the mass formula and the level matching condition are invariant under
the T-duality group O(k + 16, k,Z) acting as

Z ! ⌘�1O⌘Z , M ! OMOt , ⌘ ! O⌘Ot = ⌘ , O 2 O(k + 16, k,Z) . (2.20)

The group O(k+16, k,Z) is generated by integer ⇥-parameter shifts, associated with the
addition of an antisymmetric integer matrix ⇥mn to the antisymmetric B-field,

O⇥ =

0

@
1 ⇥ 0
0 1 0
0 0 116⇥16

1

A , ⇥mn 2 Z , (2.21)
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2

êa
m


nm � (Gmn +Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
.

pLa =

✓
1

2

◆1/2

êa
m


nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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SO(32) E8 x E8

Level-
matching

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !
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1

A . (0.9)

ETE

ET⌘E

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

(pA = EA
MZM)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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form a lattice Lorentzian (d+16,d), even, self-dual

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,n)
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⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
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1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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✓
1

2

◆1/2

êa
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, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by
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+ ZtHZ, (2.11a)
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1
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. (2.12b)
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where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by
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bosonic x superstring

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.13)

⌘ =

0

@
0 1d 0
1d 0 0
0 0 116

1

A , (2.14)

⌘LR =

0

@
�1d 0 0
0 1d 0
0 0 116

1

A , (2.15)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.16)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.17)

C = B + 1
2AA

t . (2.18)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.19)

Combining the momentum and winding numbers in an O(k + 16, k)-vector

ZM =

0

@
wm

nm

⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.20)

Z =

0

@
p̃m

pm
⇡I

1

A , ⇡I ⌘ ⇡A ˆ̃eA
I , with ˆ̃eA

I ˆ̃eA
J = IJ , (2.21)

the mass formula (2.12a) and level matching condition (2.12b) read

m2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtMZ , (2.22)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
+ Zt⌘Z , (2.23)

7

Extra massless vectors

J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

N = N̄ = 0

N = 0, N̄ = 1
2

Nx = N̄x = 0

p = ±2

p = 0

M = Md ⇥ S1

Md ⇥ S1 ⇥ S̃1

M ij

V ij ⇠ J iJ j eikX

p̃ = ±2

d2

6d

32

(d+ 3)2

dim
⇥ O(d+ 3, d+ 3)

O(d+ 3)⇥O(d+ 3)

⇤
= (d+ 3)2

eik(x
L(z)+x

R(z̄))

ei(kLy
L(z)+kRy

R(z̄))

ei(kLY
L(z)+kRY

R(z̄))

= ei
p
RY

6

J i(z) ! J̄ i(z̄)

J i(z) ! J̄ i(z̄)

Y L(z) ! Y R(z̄)

SU(2)⇥ SU(2)

N = N̄ = 0

N = 0, N̄ = 1
2

Nx = N̄x = 0

p2
L
= 2, pR = 0

p = ±2

p = 0

M = Md ⇥ S1

Md ⇥ S1 ⇥ S̃1

M ij

V ij ⇠ J iJ j eikX

p̃ = ±2

d2

6d

32

(d+ 3)2

dim
⇥ O(d+ 3, d+ 3)

O(d+ 3)⇥O(d+ 3)

⇤
= (d+ 3)2

eik(x
L(z)+x

R(z̄))

ei(kLy
L(z)+kRy

R(z̄))

ei(kLY
L(z)+kRY

R(z̄))

6

Γ16+d,d

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm
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= 1p
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(⇡IAI � 1
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p
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� p̃R� 1

R
(⇡IAI � 1

2 |A|
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⇡I + AI p̃
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1

CCCA

pR =
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
n�R2w � ⇡ · A� 1

2
|A|2w

�
,

pL =
1p
2R


n+R2w � ⇡ · A� 1

2
|A|2w

�
,

pA = ⇡A + wAA , (0.13)

G⇥G

d

d

16

Symmetry breaking, symmetry enhancement
quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2

êa
m


nm � (Gmn +Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
.

pLa =

✓
1

2

◆1/2

êa
m


nm + (Gmn � Bmn)w

n � ⇡AAA
m � 1

2
AA

nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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SO(32) E8 x E8
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pA = ⇡A + wAA , (0.13)
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paR = 0 ) p = ⇡ · A+
�
g +B � 1

2A
TA

�
p̃ 2 Z

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta
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m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �
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1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)

6

SO(32) E8 x E8

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

0

@pL

pR

1

A =

0

@em
a
[pm + (gmn +Bmn)p̃n]

em
a
[pm � (gmn � Bmn)p̃n]

1

A

0

BBB@

paR

paL

pI
L

1

CCCA
= 1p

2

0

BBB@

em
a

⇥
pm + (gmn +Bmn)p̃n � ⇡IAI

m
� 1

2A
I

m
AI

n
p̃n
⇤

em
a

⇥
pm � (gmn � Bmn)p̃n � ⇡IAI

m
� 1

2A
I

m
AI

n
p̃n
⇤

p
2
⇥
⇡I + AI

m
p̃m

⇤

1

CCCA

0

BBB@

paR

paL

pI
L

1

CCCA
= 1p

2

0

BBB@

êm
a

⇥
pm + (gmn +Bmn)p̃n � ⇡IAI

m
� 1

2A
I

m
AI

n
p̃n
⇤

êm
a

⇥
pm � (gmn � Bmn)p̃n � ⇡IAI

m
� 1

2A
I

m
AI

n
p̃n
⇤

p
2
⇥
⇡I + AI

m
p̃m

⇤

1

CCCA

0

BBB@

paR

paL

pI
L

1

CCCA
= 1p

2

0

BBB@

ê
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SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)
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H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get

pRa =

✓
1

2

◆1/2
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m � 1

2
AA

nA
A
mw

n

�
.

pLa =

✓
1

2

◆1/2

êa
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nA
A
mw

n

�
, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡

✓
⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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ê
⇥
p+

�
g +B � 1

2A
TA

�
p̃� ⇡ · A

⇤

ê
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta

⇡m =

Z
d�⇧̃m = 2⇡
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⇧m +

1

2
AA

m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
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⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2
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1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
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2 NS sector
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, (2.12a)
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1 R sector
1
2 NS sector

◆
. (2.12b)
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paR = 0 ) p = ⇡ · A+
�
g +B � 1

2A
TA

�
p̃ 2 Z

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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quantized momenta 

⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta
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1

2
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m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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mw

n
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, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by

M2 = 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
+ ZtHZ, (2.11a)

0 = 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
Zt⌘Z . (2.11b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
2 NS sector

◆
, (2.12a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.12b)
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paR = 0 ) p = ⇡ · A+
�
g +B � 1

2A
TA

�
p̃ 2 Z

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]

Node Fund region for �16 Fund region �8 ⇥ �8

1  n  6 An+1 � An+2 An+1 � An+2

7 A1 � �A2 A1 � �A2

8
P16

n=1(An � 1
2)

2 � 2� 2R2
P8

n=1 An  0
0 A8 � A7 A8 + 1 � A7

1  n
0  6 An0+9 � An0+10 An0+9 � An0+10

7 ’ �A15 � A16 � 1 A15 � �A16

8’
P16

n=1 A
2
n � 2� 2R2

P8
n0=1 An0+8  0

0’ A10 � A9 A10 + 1 � A9

B A9 � A8

P16
n=1 A

2
n � 2� 2R2

[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1617

1819

(3.5)

6

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]

Node Fund region for �16 Fund region �8 ⇥ �8

1  n  6 An+1 � An+2 An+1 � An+2

7 A1 � �A2 A1 � �A2

8
P16

n=1(An � 1
2)

2 � 2� 2R2
P8

n=1 An  0
0 A8 � A7 A8 � A7 � 1

1  n
0  6 An0+9 � An0+10 An0+9 � An0+10

7 ’ �A15 � A16 � 1 A15 � �A16

8’
P16

n=1 A
2
n � 2� 2R2

P8
n0=1 An0+8  0

0’ A10 � A9 A16 � A15 � 1
B A9 � A8

P16
n=1 A

2
n � 2� 2R2

[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1617

1819

(3.5)

6

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2



All enhancement groups can be obtained from the 
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)
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(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Possible groups: 
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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is generated by these 19 Weyl reflections

• Weyl  group divides the moduli space into chambers
   Fundamental chamber: fundamental region in mod space
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)
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(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as
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a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)
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The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as
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a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]

Node Fund region for �16 Fund region �8 ⇥ �8

1  n  6 An+1 � An+2 An+1 � An+2

7 A1 � �A2 A1 � �A2

8
P16

n=1(An � 1
2)

2 � 2� 2R2
P8

n=1 An  0
0 A8 � A7 A8 � A7 � 1

1  n
0  6 An0+9 � An0+10 An0+9 � An0+10

7 ’ �A15 � A16 � 1 A15 � �A16

8’
P16

n=1 A
2
n � 2� 2R2

P8
n0=1 An0+8  0

0’ A10 � A9 A16 � A15 � 1
B A9 � A8

P16
n=1 A

2
n � 2� 2R2

[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1617

1819

(3.5)

6

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

E8 ⇥ SO(18)

AI = 0

A 2 �16

A 2 �c

A 2 �8 ⇥ �8

A = (08,�1
2 , (

1
2)7) 2 �0 ⇥ �c

A = (08,�1, 07) 2 �0 ⇥ �v

A = (07,�1, 08)

R2 = 1

R2 = 1/2

R2 = 1� p

32

A = (1, 015) 2 �v

A = ((14)p, 016�p)

SO(8)⇥ SO(8)

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

SU(2)⇥ SU(3)⇥ SU(3)⇥ SU(2)

SU(3)⇥ SU(3)

SU(4)⇥ SU(4)

SU(4)⇥ SU(2)⇥ SU(4)⇥ SU(2)

M ij

Mmn

13

E8 ⇥ SO(18)

AI = 0

A 2 �16

A 2 �c

A 2 �8 ⇥ �8

A = (08,�1
2 , (

1
2)7) 2 �0 ⇥ �c

A = (08,�1, 07) 2 �0 ⇥ �v

A = (07,�1, 08)

R2 = 1

R2 = 1/2

R2 = 1� p

32

A = (1, 015) 2 �v

A = ((14)p, 016�p)

SO(8)⇥ SO(8)

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

SU(2)⇥ SU(3)⇥ SU(3)⇥ SU(2)

SU(3)⇥ SU(3)

SU(4)⇥ SU(4)

SU(4)⇥ SU(2)⇥ SU(4)⇥ SU(2)

M ij

Mmn

13

• Possible groups: 

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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Table 1: Maximal enhancements for the SO(32) theory.
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Actually, if the group has one or two E2 = SU(2)⇥U(1), 3 or 4 nodes have to be removed instead

of 2.
3
For p = 9 (q = 9) one needs to remove the node 6 (6’) instead. We denote E1 = A1, E2 =

A1 ⇥D1, D1 = U(1), E3 = A2 ⇥A1, E4 = A4, E5 = D5.
4
Note n = 5 is special as D5 = SO(10) = E5, and can be obtained by removing the node 3, instead

of removing the node 8 that one needs to remove for the other Dn groups (which would require also

removing the n� 3 node).
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)
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↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Possible groups: 

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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Table 1: Maximal enhancements for the SO(32) theory.
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All enhancement groups can be obtained from the 
Generalized Dynkin Diagram of Γ17,1 Goddard, Olive 85
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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• Weyl  group divides the moduli space into chambers
   Fundamental chamber: fundamental region in mod space
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E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Possible groups: 

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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A1 ⇥D1, D1 = U(1), E3 = A2 ⇥A1, E4 = A4, E5 = D5.
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Note n = 5 is special as D5 = SO(10) = E5, and can be obtained by removing the node 3, instead

of removing the node 8 that one needs to remove for the other Dn groups (which would require also

removing the n� 3 node).
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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• Weyl  group divides the moduli space into chambers
   Fundamental chamber: fundamental region in mod space

1’2’3’4’5’6’

7’

8’

0’ B

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

2

1 2 3 4 5 6

7

8

0

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Possible groups: 

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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A1 ⇥D1, D1 = U(1), E3 = A2 ⇥A1, E4 = A4, E5 = D5.
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Note n = 5 is special as D5 = SO(10) = E5, and can be obtained by removing the node 3, instead

of removing the node 8 that one needs to remove for the other Dn groups (which would require also

removing the n� 3 node).
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• Associated to Weyl reflections in Γ17,1

• Each root corresponds to a boundary in mod space

• Deleting 2 roots we get rank 17 maximal enhancement groups
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• Weyl  group divides the moduli space into chambers
   Fundamental chamber: fundamental region in mod space

1’2’3’4’5’6’

7’

8’

0’ B

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

2

1 2 3 4 5 6

7

8

0

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

E.g.: E8 x SO(18)

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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• Possible groups: 

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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Table 1: Maximal enhancements for the SO(32) theory.
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For p = 9 (q = 9) one needs to remove the node 6 (6’) instead. We denote E1 = A1, E2 =

A1 ⇥D1, D1 = U(1), E3 = A2 ⇥A1, E4 = A4, E5 = D5.
4
Note n = 5 is special as D5 = SO(10) = E5, and can be obtained by removing the node 3, instead

of removing the node 8 that one needs to remove for the other Dn groups (which would require also

removing the n� 3 node).
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extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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Table 2: Maximal enhancements for the E8 ⇥ E8 theory.
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1  p, q  8. When p and/or q equal 7 one gets E2 = SU(2)⇥U(1) and the enhancement
is not maximal.

The numbers p and q that define the Wilson line and the value of the radius R

determine which nodes have to be removed. Let us show how this works more explicitly
for the E8 ⇥ E8 heterotic theory. We first focus on the nodes that correspond to one
of the (non-extended) E8’s (say the first one). We combine all the groups appearing in
Table 2 using 1  p  9 and p = 1 and Wilson lines of the form
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These Wilson lines saturate all inequalities (except the one of the node 0, which for the
moment we do not consider) up to the node p�1, and therefore correspond to removing
this node, giving the gauge group E9�p (⇥Ap�1), except for p = 7, which also requires
removing the node 7 (and gives E2 which is not maximal), and p = 9 which removes the
node 6 (and gives A8). p = 1 removes the node 8 and breaks E8 ! D8. They are all
attached to the node 0 (except p = 2 where the node 1 is removed).

The same happens with the nodes of the other E8 Then if p, q 6= 1, one gets the
maximal enhancement to E9�p ⇥ Ap+q�1 ⇥ E9�q. If p = 1 and q 6= 1, the maximal
enhanced group is D8�q ⇥ E9�q or viceversa. The case p = q = 1 does not produce
an ADE group; the node B cannot be present because this needs R = 0 and the non-
maximal Dynkin diagram of D8 ⇥D8 would be obtained.

4 Enhancement in T
2

The extension of the systematic procedure discussed in the previous section, in order to
find all the maximally enhanced gauge groups in T

2 compactifications, would require the
construction of a generalized Dynkin diagram for �18,2. However, it has been argued that
the even, self-dual lattices of signature (p, q) with both p, q > 1 (that is, with a signature
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classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
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Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1
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.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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⇣
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�
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8
q SU(9 + q)⇥ E9�q
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�
7
,�1

4 ,
�
1
4

�
7
,�1

4

�
+ (015, 1) 4 SU(18)�

08+q, (
1
2)8�q

�
8
q SO(16 + 2q)⇥ E9�q

(015, 1) 2 SO(34)
Table 1: Maximal enhancements for the SO(32) theory.

xxx

xxx

xxx
2
Actually, if the group has one or two E2 = SU(2)⇥U(1), 3 or 4 nodes have to be removed instead

of 2.
3
For p = 9 (q = 9) one needs to remove the node 6 (6’) instead. We denote E1 = A1, E2 =

A1 ⇥D1, D1 = U(1), E3 = A2 ⇥A1, E4 = A4, E5 = D5.
4
Note n = 5 is special as D5 = SO(10) = E5, and can be obtained by removing the node 3, instead

of removing the node 8 that one needs to remove for the other Dn groups (which would require also

removing the n� 3 node).
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or

• Heterotic on T2 ↔ F-theory on K3

mod space of F-theory on K3



!13

Heterotic string on T2 

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(18,2,R)
O(18,R)⇥O(2,R)⇥O(18,2,Z)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

pA = EA
MZM

15

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(18,2,R)
O(18,R)⇥O(2,R)⇥O(18,2,Z)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

(pL, pR) 2 �18,2

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

15

• What are all the possible enhancement groups?

All groups whose root lattice admits an embedding in 

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(18,2,R)
O(18,R)⇥O(2,R)⇥O(18,2,Z)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

(pL, pR) 2 �18,2

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

15

not known! 

• Just play and find them by hand…

or
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• Search for all groups on K3 Chabrol 19
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Heterotic string on T2 

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(18,2,R)
O(18,R)⇥O(2,R)⇥O(18,2,Z)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

pA = EA
MZM

15

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(18,2,R)
O(18,R)⇥O(2,R)⇥O(18,2,Z)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

(pL, pR) 2 �18,2

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

15

• What are all the possible enhancement groups?

All groups whose root lattice admits an embedding in 

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(18,2,R)
O(18,R)⇥O(2,R)⇥O(18,2,Z)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(q,d)
O(q)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

(pL, pR) 2 �18,2

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ym
L

ym
R
,

ETE

ET⌘E

p = EZ

15

not known! 

• Just play and find them by hand…

or

• Heterotic on T2 ↔ F-theory on K3

• Actually, have been all listed

mod space of F-theory on K3

Shimada Zhang 00

• Search for all groups on K3 Chabrol 19



EXTREMAL ELLIPTIC K3 SURFACES 15

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

1 6A3 Z/(4)× Z/(4) 4 0 4

2 2A1 + 4A4 Z/(5) 10 0 10

3 2A2 + 2A3 + 2A4 (0) 60 0 60

4 3A1 + 3A5 Z/(2)× Z/(6) 2 0 6

5 4A2 + 2A5 Z/(3)× Z/(3) 6 0 6

6 A3 + 3A5 Z/(6) 4 0 6

7 2A1 + 2A3 + 2A5 Z/(2)× Z/(2) 12 0 12

8 A1 + 2A2 +A3 + 2A5 Z/(6) 6 0 12

9 2A4 + 2A5 (0) 30 0 30

10 2A2 +A4 + 2A5 Z/(3) 6 0 30

11 A1 +A3 + A4 + 2A5 Z/(2) 12 0 30

12 A1 +A2 + 2A3 +A4 +A5 Z/(2) 24 12 36

13 3A6 Z/(7) 2 1 4

14 2A1 + 2A2 + 2A6 (0) 42 0 42

15 2A3 + 2A6 (0) 28 0 28

16 A2 +A4 + 2A6 (0) 28 7 28

17 2A1 +A2 + 2A4 +A6 (0) 50 20 50

18 A1 +A3 + 2A4 +A6 (0) 10 0 140
20 0 70

19 A2 + 2A3 +A4 +A6 (0) 24 12 76

20 A1 + 2A2 +A3 +A4 +A6 (0) 30 0 84

21 2A1 + 2A5 +A6 Z/(2) 12 6 24

22 A1 + 2A3 +A5 +A6 Z/(2) 4 0 84

23 A1 +A2 + A4 +A5 +A6 (0) 30 0 42
18 6 72

24 A3 +A4 + A5 +A6 (0) 12 0 70

25 4A1 + 2A7 Z/(2)× Z/(4) 4 0 4

26 2A2 + 2A7 (0) 24 0 24
Z/(2) 12 0 12

27 A1 +A3 + 2A7 Z/(8) 2 0 4

28 2A1 + 3A3 +A7 Z/(2)× Z/(4) 4 0 8

29 A2 + 3A3 +A7 Z/(4) 4 0 24

30 2A2 +A3 +A4 +A7 (0) 12 0 120

31 2A1 +A2 +A3 +A4 +A7 Z/(2) 20 0 24

32 A1 + 2A5 +A7 Z/(2) 6 0 24

33 3A1 +A3 +A5 +A7 Z/(2)× Z/(2) 8 0 12

Shimada Zhang 00
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

34 A1 +A2 + A3 +A5 +A7 Z/(2) 12 0 24

35 2A1 +A4 +A5 +A7 Z/(2) 2 0 120

36 A2 +A4 + A5 +A7 (0) 6 0 120
24 0 30

37 A1 + 2A2 +A6 +A7 (0) 24 0 42

38 2A1 +A3 +A6 +A7 Z/(2) 12 4 20

39 A2 +A3 + A6 +A7 (0) 4 0 168

40 A1 +A4 + A6 +A7 (0) 2 0 280
18 4 32

41 A5 +A6 + A7 (0) 16 4 22

42 2A1 + 2A8 (0) 18 0 18
Z/(3) 4 2 10

43 A1 + 3A2 +A3 +A8 Z/(3) 12 0 18

44 2A1 + 2A4 +A8 (0) 20 10 50

45 3A2 +A4 +A8 Z/(3) 12 3 12

46 A1 +A2 + A3 +A4 +A8 (0) 6 0 180

47 A1 + 2A2 +A5 +A8 Z/(3) 6 0 18

48 A2 +A3 + A5 +A8 Z/(3) 4 0 18

49 A1 +A4 + A5 +A8 (0) 18 0 30

50 2A1 +A2 +A6 +A8 (0) 18 0 42

51 A1 +A3 + A6 +A8 (0) 10 4 52

52 A4 +A6 + A8 (0) 18 9 22

53 A1 +A2 + A7 +A8 (0) 18 0 24

54 2A9 (0) 10 0 10
Z/(5) 2 0 2

55 A1 +A2 + 2A3 +A9 Z/(2) 4 0 60

56 2A1 + 2A2 +A3 +A9 Z/(2) 6 0 60

57 A1 + 2A4 +A9 Z/(5) 2 0 10

58 3A1 +A2 +A4 +A9 Z/(2) 20 10 20

59 2A1 +A3 +A4 +A9 Z/(2) 10 0 20

60 2A1 +A2 +A5 +A9 Z/(2) 12 6 18

61 A1 +A3 + A5 +A9 Z/(2) 10 0 12

62 A4 +A5 + A9 (0) 10 0 30
Z/(2) 10 5 10

63 3A1 +A6 +A9 Z/(2) 4 2 36

64 A1 +A2 + A6 +A9 (0) 10 0 42

EXTREMAL ELLIPTIC K3 SURFACES 17

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

65 A3 +A6 + A9 (0) 2 0 140

66 A2 +A7 + A9 (0) 10 0 24

67 A1 +A8 + A9 (0) 10 0 18

68 A2 + 2A3 +A10 (0) 24 12 28

69 A1 + 2A2 +A3 +A10 (0) 12 0 66

70 2A4 +A10 (0) 10 5 30

71 2A2 +A4 +A10 (0) 6 3 84
24 9 24

72 2A1 +A2 +A4 +A10 (0) 2 0 330

73 A1 +A3 + A4 +A10 (0) 20 0 22
12 4 38

74 A1 +A2 + A5 +A10 (0) 6 0 66
18 6 24

75 A3 +A5 + A10 (0) 4 0 66
12 0 22

76 2A1 +A6 +A10 (0) 12 2 26

77 A2 +A6 + A10 (0) 4 1 58
16 5 16

78 A1 +A7 + A10 (0) 2 0 88
10 2 18

79 A8 +A10 (0) 10 1 10

80 A1 + 3A2 +A11 Z/(3) 6 0 12

81 3A1 + 2A2 +A11 Z/(6) 2 0 12

82 A1 + 2A3 +A11 Z/(4) 4 0 6

83 2A2 +A3 +A11 Z/(3) 4 0 12
Z/(6) 4 2 4

84 2A1 +A2 +A3 +A11 Z/(4) 6 0 6
Z/(2) 12 0 12

85 3A1 +A4 +A11 Z/(2) 6 0 20

86 A1 +A2 + A4 +A11 (0) 12 0 30

87 2A1 +A5 +A11 Z/(2) 6 0 12
Z/(6) 2 0 4

88 A2 +A5 + A11 Z/(3) 4 0 6

89 A1 +A6 + A11 (0) 4 0 42

90 2A1 + 2A2 +A12 (0) 12 6 42

91 A1 +A2 + A3 +A12 (0) 6 0 52
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

92 2A1 +A4 +A12 (0) 2 0 130
18 8 18

93 A2 +A4 +A12 (0) 6 3 34

94 A1 +A5 +A12 (0) 10 2 16

95 A6 +A12 (0) 2 1 46

96 A1 + 2A2 +A13 (0) 6 0 42
Z/(2) 6 3 12

97 3A1 +A2 +A13 Z/(2) 2 0 42

98 2A1 +A3 +A13 Z/(2) 6 2 10

99 A2 +A3 +A13 (0) 4 0 42

100 A1 +A4 +A13 (0) 2 0 70
8 2 18

Z/(2) 2 1 18

101 A5 +A13 (0) 4 2 22

102 2A2 +A14 Z/(3) 4 1 4

103 2A1 +A2 +A14 (0) 12 6 18
Z/(3) 2 0 10

104 A1 +A3 +A14 (0) 10 0 12

105 A4 +A14 (0) 10 5 10

106 3A1 +A15 Z/(4) 2 0 4

107 A1 +A2 +A15 (0) 10 2 10
Z/(2) 4 0 6

108 A3 +A15 Z/(4) 2 0 2

109 2A1 +A16 (0) 2 0 34
4 2 18

110 A2 +A16 (0) 6 3 10

111 A1 +A17 (0) 4 2 10
Z/(3) 2 0 2

112 A18 (0) 2 1 10

113 2A4 + 2D5 (0) 20 0 20

114 A3 + 2A5 +D5 Z/(2) 12 0 12

115 2A4 +A5 +D5 (0) 20 0 30

116 A1 +A3 +A4 +A5 +D5 Z/(2) 12 0 20

117 A1 + 2A6 +D5 (0) 14 0 28

118 2A2 +A3 +A6 +D5 (0) 12 0 84

119 A1 +A2 +A4 +A6 +D5 (0) 20 0 42
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

120 A2 +A5 +A6 +D5 (0) 6 0 84
12 0 42

121 A1 +A7 + 2D5 Z/(4) 2 0 8

122 A1 +A2 +A3 +A7 +D5 Z/(4) 6 0 8

123 2A1 +A4 +A7 +D5 Z/(2) 8 0 20

124 A8 + 2D5 (0) 8 4 20

125 A1 +A4 +A8 +D5 (0) 2 0 180
18 0 20

126 A5 +A8 +D5 (0) 12 0 18

127 2A2 +A9 +D5 (0) 6 0 60

128 2A1 +A2 +A9 +D5 Z/(2) 2 0 60

129 A1 +A3 +A9 +D5 Z/(2) 8 4 12

130 A4 +A9 +D5 (0) 10 0 20

131 A1 +A2 +A10 +D5 (0) 14 4 20

132 2A1 +A11 +D5 Z/(4) 2 0 6

133 A2 +A11 +D5 Z/(2) 6 0 6

134 A1 +A12 +D5 (0) 2 0 52
6 2 18

135 A13 +D5 (0) 6 2 10

136 3D6 Z/(2)× Z/(2) 2 0 2

137 2A3 + 2D6 Z/(2)× Z/(2) 4 0 4

138 2A2 + 2A4 +D6 (0) 30 0 30

139 2A1 + 2A5 +D6 Z/(2)× Z/(2) 6 0 6

140 A1 + 2A3 +A5 +D6 Z/(2)× Z/(2) 4 0 12

141 A3 +A4 +A5 +D6 Z/(2) 4 0 30

142 2A6 +D6 (0) 14 0 14

143 A2 +A4 +A6 +D6 (0) 6 0 70

144 A1 + 2A2 +A7 +D6 Z/(2) 6 0 24

145 A2 +A3 +A7 +D6 Z/(2) 4 0 24

146 A1 +A4 +A7 +D6 Z/(2) 6 2 14

147 A4 +A8 +D6 (0) 4 2 46

148 A1 +A2 +A9 +D6 Z/(2) 6 0 10
Z/(2) 4 2 16

149 A3 +A9 +D6 Z/(2) 4 0 10

150 A2 +A10 +D6 (0) 6 0 22

151 A1 +A11 +D6 Z/(2) 4 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

152 A12 +D6 (0) 4 2 14

153 A2 +A5 +D5 +D6 Z/(2) 6 0 12

154 A7 +D5 +D6 Z/(2) 4 0 8

155 2A2 + 2D7 (0) 12 0 12

156 A2 + 3A3 +D7 Z/(4) 8 4 8

157 A1 +A2 + 2A4 +D7 (0) 10 0 60

158 A2 +A3 +A6 +D7 (0) 8 4 44

159 A1 +A4 +A6 +D7 (0) 4 0 70

160 A5 +A6 +D7 (0) 2 0 84

161 2A1 +A2 +A7 +D7 Z/(2) 4 0 24

162 A1 +A3 +A7 +D7 Z/(4) 2 0 8

163 2A1 +A9 +D7 Z/(2) 4 0 10

164 A2 +A9 +D7 (0) 2 0 60

165 A1 +A10 +D7 (0) 4 0 22

166 A11 +D7 Z/(4) 2 1 2

167 A1 +A5 +D5 +D7 Z/(2) 4 0 12

168 A5 +D6 +D7 Z/(2) 2 0 12

169 2A1 + 2D8 Z/(2)× Z/(2) 2 0 2

170 2A2 + 2A3 +D8 Z/(2) 12 0 12

171 2A5 +D8 Z/(2) 6 0 6

172 2A1 +A3 +A5 +D8 Z/(2)× Z/(2) 2 0 12

173 A1 +A4 +A5 +D8 Z/(2) 2 0 30

174 2A2 +A6 +D8 (0) 12 6 24

175 A1 +A2 +A7 +D8 Z/(2) 2 0 24

176 A1 +A9 +D8 Z/(2) 2 0 10

177 2D5 +D8 Z/(2) 4 0 4

178 A1 +A3 +D6 +D8 Z/(2)× Z/(2) 2 0 4

179 2D9 (0) 4 0 4

180 A1 + 2A2 +A4 +D9 (0) 12 0 30

181 A1 +A3 +A5 +D9 Z/(2) 4 0 12

182 A4 +A5 +D9 (0) 4 0 30

183 A1 +A2 +A6 +D9 (0) 4 0 42

184 2A1 +A7 +D9 Z/(2) 4 0 8

185 A1 +A8 +D9 (0) 4 0 18

186 A9 +D9 (0) 4 0 10

187 A4 +D5 +D9 (0) 4 0 20
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

188 2A1 + 2A3 +D10 Z/(2)× Z/(2) 4 0 4

189 2A4 +D10 (0) 10 0 10

190 A1 +A3 +A4 +D10 Z/(2) 2 0 20

191 3A1 +A5 +D10 Z/(2)× Z/(2) 4 2 4

192 A3 +A5 +D10 Z/(2) 2 0 12

193 A2 +A6 +D10 (0) 2 0 42

194 A8 +D10 (0) 2 0 18

195 A1 +A2 +D5 +D10 Z/(2) 4 0 6

196 A2 +D6 +D10 Z/(2) 2 0 6

197 A1 +D7 +D10 Z/(2) 2 0 4

198 2A2 +A3 +D11 (0) 12 0 12

199 A1 +A2 +A4 +D11 (0) 6 0 20

200 A2 +A5 +D11 (0) 6 0 12

201 A1 +A6 +D11 (0) 6 2 10

202 2A1 + 2A2 +D12 Z/(2) 6 0 6

203 A1 +A2 +A3 +D12 Z/(2) 4 0 6

204 2A1 +A4 +D12 Z/(2) 4 2 6

205 A1 +D5 +D12 Z/(2) 2 0 4

206 D6 +D12 Z/(2) 2 0 2

207 A1 +A4 +D13 (0) 2 0 20

208 A5 +D13 (0) 2 0 12

209 D5 +D13 (0) 4 0 4

210 2A2 +D14 (0) 6 0 6

211 2A1 +A2 +D14 Z/(2) 2 0 6

212 A1 +A3 +D14 Z/(2) 2 0 4

213 A4 +D14 (0) 4 2 6

214 A1 +A2 +D15 (0) 4 0 6

215 2A1 +D16 Z/(2) 2 0 2

216 A2 +D16 Z/(2) 2 1 2

217 A1 +D17 (0) 2 0 4

218 D18 (0) 2 0 2

219 3E6 Z/(3) 2 1 2

220 2A3 + 2E6 (0) 12 0 12

221 A1 +A3 + 2A4 + E6 (0) 20 0 30

222 A1 +A5 + 2E6 Z/(3) 2 0 6

223 A2 + 2A5 + E6 Z/(3) 6 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

224 2A2 +A3 +A5 + E6 Z/(3) 6 0 12

225 A3 +A4 +A5 + E6 (0) 12 0 30

226 A6 + 2E6 (0) 6 3 12

227 A1 +A2 +A3 +A6 + E6 (0) 6 0 84
12 0 42

228 2A1 +A4 +A6 + E6 (0) 20 10 26

229 A2 +A4 +A6 + E6 (0) 18 3 18

230 A1 +A5 +A6 + E6 (0) 6 0 42

231 A1 +A4 +A7 + E6 (0) 2 0 120

232 A5 +A7 + E6 (0) 6 0 24

233 2A2 +A8 + E6 Z/(3) 6 3 6

234 2A1 +A2 +A8 + E6 Z/(3) 2 0 18

235 A1 +A3 +A8 + E6 (0) 12 0 18

236 A4 +A8 + E6 (0) 12 3 12

237 A1 +A2 +A9 + E6 (0) 12 6 18

238 A3 +A9 + E6 (0) 10 0 12

239 2A1 +A10 + E6 (0) 2 0 66

240 A2 +A10 + E6 (0) 6 3 18

241 A1 +A11 + E6 (0) 6 0 12
Z/(3) 2 0 4

242 A12 + E6 (0) 4 1 10

243 A3 +A4 +D5 + E6 (0) 12 0 20

244 A1 +A6 +D5 + E6 (0) 2 0 84

245 A7 +D5 + E6 (0) 8 0 12

246 D6 + 2E6 (0) 6 0 6

247 A2 +A4 +D6 + E6 (0) 6 0 30

248 A6 +D6 + E6 (0) 4 2 22

249 A1 +A4 +D7 + E6 (0) 4 0 30

250 D5 +D7 + E6 (0) 4 0 12

251 A4 +D8 + E6 (0) 8 2 8

252 A1 +A2 +D9 + E6 (0) 6 0 12

253 A3 +D9 + E6 (0) 4 0 12

254 A1 +D11 + E6 (0) 2 0 12

255 D12 + E6 (0) 4 2 4

256 2A2 + 2E7 (0) 6 0 6

257 A1 +A3 + 2E7 Z/(2) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

258 A4 + 2E7 (0) 4 2 6

259 A1 + 2A3 +A4 + E7 Z/(2) 4 0 20

260 2A2 +A3 +A4 + E7 (0) 12 0 30

261 2A3 +A5 + E7 Z/(2) 4 0 12

262 A1 +A2 +A3 +A5 + E7 Z/(2) 6 0 12

263 2A1 +A4 +A5 + E7 Z/(2) 8 2 8

264 A2 +A4 +A5 + E7 (0) 6 0 30

265 A1 + 2A2 +A6 + E7 (0) 6 0 42

266 A2 +A3 +A6 + E7 (0) 4 0 42

267 A1 +A4 +A6 + E7 (0) 2 0 70
8 2 18

268 A5 +A6 + E7 (0) 4 2 22

269 2A2 +A7 + E7 (0) 6 0 24

270 2A1 +A2 +A7 + E7 Z/(2) 2 0 24

271 A1 +A3 +A7 + E7 Z/(2) 4 0 8

272 A4 +A7 + E7 (0) 6 2 14

273 A1 +A2 +A8 + E7 (0) 6 0 18

274 A3 +A8 + E7 (0) 4 0 18

275 2A1 +A9 + E7 Z/(2) 2 0 10

276 A2 +A9 + E7 (0) 6 0 10
Z/(2) 4 1 4

277 A1 +A10 + E7 (0) 2 0 22
6 2 8

278 A11 + E7 (0) 4 0 6

279 D4 + 2E7 Z/(2) 2 0 2

280 A2 +A4 +D5 + E7 (0) 6 0 20

281 A1 +A5 +D5 + E7 Z/(2) 2 0 12

282 A6 +D5 + E7 (0) 6 2 10

283 A2 +A3 +D6 + E7 Z/(2) 4 0 6

284 A5 +D6 + E7 Z/(2) 4 2 4

285 D5 +D6 + E7 Z/(2) 2 0 4

286 A1 +A3 +D7 + E7 Z/(2) 4 0 4

287 A4 +D7 + E7 (0) 2 0 20

288 A1 +A2 +D8 + E7 Z/(2) 2 0 6

289 A2 +D9 + E7 (0) 4 0 6

290 A1 +D10 + E7 Z/(2) 2 0 2
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

291 D11 + E7 (0) 2 0 4

292 A2 +A3 + E6 + E7 (0) 6 0 12

293 A1 +A4 + E6 + E7 (0) 2 0 30

294 A5 + E6 + E7 (0) 6 0 6

295 D5 + E6 + E7 (0) 2 0 12

296 2A1 + 2E8 (0) 2 0 2

297 A2 + 2E8 (0) 2 1 2

298 2A2 + 2A3 + E8 (0) 12 0 12

299 2A1 + 2A4 + E8 (0) 10 0 10

300 A1 +A2 +A3 +A4 + E8 (0) 6 0 20

301 2A5 + E8 (0) 6 0 6

302 A2 +A3 +A5 + E8 (0) 6 0 12

303 A1 +A4 +A5 + E8 (0) 2 0 30

304 2A2 +A6 + E8 (0) 6 3 12

305 2A1 +A2 +A6 + E8 (0) 2 0 42

306 A1 +A3 +A6 + E8 (0) 6 2 10

307 A4 +A6 + E8 (0) 2 1 18

308 A1 +A2 +A7 + E8 (0) 2 0 24

309 2A1 +A8 + E8 (0) 2 0 18

310 A2 +A8 + E8 (0) 6 3 6

311 A1 +A9 + E8 (0) 2 0 10

312 A10 + E8 (0) 2 1 6

313 2D5 + E8 (0) 4 0 4

314 A1 +A4 +D5 + E8 (0) 2 0 20

315 A5 +D5 + E8 (0) 2 0 12

316 2A2 +D6 + E8 (0) 6 0 6

317 A4 +D6 + E8 (0) 4 2 6

318 A1 +A2 +D7 + E8 (0) 4 0 6

319 A1 +D9 + E8 (0) 2 0 4

320 D10 + E8 (0) 2 0 2

321 A1 +A3 + E6 + E8 (0) 2 0 12

322 A4 + E6 + E8 (0) 2 1 8

323 D4 + E6 + E8 (0) 4 2 4

324 A1 +A2 + E7 + E8 (0) 2 0 6

325 A3 + E7 + E8 (0) 2 0 4



20 ICHIRO SHIMADA AND DE-QI ZHANG

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

152 A12 +D6 (0) 4 2 14

153 A2 +A5 +D5 +D6 Z/(2) 6 0 12

154 A7 +D5 +D6 Z/(2) 4 0 8

155 2A2 + 2D7 (0) 12 0 12

156 A2 + 3A3 +D7 Z/(4) 8 4 8

157 A1 +A2 + 2A4 +D7 (0) 10 0 60

158 A2 +A3 +A6 +D7 (0) 8 4 44

159 A1 +A4 +A6 +D7 (0) 4 0 70

160 A5 +A6 +D7 (0) 2 0 84

161 2A1 +A2 +A7 +D7 Z/(2) 4 0 24

162 A1 +A3 +A7 +D7 Z/(4) 2 0 8

163 2A1 +A9 +D7 Z/(2) 4 0 10

164 A2 +A9 +D7 (0) 2 0 60

165 A1 +A10 +D7 (0) 4 0 22

166 A11 +D7 Z/(4) 2 1 2

167 A1 +A5 +D5 +D7 Z/(2) 4 0 12

168 A5 +D6 +D7 Z/(2) 2 0 12

169 2A1 + 2D8 Z/(2)× Z/(2) 2 0 2

170 2A2 + 2A3 +D8 Z/(2) 12 0 12

171 2A5 +D8 Z/(2) 6 0 6

172 2A1 +A3 +A5 +D8 Z/(2)× Z/(2) 2 0 12

173 A1 +A4 +A5 +D8 Z/(2) 2 0 30

174 2A2 +A6 +D8 (0) 12 6 24

175 A1 +A2 +A7 +D8 Z/(2) 2 0 24

176 A1 +A9 +D8 Z/(2) 2 0 10

177 2D5 +D8 Z/(2) 4 0 4

178 A1 +A3 +D6 +D8 Z/(2)× Z/(2) 2 0 4

179 2D9 (0) 4 0 4

180 A1 + 2A2 +A4 +D9 (0) 12 0 30

181 A1 +A3 +A5 +D9 Z/(2) 4 0 12

182 A4 +A5 +D9 (0) 4 0 30

183 A1 +A2 +A6 +D9 (0) 4 0 42

184 2A1 +A7 +D9 Z/(2) 4 0 8

185 A1 +A8 +D9 (0) 4 0 18

186 A9 +D9 (0) 4 0 10

187 A4 +D5 +D9 (0) 4 0 20
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

188 2A1 + 2A3 +D10 Z/(2)× Z/(2) 4 0 4

189 2A4 +D10 (0) 10 0 10

190 A1 +A3 +A4 +D10 Z/(2) 2 0 20

191 3A1 +A5 +D10 Z/(2)× Z/(2) 4 2 4

192 A3 +A5 +D10 Z/(2) 2 0 12

193 A2 +A6 +D10 (0) 2 0 42

194 A8 +D10 (0) 2 0 18

195 A1 +A2 +D5 +D10 Z/(2) 4 0 6

196 A2 +D6 +D10 Z/(2) 2 0 6

197 A1 +D7 +D10 Z/(2) 2 0 4

198 2A2 +A3 +D11 (0) 12 0 12

199 A1 +A2 +A4 +D11 (0) 6 0 20

200 A2 +A5 +D11 (0) 6 0 12

201 A1 +A6 +D11 (0) 6 2 10

202 2A1 + 2A2 +D12 Z/(2) 6 0 6

203 A1 +A2 +A3 +D12 Z/(2) 4 0 6

204 2A1 +A4 +D12 Z/(2) 4 2 6

205 A1 +D5 +D12 Z/(2) 2 0 4

206 D6 +D12 Z/(2) 2 0 2

207 A1 +A4 +D13 (0) 2 0 20

208 A5 +D13 (0) 2 0 12

209 D5 +D13 (0) 4 0 4

210 2A2 +D14 (0) 6 0 6

211 2A1 +A2 +D14 Z/(2) 2 0 6

212 A1 +A3 +D14 Z/(2) 2 0 4

213 A4 +D14 (0) 4 2 6

214 A1 +A2 +D15 (0) 4 0 6

215 2A1 +D16 Z/(2) 2 0 2

216 A2 +D16 Z/(2) 2 1 2

217 A1 +D17 (0) 2 0 4

218 D18 (0) 2 0 2

219 3E6 Z/(3) 2 1 2

220 2A3 + 2E6 (0) 12 0 12

221 A1 +A3 + 2A4 + E6 (0) 20 0 30

222 A1 +A5 + 2E6 Z/(3) 2 0 6

223 A2 + 2A5 + E6 Z/(3) 6 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

224 2A2 +A3 +A5 + E6 Z/(3) 6 0 12

225 A3 +A4 +A5 + E6 (0) 12 0 30

226 A6 + 2E6 (0) 6 3 12

227 A1 +A2 +A3 +A6 + E6 (0) 6 0 84
12 0 42

228 2A1 +A4 +A6 + E6 (0) 20 10 26

229 A2 +A4 +A6 + E6 (0) 18 3 18

230 A1 +A5 +A6 + E6 (0) 6 0 42

231 A1 +A4 +A7 + E6 (0) 2 0 120

232 A5 +A7 + E6 (0) 6 0 24

233 2A2 +A8 + E6 Z/(3) 6 3 6

234 2A1 +A2 +A8 + E6 Z/(3) 2 0 18

235 A1 +A3 +A8 + E6 (0) 12 0 18

236 A4 +A8 + E6 (0) 12 3 12

237 A1 +A2 +A9 + E6 (0) 12 6 18

238 A3 +A9 + E6 (0) 10 0 12

239 2A1 +A10 + E6 (0) 2 0 66

240 A2 +A10 + E6 (0) 6 3 18

241 A1 +A11 + E6 (0) 6 0 12
Z/(3) 2 0 4

242 A12 + E6 (0) 4 1 10

243 A3 +A4 +D5 + E6 (0) 12 0 20

244 A1 +A6 +D5 + E6 (0) 2 0 84

245 A7 +D5 + E6 (0) 8 0 12

246 D6 + 2E6 (0) 6 0 6

247 A2 +A4 +D6 + E6 (0) 6 0 30

248 A6 +D6 + E6 (0) 4 2 22

249 A1 +A4 +D7 + E6 (0) 4 0 30

250 D5 +D7 + E6 (0) 4 0 12

251 A4 +D8 + E6 (0) 8 2 8

252 A1 +A2 +D9 + E6 (0) 6 0 12

253 A3 +D9 + E6 (0) 4 0 12

254 A1 +D11 + E6 (0) 2 0 12

255 D12 + E6 (0) 4 2 4

256 2A2 + 2E7 (0) 6 0 6

257 A1 +A3 + 2E7 Z/(2) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

258 A4 + 2E7 (0) 4 2 6

259 A1 + 2A3 +A4 + E7 Z/(2) 4 0 20

260 2A2 +A3 +A4 + E7 (0) 12 0 30

261 2A3 +A5 + E7 Z/(2) 4 0 12

262 A1 +A2 +A3 +A5 + E7 Z/(2) 6 0 12

263 2A1 +A4 +A5 + E7 Z/(2) 8 2 8

264 A2 +A4 +A5 + E7 (0) 6 0 30

265 A1 + 2A2 +A6 + E7 (0) 6 0 42

266 A2 +A3 +A6 + E7 (0) 4 0 42

267 A1 +A4 +A6 + E7 (0) 2 0 70
8 2 18

268 A5 +A6 + E7 (0) 4 2 22

269 2A2 +A7 + E7 (0) 6 0 24

270 2A1 +A2 +A7 + E7 Z/(2) 2 0 24

271 A1 +A3 +A7 + E7 Z/(2) 4 0 8

272 A4 +A7 + E7 (0) 6 2 14

273 A1 +A2 +A8 + E7 (0) 6 0 18

274 A3 +A8 + E7 (0) 4 0 18

275 2A1 +A9 + E7 Z/(2) 2 0 10

276 A2 +A9 + E7 (0) 6 0 10
Z/(2) 4 1 4

277 A1 +A10 + E7 (0) 2 0 22
6 2 8

278 A11 + E7 (0) 4 0 6

279 D4 + 2E7 Z/(2) 2 0 2

280 A2 +A4 +D5 + E7 (0) 6 0 20

281 A1 +A5 +D5 + E7 Z/(2) 2 0 12

282 A6 +D5 + E7 (0) 6 2 10

283 A2 +A3 +D6 + E7 Z/(2) 4 0 6

284 A5 +D6 + E7 Z/(2) 4 2 4

285 D5 +D6 + E7 Z/(2) 2 0 4

286 A1 +A3 +D7 + E7 Z/(2) 4 0 4

287 A4 +D7 + E7 (0) 2 0 20

288 A1 +A2 +D8 + E7 Z/(2) 2 0 6

289 A2 +D9 + E7 (0) 4 0 6

290 A1 +D10 + E7 Z/(2) 2 0 2

24 ICHIRO SHIMADA AND DE-QI ZHANG

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

291 D11 + E7 (0) 2 0 4

292 A2 +A3 + E6 + E7 (0) 6 0 12

293 A1 +A4 + E6 + E7 (0) 2 0 30

294 A5 + E6 + E7 (0) 6 0 6

295 D5 + E6 + E7 (0) 2 0 12

296 2A1 + 2E8 (0) 2 0 2

297 A2 + 2E8 (0) 2 1 2

298 2A2 + 2A3 + E8 (0) 12 0 12

299 2A1 + 2A4 + E8 (0) 10 0 10

300 A1 +A2 +A3 +A4 + E8 (0) 6 0 20

301 2A5 + E8 (0) 6 0 6

302 A2 +A3 +A5 + E8 (0) 6 0 12

303 A1 +A4 +A5 + E8 (0) 2 0 30

304 2A2 +A6 + E8 (0) 6 3 12

305 2A1 +A2 +A6 + E8 (0) 2 0 42

306 A1 +A3 +A6 + E8 (0) 6 2 10

307 A4 +A6 + E8 (0) 2 1 18

308 A1 +A2 +A7 + E8 (0) 2 0 24

309 2A1 +A8 + E8 (0) 2 0 18

310 A2 +A8 + E8 (0) 6 3 6

311 A1 +A9 + E8 (0) 2 0 10

312 A10 + E8 (0) 2 1 6

313 2D5 + E8 (0) 4 0 4

314 A1 +A4 +D5 + E8 (0) 2 0 20

315 A5 +D5 + E8 (0) 2 0 12

316 2A2 +D6 + E8 (0) 6 0 6

317 A4 +D6 + E8 (0) 4 2 6

318 A1 +A2 +D7 + E8 (0) 4 0 6

319 A1 +D9 + E8 (0) 2 0 4

320 D10 + E8 (0) 2 0 2

321 A1 +A3 + E6 + E8 (0) 2 0 12

322 A4 + E6 + E8 (0) 2 1 8

323 D4 + E6 + E8 (0) 4 2 4

324 A1 +A2 + E7 + E8 (0) 2 0 6

325 A3 + E7 + E8 (0) 2 0 4

A=0
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

152 A12 +D6 (0) 4 2 14

153 A2 +A5 +D5 +D6 Z/(2) 6 0 12

154 A7 +D5 +D6 Z/(2) 4 0 8

155 2A2 + 2D7 (0) 12 0 12

156 A2 + 3A3 +D7 Z/(4) 8 4 8

157 A1 +A2 + 2A4 +D7 (0) 10 0 60

158 A2 +A3 +A6 +D7 (0) 8 4 44

159 A1 +A4 +A6 +D7 (0) 4 0 70

160 A5 +A6 +D7 (0) 2 0 84

161 2A1 +A2 +A7 +D7 Z/(2) 4 0 24

162 A1 +A3 +A7 +D7 Z/(4) 2 0 8

163 2A1 +A9 +D7 Z/(2) 4 0 10

164 A2 +A9 +D7 (0) 2 0 60

165 A1 +A10 +D7 (0) 4 0 22

166 A11 +D7 Z/(4) 2 1 2

167 A1 +A5 +D5 +D7 Z/(2) 4 0 12

168 A5 +D6 +D7 Z/(2) 2 0 12

169 2A1 + 2D8 Z/(2)× Z/(2) 2 0 2

170 2A2 + 2A3 +D8 Z/(2) 12 0 12

171 2A5 +D8 Z/(2) 6 0 6

172 2A1 +A3 +A5 +D8 Z/(2)× Z/(2) 2 0 12

173 A1 +A4 +A5 +D8 Z/(2) 2 0 30

174 2A2 +A6 +D8 (0) 12 6 24

175 A1 +A2 +A7 +D8 Z/(2) 2 0 24

176 A1 +A9 +D8 Z/(2) 2 0 10

177 2D5 +D8 Z/(2) 4 0 4

178 A1 +A3 +D6 +D8 Z/(2)× Z/(2) 2 0 4

179 2D9 (0) 4 0 4

180 A1 + 2A2 +A4 +D9 (0) 12 0 30

181 A1 +A3 +A5 +D9 Z/(2) 4 0 12

182 A4 +A5 +D9 (0) 4 0 30

183 A1 +A2 +A6 +D9 (0) 4 0 42

184 2A1 +A7 +D9 Z/(2) 4 0 8

185 A1 +A8 +D9 (0) 4 0 18

186 A9 +D9 (0) 4 0 10

187 A4 +D5 +D9 (0) 4 0 20
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

188 2A1 + 2A3 +D10 Z/(2)× Z/(2) 4 0 4

189 2A4 +D10 (0) 10 0 10

190 A1 +A3 +A4 +D10 Z/(2) 2 0 20

191 3A1 +A5 +D10 Z/(2)× Z/(2) 4 2 4

192 A3 +A5 +D10 Z/(2) 2 0 12

193 A2 +A6 +D10 (0) 2 0 42

194 A8 +D10 (0) 2 0 18

195 A1 +A2 +D5 +D10 Z/(2) 4 0 6

196 A2 +D6 +D10 Z/(2) 2 0 6

197 A1 +D7 +D10 Z/(2) 2 0 4

198 2A2 +A3 +D11 (0) 12 0 12

199 A1 +A2 +A4 +D11 (0) 6 0 20

200 A2 +A5 +D11 (0) 6 0 12

201 A1 +A6 +D11 (0) 6 2 10

202 2A1 + 2A2 +D12 Z/(2) 6 0 6

203 A1 +A2 +A3 +D12 Z/(2) 4 0 6

204 2A1 +A4 +D12 Z/(2) 4 2 6

205 A1 +D5 +D12 Z/(2) 2 0 4

206 D6 +D12 Z/(2) 2 0 2

207 A1 +A4 +D13 (0) 2 0 20

208 A5 +D13 (0) 2 0 12

209 D5 +D13 (0) 4 0 4

210 2A2 +D14 (0) 6 0 6

211 2A1 +A2 +D14 Z/(2) 2 0 6

212 A1 +A3 +D14 Z/(2) 2 0 4

213 A4 +D14 (0) 4 2 6

214 A1 +A2 +D15 (0) 4 0 6

215 2A1 +D16 Z/(2) 2 0 2

216 A2 +D16 Z/(2) 2 1 2

217 A1 +D17 (0) 2 0 4

218 D18 (0) 2 0 2

219 3E6 Z/(3) 2 1 2

220 2A3 + 2E6 (0) 12 0 12

221 A1 +A3 + 2A4 + E6 (0) 20 0 30

222 A1 +A5 + 2E6 Z/(3) 2 0 6

223 A2 + 2A5 + E6 Z/(3) 6 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

224 2A2 +A3 +A5 + E6 Z/(3) 6 0 12

225 A3 +A4 +A5 + E6 (0) 12 0 30

226 A6 + 2E6 (0) 6 3 12

227 A1 +A2 +A3 +A6 + E6 (0) 6 0 84
12 0 42

228 2A1 +A4 +A6 + E6 (0) 20 10 26

229 A2 +A4 +A6 + E6 (0) 18 3 18

230 A1 +A5 +A6 + E6 (0) 6 0 42

231 A1 +A4 +A7 + E6 (0) 2 0 120

232 A5 +A7 + E6 (0) 6 0 24

233 2A2 +A8 + E6 Z/(3) 6 3 6

234 2A1 +A2 +A8 + E6 Z/(3) 2 0 18

235 A1 +A3 +A8 + E6 (0) 12 0 18

236 A4 +A8 + E6 (0) 12 3 12

237 A1 +A2 +A9 + E6 (0) 12 6 18

238 A3 +A9 + E6 (0) 10 0 12

239 2A1 +A10 + E6 (0) 2 0 66

240 A2 +A10 + E6 (0) 6 3 18

241 A1 +A11 + E6 (0) 6 0 12
Z/(3) 2 0 4

242 A12 + E6 (0) 4 1 10

243 A3 +A4 +D5 + E6 (0) 12 0 20

244 A1 +A6 +D5 + E6 (0) 2 0 84

245 A7 +D5 + E6 (0) 8 0 12

246 D6 + 2E6 (0) 6 0 6

247 A2 +A4 +D6 + E6 (0) 6 0 30

248 A6 +D6 + E6 (0) 4 2 22

249 A1 +A4 +D7 + E6 (0) 4 0 30

250 D5 +D7 + E6 (0) 4 0 12

251 A4 +D8 + E6 (0) 8 2 8

252 A1 +A2 +D9 + E6 (0) 6 0 12

253 A3 +D9 + E6 (0) 4 0 12

254 A1 +D11 + E6 (0) 2 0 12

255 D12 + E6 (0) 4 2 4

256 2A2 + 2E7 (0) 6 0 6

257 A1 +A3 + 2E7 Z/(2) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

258 A4 + 2E7 (0) 4 2 6

259 A1 + 2A3 +A4 + E7 Z/(2) 4 0 20

260 2A2 +A3 +A4 + E7 (0) 12 0 30

261 2A3 +A5 + E7 Z/(2) 4 0 12

262 A1 +A2 +A3 +A5 + E7 Z/(2) 6 0 12

263 2A1 +A4 +A5 + E7 Z/(2) 8 2 8

264 A2 +A4 +A5 + E7 (0) 6 0 30

265 A1 + 2A2 +A6 + E7 (0) 6 0 42

266 A2 +A3 +A6 + E7 (0) 4 0 42

267 A1 +A4 +A6 + E7 (0) 2 0 70
8 2 18

268 A5 +A6 + E7 (0) 4 2 22

269 2A2 +A7 + E7 (0) 6 0 24

270 2A1 +A2 +A7 + E7 Z/(2) 2 0 24

271 A1 +A3 +A7 + E7 Z/(2) 4 0 8

272 A4 +A7 + E7 (0) 6 2 14

273 A1 +A2 +A8 + E7 (0) 6 0 18

274 A3 +A8 + E7 (0) 4 0 18

275 2A1 +A9 + E7 Z/(2) 2 0 10

276 A2 +A9 + E7 (0) 6 0 10
Z/(2) 4 1 4

277 A1 +A10 + E7 (0) 2 0 22
6 2 8

278 A11 + E7 (0) 4 0 6

279 D4 + 2E7 Z/(2) 2 0 2

280 A2 +A4 +D5 + E7 (0) 6 0 20

281 A1 +A5 +D5 + E7 Z/(2) 2 0 12

282 A6 +D5 + E7 (0) 6 2 10

283 A2 +A3 +D6 + E7 Z/(2) 4 0 6

284 A5 +D6 + E7 Z/(2) 4 2 4

285 D5 +D6 + E7 Z/(2) 2 0 4

286 A1 +A3 +D7 + E7 Z/(2) 4 0 4

287 A4 +D7 + E7 (0) 2 0 20

288 A1 +A2 +D8 + E7 Z/(2) 2 0 6

289 A2 +D9 + E7 (0) 4 0 6

290 A1 +D10 + E7 Z/(2) 2 0 2
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

291 D11 + E7 (0) 2 0 4

292 A2 +A3 + E6 + E7 (0) 6 0 12

293 A1 +A4 + E6 + E7 (0) 2 0 30

294 A5 + E6 + E7 (0) 6 0 6

295 D5 + E6 + E7 (0) 2 0 12

296 2A1 + 2E8 (0) 2 0 2

297 A2 + 2E8 (0) 2 1 2

298 2A2 + 2A3 + E8 (0) 12 0 12

299 2A1 + 2A4 + E8 (0) 10 0 10

300 A1 +A2 +A3 +A4 + E8 (0) 6 0 20

301 2A5 + E8 (0) 6 0 6

302 A2 +A3 +A5 + E8 (0) 6 0 12

303 A1 +A4 +A5 + E8 (0) 2 0 30

304 2A2 +A6 + E8 (0) 6 3 12

305 2A1 +A2 +A6 + E8 (0) 2 0 42

306 A1 +A3 +A6 + E8 (0) 6 2 10

307 A4 +A6 + E8 (0) 2 1 18

308 A1 +A2 +A7 + E8 (0) 2 0 24

309 2A1 +A8 + E8 (0) 2 0 18

310 A2 +A8 + E8 (0) 6 3 6

311 A1 +A9 + E8 (0) 2 0 10

312 A10 + E8 (0) 2 1 6

313 2D5 + E8 (0) 4 0 4

314 A1 +A4 +D5 + E8 (0) 2 0 20

315 A5 +D5 + E8 (0) 2 0 12

316 2A2 +D6 + E8 (0) 6 0 6

317 A4 +D6 + E8 (0) 4 2 6

318 A1 +A2 +D7 + E8 (0) 4 0 6

319 A1 +D9 + E8 (0) 2 0 4

320 D10 + E8 (0) 2 0 2

321 A1 +A3 + E6 + E8 (0) 2 0 12

322 A4 + E6 + E8 (0) 2 1 8

323 D4 + E6 + E8 (0) 4 2 4

324 A1 +A2 + E7 + E8 (0) 2 0 6

325 A3 + E7 + E8 (0) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

152 A12 +D6 (0) 4 2 14

153 A2 +A5 +D5 +D6 Z/(2) 6 0 12

154 A7 +D5 +D6 Z/(2) 4 0 8

155 2A2 + 2D7 (0) 12 0 12

156 A2 + 3A3 +D7 Z/(4) 8 4 8

157 A1 +A2 + 2A4 +D7 (0) 10 0 60

158 A2 +A3 +A6 +D7 (0) 8 4 44

159 A1 +A4 +A6 +D7 (0) 4 0 70

160 A5 +A6 +D7 (0) 2 0 84

161 2A1 +A2 +A7 +D7 Z/(2) 4 0 24

162 A1 +A3 +A7 +D7 Z/(4) 2 0 8

163 2A1 +A9 +D7 Z/(2) 4 0 10

164 A2 +A9 +D7 (0) 2 0 60

165 A1 +A10 +D7 (0) 4 0 22

166 A11 +D7 Z/(4) 2 1 2

167 A1 +A5 +D5 +D7 Z/(2) 4 0 12

168 A5 +D6 +D7 Z/(2) 2 0 12

169 2A1 + 2D8 Z/(2)× Z/(2) 2 0 2

170 2A2 + 2A3 +D8 Z/(2) 12 0 12

171 2A5 +D8 Z/(2) 6 0 6

172 2A1 +A3 +A5 +D8 Z/(2)× Z/(2) 2 0 12

173 A1 +A4 +A5 +D8 Z/(2) 2 0 30

174 2A2 +A6 +D8 (0) 12 6 24

175 A1 +A2 +A7 +D8 Z/(2) 2 0 24

176 A1 +A9 +D8 Z/(2) 2 0 10

177 2D5 +D8 Z/(2) 4 0 4

178 A1 +A3 +D6 +D8 Z/(2)× Z/(2) 2 0 4

179 2D9 (0) 4 0 4

180 A1 + 2A2 +A4 +D9 (0) 12 0 30

181 A1 +A3 +A5 +D9 Z/(2) 4 0 12

182 A4 +A5 +D9 (0) 4 0 30

183 A1 +A2 +A6 +D9 (0) 4 0 42

184 2A1 +A7 +D9 Z/(2) 4 0 8

185 A1 +A8 +D9 (0) 4 0 18

186 A9 +D9 (0) 4 0 10

187 A4 +D5 +D9 (0) 4 0 20
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

188 2A1 + 2A3 +D10 Z/(2)× Z/(2) 4 0 4

189 2A4 +D10 (0) 10 0 10

190 A1 +A3 +A4 +D10 Z/(2) 2 0 20

191 3A1 +A5 +D10 Z/(2)× Z/(2) 4 2 4

192 A3 +A5 +D10 Z/(2) 2 0 12

193 A2 +A6 +D10 (0) 2 0 42

194 A8 +D10 (0) 2 0 18

195 A1 +A2 +D5 +D10 Z/(2) 4 0 6

196 A2 +D6 +D10 Z/(2) 2 0 6

197 A1 +D7 +D10 Z/(2) 2 0 4

198 2A2 +A3 +D11 (0) 12 0 12

199 A1 +A2 +A4 +D11 (0) 6 0 20

200 A2 +A5 +D11 (0) 6 0 12

201 A1 +A6 +D11 (0) 6 2 10

202 2A1 + 2A2 +D12 Z/(2) 6 0 6

203 A1 +A2 +A3 +D12 Z/(2) 4 0 6

204 2A1 +A4 +D12 Z/(2) 4 2 6

205 A1 +D5 +D12 Z/(2) 2 0 4

206 D6 +D12 Z/(2) 2 0 2

207 A1 +A4 +D13 (0) 2 0 20

208 A5 +D13 (0) 2 0 12

209 D5 +D13 (0) 4 0 4

210 2A2 +D14 (0) 6 0 6

211 2A1 +A2 +D14 Z/(2) 2 0 6

212 A1 +A3 +D14 Z/(2) 2 0 4

213 A4 +D14 (0) 4 2 6

214 A1 +A2 +D15 (0) 4 0 6

215 2A1 +D16 Z/(2) 2 0 2

216 A2 +D16 Z/(2) 2 1 2

217 A1 +D17 (0) 2 0 4

218 D18 (0) 2 0 2

219 3E6 Z/(3) 2 1 2

220 2A3 + 2E6 (0) 12 0 12

221 A1 +A3 + 2A4 + E6 (0) 20 0 30

222 A1 +A5 + 2E6 Z/(3) 2 0 6

223 A2 + 2A5 + E6 Z/(3) 6 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

224 2A2 +A3 +A5 + E6 Z/(3) 6 0 12

225 A3 +A4 +A5 + E6 (0) 12 0 30

226 A6 + 2E6 (0) 6 3 12

227 A1 +A2 +A3 +A6 + E6 (0) 6 0 84
12 0 42

228 2A1 +A4 +A6 + E6 (0) 20 10 26

229 A2 +A4 +A6 + E6 (0) 18 3 18

230 A1 +A5 +A6 + E6 (0) 6 0 42

231 A1 +A4 +A7 + E6 (0) 2 0 120

232 A5 +A7 + E6 (0) 6 0 24

233 2A2 +A8 + E6 Z/(3) 6 3 6

234 2A1 +A2 +A8 + E6 Z/(3) 2 0 18

235 A1 +A3 +A8 + E6 (0) 12 0 18

236 A4 +A8 + E6 (0) 12 3 12

237 A1 +A2 +A9 + E6 (0) 12 6 18

238 A3 +A9 + E6 (0) 10 0 12

239 2A1 +A10 + E6 (0) 2 0 66

240 A2 +A10 + E6 (0) 6 3 18

241 A1 +A11 + E6 (0) 6 0 12
Z/(3) 2 0 4

242 A12 + E6 (0) 4 1 10

243 A3 +A4 +D5 + E6 (0) 12 0 20

244 A1 +A6 +D5 + E6 (0) 2 0 84

245 A7 +D5 + E6 (0) 8 0 12

246 D6 + 2E6 (0) 6 0 6

247 A2 +A4 +D6 + E6 (0) 6 0 30

248 A6 +D6 + E6 (0) 4 2 22

249 A1 +A4 +D7 + E6 (0) 4 0 30

250 D5 +D7 + E6 (0) 4 0 12

251 A4 +D8 + E6 (0) 8 2 8

252 A1 +A2 +D9 + E6 (0) 6 0 12

253 A3 +D9 + E6 (0) 4 0 12

254 A1 +D11 + E6 (0) 2 0 12

255 D12 + E6 (0) 4 2 4

256 2A2 + 2E7 (0) 6 0 6

257 A1 +A3 + 2E7 Z/(2) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

258 A4 + 2E7 (0) 4 2 6

259 A1 + 2A3 +A4 + E7 Z/(2) 4 0 20

260 2A2 +A3 +A4 + E7 (0) 12 0 30

261 2A3 +A5 + E7 Z/(2) 4 0 12

262 A1 +A2 +A3 +A5 + E7 Z/(2) 6 0 12

263 2A1 +A4 +A5 + E7 Z/(2) 8 2 8

264 A2 +A4 +A5 + E7 (0) 6 0 30

265 A1 + 2A2 +A6 + E7 (0) 6 0 42

266 A2 +A3 +A6 + E7 (0) 4 0 42

267 A1 +A4 +A6 + E7 (0) 2 0 70
8 2 18

268 A5 +A6 + E7 (0) 4 2 22

269 2A2 +A7 + E7 (0) 6 0 24

270 2A1 +A2 +A7 + E7 Z/(2) 2 0 24

271 A1 +A3 +A7 + E7 Z/(2) 4 0 8

272 A4 +A7 + E7 (0) 6 2 14

273 A1 +A2 +A8 + E7 (0) 6 0 18

274 A3 +A8 + E7 (0) 4 0 18

275 2A1 +A9 + E7 Z/(2) 2 0 10

276 A2 +A9 + E7 (0) 6 0 10
Z/(2) 4 1 4

277 A1 +A10 + E7 (0) 2 0 22
6 2 8

278 A11 + E7 (0) 4 0 6

279 D4 + 2E7 Z/(2) 2 0 2

280 A2 +A4 +D5 + E7 (0) 6 0 20

281 A1 +A5 +D5 + E7 Z/(2) 2 0 12

282 A6 +D5 + E7 (0) 6 2 10

283 A2 +A3 +D6 + E7 Z/(2) 4 0 6

284 A5 +D6 + E7 Z/(2) 4 2 4

285 D5 +D6 + E7 Z/(2) 2 0 4

286 A1 +A3 +D7 + E7 Z/(2) 4 0 4

287 A4 +D7 + E7 (0) 2 0 20

288 A1 +A2 +D8 + E7 Z/(2) 2 0 6

289 A2 +D9 + E7 (0) 4 0 6

290 A1 +D10 + E7 Z/(2) 2 0 2
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

291 D11 + E7 (0) 2 0 4

292 A2 +A3 + E6 + E7 (0) 6 0 12

293 A1 +A4 + E6 + E7 (0) 2 0 30

294 A5 + E6 + E7 (0) 6 0 6

295 D5 + E6 + E7 (0) 2 0 12

296 2A1 + 2E8 (0) 2 0 2

297 A2 + 2E8 (0) 2 1 2

298 2A2 + 2A3 + E8 (0) 12 0 12

299 2A1 + 2A4 + E8 (0) 10 0 10

300 A1 +A2 +A3 +A4 + E8 (0) 6 0 20

301 2A5 + E8 (0) 6 0 6

302 A2 +A3 +A5 + E8 (0) 6 0 12

303 A1 +A4 +A5 + E8 (0) 2 0 30

304 2A2 +A6 + E8 (0) 6 3 12

305 2A1 +A2 +A6 + E8 (0) 2 0 42

306 A1 +A3 +A6 + E8 (0) 6 2 10

307 A4 +A6 + E8 (0) 2 1 18

308 A1 +A2 +A7 + E8 (0) 2 0 24

309 2A1 +A8 + E8 (0) 2 0 18

310 A2 +A8 + E8 (0) 6 3 6

311 A1 +A9 + E8 (0) 2 0 10

312 A10 + E8 (0) 2 1 6

313 2D5 + E8 (0) 4 0 4

314 A1 +A4 +D5 + E8 (0) 2 0 20

315 A5 +D5 + E8 (0) 2 0 12

316 2A2 +D6 + E8 (0) 6 0 6

317 A4 +D6 + E8 (0) 4 2 6

318 A1 +A2 +D7 + E8 (0) 4 0 6

319 A1 +D9 + E8 (0) 2 0 4

320 D10 + E8 (0) 2 0 2

321 A1 +A3 + E6 + E8 (0) 2 0 12

322 A4 + E6 + E8 (0) 2 1 8

323 D4 + E6 + E8 (0) 4 2 4

324 A1 +A2 + E7 + E8 (0) 2 0 6

325 A3 + E7 + E8 (0) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

152 A12 +D6 (0) 4 2 14

153 A2 +A5 +D5 +D6 Z/(2) 6 0 12

154 A7 +D5 +D6 Z/(2) 4 0 8

155 2A2 + 2D7 (0) 12 0 12

156 A2 + 3A3 +D7 Z/(4) 8 4 8

157 A1 +A2 + 2A4 +D7 (0) 10 0 60

158 A2 +A3 +A6 +D7 (0) 8 4 44

159 A1 +A4 +A6 +D7 (0) 4 0 70

160 A5 +A6 +D7 (0) 2 0 84

161 2A1 +A2 +A7 +D7 Z/(2) 4 0 24

162 A1 +A3 +A7 +D7 Z/(4) 2 0 8

163 2A1 +A9 +D7 Z/(2) 4 0 10

164 A2 +A9 +D7 (0) 2 0 60

165 A1 +A10 +D7 (0) 4 0 22

166 A11 +D7 Z/(4) 2 1 2

167 A1 +A5 +D5 +D7 Z/(2) 4 0 12

168 A5 +D6 +D7 Z/(2) 2 0 12

169 2A1 + 2D8 Z/(2)× Z/(2) 2 0 2

170 2A2 + 2A3 +D8 Z/(2) 12 0 12

171 2A5 +D8 Z/(2) 6 0 6

172 2A1 +A3 +A5 +D8 Z/(2)× Z/(2) 2 0 12

173 A1 +A4 +A5 +D8 Z/(2) 2 0 30

174 2A2 +A6 +D8 (0) 12 6 24

175 A1 +A2 +A7 +D8 Z/(2) 2 0 24

176 A1 +A9 +D8 Z/(2) 2 0 10

177 2D5 +D8 Z/(2) 4 0 4

178 A1 +A3 +D6 +D8 Z/(2)× Z/(2) 2 0 4

179 2D9 (0) 4 0 4

180 A1 + 2A2 +A4 +D9 (0) 12 0 30

181 A1 +A3 +A5 +D9 Z/(2) 4 0 12

182 A4 +A5 +D9 (0) 4 0 30

183 A1 +A2 +A6 +D9 (0) 4 0 42

184 2A1 +A7 +D9 Z/(2) 4 0 8

185 A1 +A8 +D9 (0) 4 0 18

186 A9 +D9 (0) 4 0 10

187 A4 +D5 +D9 (0) 4 0 20
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

188 2A1 + 2A3 +D10 Z/(2)× Z/(2) 4 0 4

189 2A4 +D10 (0) 10 0 10

190 A1 +A3 +A4 +D10 Z/(2) 2 0 20

191 3A1 +A5 +D10 Z/(2)× Z/(2) 4 2 4

192 A3 +A5 +D10 Z/(2) 2 0 12

193 A2 +A6 +D10 (0) 2 0 42

194 A8 +D10 (0) 2 0 18

195 A1 +A2 +D5 +D10 Z/(2) 4 0 6

196 A2 +D6 +D10 Z/(2) 2 0 6

197 A1 +D7 +D10 Z/(2) 2 0 4

198 2A2 +A3 +D11 (0) 12 0 12

199 A1 +A2 +A4 +D11 (0) 6 0 20

200 A2 +A5 +D11 (0) 6 0 12

201 A1 +A6 +D11 (0) 6 2 10

202 2A1 + 2A2 +D12 Z/(2) 6 0 6

203 A1 +A2 +A3 +D12 Z/(2) 4 0 6

204 2A1 +A4 +D12 Z/(2) 4 2 6

205 A1 +D5 +D12 Z/(2) 2 0 4

206 D6 +D12 Z/(2) 2 0 2

207 A1 +A4 +D13 (0) 2 0 20

208 A5 +D13 (0) 2 0 12

209 D5 +D13 (0) 4 0 4

210 2A2 +D14 (0) 6 0 6

211 2A1 +A2 +D14 Z/(2) 2 0 6

212 A1 +A3 +D14 Z/(2) 2 0 4

213 A4 +D14 (0) 4 2 6

214 A1 +A2 +D15 (0) 4 0 6

215 2A1 +D16 Z/(2) 2 0 2

216 A2 +D16 Z/(2) 2 1 2

217 A1 +D17 (0) 2 0 4

218 D18 (0) 2 0 2

219 3E6 Z/(3) 2 1 2

220 2A3 + 2E6 (0) 12 0 12

221 A1 +A3 + 2A4 + E6 (0) 20 0 30

222 A1 +A5 + 2E6 Z/(3) 2 0 6

223 A2 + 2A5 + E6 Z/(3) 6 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

224 2A2 +A3 +A5 + E6 Z/(3) 6 0 12

225 A3 +A4 +A5 + E6 (0) 12 0 30

226 A6 + 2E6 (0) 6 3 12

227 A1 +A2 +A3 +A6 + E6 (0) 6 0 84
12 0 42

228 2A1 +A4 +A6 + E6 (0) 20 10 26

229 A2 +A4 +A6 + E6 (0) 18 3 18

230 A1 +A5 +A6 + E6 (0) 6 0 42

231 A1 +A4 +A7 + E6 (0) 2 0 120

232 A5 +A7 + E6 (0) 6 0 24

233 2A2 +A8 + E6 Z/(3) 6 3 6

234 2A1 +A2 +A8 + E6 Z/(3) 2 0 18

235 A1 +A3 +A8 + E6 (0) 12 0 18

236 A4 +A8 + E6 (0) 12 3 12

237 A1 +A2 +A9 + E6 (0) 12 6 18

238 A3 +A9 + E6 (0) 10 0 12

239 2A1 +A10 + E6 (0) 2 0 66

240 A2 +A10 + E6 (0) 6 3 18

241 A1 +A11 + E6 (0) 6 0 12
Z/(3) 2 0 4

242 A12 + E6 (0) 4 1 10

243 A3 +A4 +D5 + E6 (0) 12 0 20

244 A1 +A6 +D5 + E6 (0) 2 0 84

245 A7 +D5 + E6 (0) 8 0 12

246 D6 + 2E6 (0) 6 0 6

247 A2 +A4 +D6 + E6 (0) 6 0 30

248 A6 +D6 + E6 (0) 4 2 22

249 A1 +A4 +D7 + E6 (0) 4 0 30

250 D5 +D7 + E6 (0) 4 0 12

251 A4 +D8 + E6 (0) 8 2 8

252 A1 +A2 +D9 + E6 (0) 6 0 12

253 A3 +D9 + E6 (0) 4 0 12

254 A1 +D11 + E6 (0) 2 0 12

255 D12 + E6 (0) 4 2 4

256 2A2 + 2E7 (0) 6 0 6

257 A1 +A3 + 2E7 Z/(2) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

258 A4 + 2E7 (0) 4 2 6

259 A1 + 2A3 +A4 + E7 Z/(2) 4 0 20

260 2A2 +A3 +A4 + E7 (0) 12 0 30

261 2A3 +A5 + E7 Z/(2) 4 0 12

262 A1 +A2 +A3 +A5 + E7 Z/(2) 6 0 12

263 2A1 +A4 +A5 + E7 Z/(2) 8 2 8

264 A2 +A4 +A5 + E7 (0) 6 0 30

265 A1 + 2A2 +A6 + E7 (0) 6 0 42

266 A2 +A3 +A6 + E7 (0) 4 0 42

267 A1 +A4 +A6 + E7 (0) 2 0 70
8 2 18

268 A5 +A6 + E7 (0) 4 2 22

269 2A2 +A7 + E7 (0) 6 0 24

270 2A1 +A2 +A7 + E7 Z/(2) 2 0 24

271 A1 +A3 +A7 + E7 Z/(2) 4 0 8

272 A4 +A7 + E7 (0) 6 2 14

273 A1 +A2 +A8 + E7 (0) 6 0 18

274 A3 +A8 + E7 (0) 4 0 18

275 2A1 +A9 + E7 Z/(2) 2 0 10

276 A2 +A9 + E7 (0) 6 0 10
Z/(2) 4 1 4

277 A1 +A10 + E7 (0) 2 0 22
6 2 8

278 A11 + E7 (0) 4 0 6

279 D4 + 2E7 Z/(2) 2 0 2

280 A2 +A4 +D5 + E7 (0) 6 0 20

281 A1 +A5 +D5 + E7 Z/(2) 2 0 12

282 A6 +D5 + E7 (0) 6 2 10

283 A2 +A3 +D6 + E7 Z/(2) 4 0 6

284 A5 +D6 + E7 Z/(2) 4 2 4

285 D5 +D6 + E7 Z/(2) 2 0 4

286 A1 +A3 +D7 + E7 Z/(2) 4 0 4

287 A4 +D7 + E7 (0) 2 0 20

288 A1 +A2 +D8 + E7 Z/(2) 2 0 6

289 A2 +D9 + E7 (0) 4 0 6

290 A1 +D10 + E7 Z/(2) 2 0 2
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

291 D11 + E7 (0) 2 0 4

292 A2 +A3 + E6 + E7 (0) 6 0 12

293 A1 +A4 + E6 + E7 (0) 2 0 30

294 A5 + E6 + E7 (0) 6 0 6

295 D5 + E6 + E7 (0) 2 0 12

296 2A1 + 2E8 (0) 2 0 2

297 A2 + 2E8 (0) 2 1 2

298 2A2 + 2A3 + E8 (0) 12 0 12

299 2A1 + 2A4 + E8 (0) 10 0 10

300 A1 +A2 +A3 +A4 + E8 (0) 6 0 20

301 2A5 + E8 (0) 6 0 6

302 A2 +A3 +A5 + E8 (0) 6 0 12

303 A1 +A4 +A5 + E8 (0) 2 0 30

304 2A2 +A6 + E8 (0) 6 3 12

305 2A1 +A2 +A6 + E8 (0) 2 0 42

306 A1 +A3 +A6 + E8 (0) 6 2 10

307 A4 +A6 + E8 (0) 2 1 18

308 A1 +A2 +A7 + E8 (0) 2 0 24

309 2A1 +A8 + E8 (0) 2 0 18

310 A2 +A8 + E8 (0) 6 3 6

311 A1 +A9 + E8 (0) 2 0 10

312 A10 + E8 (0) 2 1 6

313 2D5 + E8 (0) 4 0 4

314 A1 +A4 +D5 + E8 (0) 2 0 20

315 A5 +D5 + E8 (0) 2 0 12

316 2A2 +D6 + E8 (0) 6 0 6

317 A4 +D6 + E8 (0) 4 2 6

318 A1 +A2 +D7 + E8 (0) 4 0 6

319 A1 +D9 + E8 (0) 2 0 4

320 D10 + E8 (0) 2 0 2

321 A1 +A3 + E6 + E8 (0) 2 0 12

322 A4 + E6 + E8 (0) 2 1 8

323 D4 + E6 + E8 (0) 4 2 4

324 A1 +A2 + E7 + E8 (0) 2 0 6

325 A3 + E7 + E8 (0) 2 0 4

A=0

A=(1,015)

p̃ = 0

p̃ 6= 0

p2
aL

= 2 ) |⇡ + Ap̃|2 = 2 (1�R2p̃2)

U(1)18

E = g +B

1

E =

0

@1 0

0 1

1

A

E =

0

@1 �1

0 1

1

A

0

BBB@

1 �1 0

0 1 �1

0 0 1

1

CCCA

pR =
1p
2R


n�R2w � ⇡ · A� 1

2
|A|2w

�
,

pL =
1p
2R


n+R2w � ⇡ · A� 1

2
|A|2w

�
,

pA = ⇡A + wAA , (0.13)

paR = 0 ) p = ⇡ · A�
�
g +B � 1

2AA
t
�
p̃ 2 Z

paR = 0 ) p = ⇡ · A� E p̃ 2 Z

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

17

p̃ = 0

p̃ 6= 0

p2
aL

= 2 ) |⇡ + Ap̃|2 = 2 (1�R2p̃2)

U(1)18

E = g +B

1

E =

0

@1 0

0 1

1

A

E =

0

@1 �1

0 1

1

A

0

BBB@

1 �1 0

0 1 �1

0 0 1

1

CCCA

pR =
1p
2R


n�R2w � ⇡ · A� 1

2
|A|2w

�
,

pL =
1p
2R


n+R2w � ⇡ · A� 1

2
|A|2w

�
,

pA = ⇡A + wAA , (0.13)

paR = 0 ) p = ⇡ · A�
�
g +B � 1

2AA
t
�
p̃ 2 Z

paR = 0 ) p = ⇡ · A� E p̃ 2 Z

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

17



20 ICHIRO SHIMADA AND DE-QI ZHANG

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

152 A12 +D6 (0) 4 2 14

153 A2 +A5 +D5 +D6 Z/(2) 6 0 12

154 A7 +D5 +D6 Z/(2) 4 0 8

155 2A2 + 2D7 (0) 12 0 12

156 A2 + 3A3 +D7 Z/(4) 8 4 8

157 A1 +A2 + 2A4 +D7 (0) 10 0 60

158 A2 +A3 +A6 +D7 (0) 8 4 44

159 A1 +A4 +A6 +D7 (0) 4 0 70

160 A5 +A6 +D7 (0) 2 0 84

161 2A1 +A2 +A7 +D7 Z/(2) 4 0 24

162 A1 +A3 +A7 +D7 Z/(4) 2 0 8

163 2A1 +A9 +D7 Z/(2) 4 0 10

164 A2 +A9 +D7 (0) 2 0 60

165 A1 +A10 +D7 (0) 4 0 22

166 A11 +D7 Z/(4) 2 1 2

167 A1 +A5 +D5 +D7 Z/(2) 4 0 12

168 A5 +D6 +D7 Z/(2) 2 0 12

169 2A1 + 2D8 Z/(2)× Z/(2) 2 0 2

170 2A2 + 2A3 +D8 Z/(2) 12 0 12

171 2A5 +D8 Z/(2) 6 0 6

172 2A1 +A3 +A5 +D8 Z/(2)× Z/(2) 2 0 12

173 A1 +A4 +A5 +D8 Z/(2) 2 0 30

174 2A2 +A6 +D8 (0) 12 6 24

175 A1 +A2 +A7 +D8 Z/(2) 2 0 24

176 A1 +A9 +D8 Z/(2) 2 0 10

177 2D5 +D8 Z/(2) 4 0 4

178 A1 +A3 +D6 +D8 Z/(2)× Z/(2) 2 0 4

179 2D9 (0) 4 0 4

180 A1 + 2A2 +A4 +D9 (0) 12 0 30

181 A1 +A3 +A5 +D9 Z/(2) 4 0 12

182 A4 +A5 +D9 (0) 4 0 30

183 A1 +A2 +A6 +D9 (0) 4 0 42

184 2A1 +A7 +D9 Z/(2) 4 0 8

185 A1 +A8 +D9 (0) 4 0 18

186 A9 +D9 (0) 4 0 10

187 A4 +D5 +D9 (0) 4 0 20
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

188 2A1 + 2A3 +D10 Z/(2)× Z/(2) 4 0 4

189 2A4 +D10 (0) 10 0 10

190 A1 +A3 +A4 +D10 Z/(2) 2 0 20

191 3A1 +A5 +D10 Z/(2)× Z/(2) 4 2 4

192 A3 +A5 +D10 Z/(2) 2 0 12

193 A2 +A6 +D10 (0) 2 0 42

194 A8 +D10 (0) 2 0 18

195 A1 +A2 +D5 +D10 Z/(2) 4 0 6

196 A2 +D6 +D10 Z/(2) 2 0 6

197 A1 +D7 +D10 Z/(2) 2 0 4

198 2A2 +A3 +D11 (0) 12 0 12

199 A1 +A2 +A4 +D11 (0) 6 0 20

200 A2 +A5 +D11 (0) 6 0 12

201 A1 +A6 +D11 (0) 6 2 10

202 2A1 + 2A2 +D12 Z/(2) 6 0 6

203 A1 +A2 +A3 +D12 Z/(2) 4 0 6

204 2A1 +A4 +D12 Z/(2) 4 2 6

205 A1 +D5 +D12 Z/(2) 2 0 4

206 D6 +D12 Z/(2) 2 0 2

207 A1 +A4 +D13 (0) 2 0 20

208 A5 +D13 (0) 2 0 12

209 D5 +D13 (0) 4 0 4

210 2A2 +D14 (0) 6 0 6

211 2A1 +A2 +D14 Z/(2) 2 0 6

212 A1 +A3 +D14 Z/(2) 2 0 4

213 A4 +D14 (0) 4 2 6

214 A1 +A2 +D15 (0) 4 0 6

215 2A1 +D16 Z/(2) 2 0 2

216 A2 +D16 Z/(2) 2 1 2

217 A1 +D17 (0) 2 0 4

218 D18 (0) 2 0 2

219 3E6 Z/(3) 2 1 2

220 2A3 + 2E6 (0) 12 0 12

221 A1 +A3 + 2A4 + E6 (0) 20 0 30

222 A1 +A5 + 2E6 Z/(3) 2 0 6

223 A2 + 2A5 + E6 Z/(3) 6 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

224 2A2 +A3 +A5 + E6 Z/(3) 6 0 12

225 A3 +A4 +A5 + E6 (0) 12 0 30

226 A6 + 2E6 (0) 6 3 12

227 A1 +A2 +A3 +A6 + E6 (0) 6 0 84
12 0 42

228 2A1 +A4 +A6 + E6 (0) 20 10 26

229 A2 +A4 +A6 + E6 (0) 18 3 18

230 A1 +A5 +A6 + E6 (0) 6 0 42

231 A1 +A4 +A7 + E6 (0) 2 0 120

232 A5 +A7 + E6 (0) 6 0 24

233 2A2 +A8 + E6 Z/(3) 6 3 6

234 2A1 +A2 +A8 + E6 Z/(3) 2 0 18

235 A1 +A3 +A8 + E6 (0) 12 0 18

236 A4 +A8 + E6 (0) 12 3 12

237 A1 +A2 +A9 + E6 (0) 12 6 18

238 A3 +A9 + E6 (0) 10 0 12

239 2A1 +A10 + E6 (0) 2 0 66

240 A2 +A10 + E6 (0) 6 3 18

241 A1 +A11 + E6 (0) 6 0 12
Z/(3) 2 0 4

242 A12 + E6 (0) 4 1 10

243 A3 +A4 +D5 + E6 (0) 12 0 20

244 A1 +A6 +D5 + E6 (0) 2 0 84

245 A7 +D5 + E6 (0) 8 0 12

246 D6 + 2E6 (0) 6 0 6

247 A2 +A4 +D6 + E6 (0) 6 0 30

248 A6 +D6 + E6 (0) 4 2 22

249 A1 +A4 +D7 + E6 (0) 4 0 30

250 D5 +D7 + E6 (0) 4 0 12

251 A4 +D8 + E6 (0) 8 2 8

252 A1 +A2 +D9 + E6 (0) 6 0 12

253 A3 +D9 + E6 (0) 4 0 12

254 A1 +D11 + E6 (0) 2 0 12

255 D12 + E6 (0) 4 2 4

256 2A2 + 2E7 (0) 6 0 6

257 A1 +A3 + 2E7 Z/(2) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

258 A4 + 2E7 (0) 4 2 6

259 A1 + 2A3 +A4 + E7 Z/(2) 4 0 20

260 2A2 +A3 +A4 + E7 (0) 12 0 30

261 2A3 +A5 + E7 Z/(2) 4 0 12

262 A1 +A2 +A3 +A5 + E7 Z/(2) 6 0 12

263 2A1 +A4 +A5 + E7 Z/(2) 8 2 8

264 A2 +A4 +A5 + E7 (0) 6 0 30

265 A1 + 2A2 +A6 + E7 (0) 6 0 42

266 A2 +A3 +A6 + E7 (0) 4 0 42

267 A1 +A4 +A6 + E7 (0) 2 0 70
8 2 18

268 A5 +A6 + E7 (0) 4 2 22

269 2A2 +A7 + E7 (0) 6 0 24

270 2A1 +A2 +A7 + E7 Z/(2) 2 0 24

271 A1 +A3 +A7 + E7 Z/(2) 4 0 8

272 A4 +A7 + E7 (0) 6 2 14

273 A1 +A2 +A8 + E7 (0) 6 0 18

274 A3 +A8 + E7 (0) 4 0 18

275 2A1 +A9 + E7 Z/(2) 2 0 10

276 A2 +A9 + E7 (0) 6 0 10
Z/(2) 4 1 4

277 A1 +A10 + E7 (0) 2 0 22
6 2 8

278 A11 + E7 (0) 4 0 6

279 D4 + 2E7 Z/(2) 2 0 2

280 A2 +A4 +D5 + E7 (0) 6 0 20

281 A1 +A5 +D5 + E7 Z/(2) 2 0 12

282 A6 +D5 + E7 (0) 6 2 10

283 A2 +A3 +D6 + E7 Z/(2) 4 0 6

284 A5 +D6 + E7 Z/(2) 4 2 4

285 D5 +D6 + E7 Z/(2) 2 0 4

286 A1 +A3 +D7 + E7 Z/(2) 4 0 4

287 A4 +D7 + E7 (0) 2 0 20

288 A1 +A2 +D8 + E7 Z/(2) 2 0 6

289 A2 +D9 + E7 (0) 4 0 6

290 A1 +D10 + E7 Z/(2) 2 0 2
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

291 D11 + E7 (0) 2 0 4

292 A2 +A3 + E6 + E7 (0) 6 0 12

293 A1 +A4 + E6 + E7 (0) 2 0 30

294 A5 + E6 + E7 (0) 6 0 6

295 D5 + E6 + E7 (0) 2 0 12

296 2A1 + 2E8 (0) 2 0 2

297 A2 + 2E8 (0) 2 1 2

298 2A2 + 2A3 + E8 (0) 12 0 12

299 2A1 + 2A4 + E8 (0) 10 0 10

300 A1 +A2 +A3 +A4 + E8 (0) 6 0 20

301 2A5 + E8 (0) 6 0 6

302 A2 +A3 +A5 + E8 (0) 6 0 12

303 A1 +A4 +A5 + E8 (0) 2 0 30

304 2A2 +A6 + E8 (0) 6 3 12

305 2A1 +A2 +A6 + E8 (0) 2 0 42

306 A1 +A3 +A6 + E8 (0) 6 2 10

307 A4 +A6 + E8 (0) 2 1 18

308 A1 +A2 +A7 + E8 (0) 2 0 24

309 2A1 +A8 + E8 (0) 2 0 18

310 A2 +A8 + E8 (0) 6 3 6

311 A1 +A9 + E8 (0) 2 0 10

312 A10 + E8 (0) 2 1 6

313 2D5 + E8 (0) 4 0 4

314 A1 +A4 +D5 + E8 (0) 2 0 20

315 A5 +D5 + E8 (0) 2 0 12

316 2A2 +D6 + E8 (0) 6 0 6

317 A4 +D6 + E8 (0) 4 2 6

318 A1 +A2 +D7 + E8 (0) 4 0 6

319 A1 +D9 + E8 (0) 2 0 4

320 D10 + E8 (0) 2 0 2

321 A1 +A3 + E6 + E8 (0) 2 0 12

322 A4 + E6 + E8 (0) 2 1 8

323 D4 + E6 + E8 (0) 4 2 4

324 A1 +A2 + E7 + E8 (0) 2 0 6

325 A3 + E7 + E8 (0) 2 0 4
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

1 6A3 Z/(4)× Z/(4) 4 0 4

2 2A1 + 4A4 Z/(5) 10 0 10

3 2A2 + 2A3 + 2A4 (0) 60 0 60

4 3A1 + 3A5 Z/(2)× Z/(6) 2 0 6

5 4A2 + 2A5 Z/(3)× Z/(3) 6 0 6

6 A3 + 3A5 Z/(6) 4 0 6

7 2A1 + 2A3 + 2A5 Z/(2)× Z/(2) 12 0 12

8 A1 + 2A2 +A3 + 2A5 Z/(6) 6 0 12

9 2A4 + 2A5 (0) 30 0 30

10 2A2 +A4 + 2A5 Z/(3) 6 0 30

11 A1 +A3 + A4 + 2A5 Z/(2) 12 0 30

12 A1 +A2 + 2A3 +A4 +A5 Z/(2) 24 12 36

13 3A6 Z/(7) 2 1 4

14 2A1 + 2A2 + 2A6 (0) 42 0 42

15 2A3 + 2A6 (0) 28 0 28

16 A2 +A4 + 2A6 (0) 28 7 28

17 2A1 +A2 + 2A4 +A6 (0) 50 20 50

18 A1 +A3 + 2A4 +A6 (0) 10 0 140
20 0 70

19 A2 + 2A3 +A4 +A6 (0) 24 12 76

20 A1 + 2A2 +A3 +A4 +A6 (0) 30 0 84

21 2A1 + 2A5 +A6 Z/(2) 12 6 24

22 A1 + 2A3 +A5 +A6 Z/(2) 4 0 84

23 A1 +A2 + A4 +A5 +A6 (0) 30 0 42
18 6 72

24 A3 +A4 + A5 +A6 (0) 12 0 70

25 4A1 + 2A7 Z/(2)× Z/(4) 4 0 4

26 2A2 + 2A7 (0) 24 0 24
Z/(2) 12 0 12

27 A1 +A3 + 2A7 Z/(8) 2 0 4

28 2A1 + 3A3 +A7 Z/(2)× Z/(4) 4 0 8

29 A2 + 3A3 +A7 Z/(4) 4 0 24

30 2A2 +A3 +A4 +A7 (0) 12 0 120

31 2A1 +A2 +A3 +A4 +A7 Z/(2) 20 0 24

32 A1 + 2A5 +A7 Z/(2) 6 0 24

33 3A1 +A3 +A5 +A7 Z/(2)× Z/(2) 8 0 12
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

34 A1 +A2 + A3 +A5 +A7 Z/(2) 12 0 24

35 2A1 +A4 +A5 +A7 Z/(2) 2 0 120

36 A2 +A4 + A5 +A7 (0) 6 0 120
24 0 30

37 A1 + 2A2 +A6 +A7 (0) 24 0 42

38 2A1 +A3 +A6 +A7 Z/(2) 12 4 20

39 A2 +A3 + A6 +A7 (0) 4 0 168

40 A1 +A4 + A6 +A7 (0) 2 0 280
18 4 32

41 A5 +A6 + A7 (0) 16 4 22

42 2A1 + 2A8 (0) 18 0 18
Z/(3) 4 2 10

43 A1 + 3A2 +A3 +A8 Z/(3) 12 0 18

44 2A1 + 2A4 +A8 (0) 20 10 50

45 3A2 +A4 +A8 Z/(3) 12 3 12

46 A1 +A2 + A3 +A4 +A8 (0) 6 0 180

47 A1 + 2A2 +A5 +A8 Z/(3) 6 0 18

48 A2 +A3 + A5 +A8 Z/(3) 4 0 18

49 A1 +A4 + A5 +A8 (0) 18 0 30

50 2A1 +A2 +A6 +A8 (0) 18 0 42

51 A1 +A3 + A6 +A8 (0) 10 4 52

52 A4 +A6 + A8 (0) 18 9 22

53 A1 +A2 + A7 +A8 (0) 18 0 24

54 2A9 (0) 10 0 10
Z/(5) 2 0 2

55 A1 +A2 + 2A3 +A9 Z/(2) 4 0 60

56 2A1 + 2A2 +A3 +A9 Z/(2) 6 0 60

57 A1 + 2A4 +A9 Z/(5) 2 0 10

58 3A1 +A2 +A4 +A9 Z/(2) 20 10 20

59 2A1 +A3 +A4 +A9 Z/(2) 10 0 20

60 2A1 +A2 +A5 +A9 Z/(2) 12 6 18

61 A1 +A3 + A5 +A9 Z/(2) 10 0 12

62 A4 +A5 + A9 (0) 10 0 30
Z/(2) 10 5 10

63 3A1 +A6 +A9 Z/(2) 4 2 36

64 A1 +A2 + A6 +A9 (0) 10 0 42
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

65 A3 +A6 + A9 (0) 2 0 140

66 A2 +A7 + A9 (0) 10 0 24

67 A1 +A8 + A9 (0) 10 0 18

68 A2 + 2A3 +A10 (0) 24 12 28

69 A1 + 2A2 +A3 +A10 (0) 12 0 66

70 2A4 +A10 (0) 10 5 30

71 2A2 +A4 +A10 (0) 6 3 84
24 9 24

72 2A1 +A2 +A4 +A10 (0) 2 0 330

73 A1 +A3 + A4 +A10 (0) 20 0 22
12 4 38

74 A1 +A2 + A5 +A10 (0) 6 0 66
18 6 24

75 A3 +A5 + A10 (0) 4 0 66
12 0 22

76 2A1 +A6 +A10 (0) 12 2 26

77 A2 +A6 + A10 (0) 4 1 58
16 5 16

78 A1 +A7 + A10 (0) 2 0 88
10 2 18

79 A8 +A10 (0) 10 1 10

80 A1 + 3A2 +A11 Z/(3) 6 0 12

81 3A1 + 2A2 +A11 Z/(6) 2 0 12

82 A1 + 2A3 +A11 Z/(4) 4 0 6

83 2A2 +A3 +A11 Z/(3) 4 0 12
Z/(6) 4 2 4

84 2A1 +A2 +A3 +A11 Z/(4) 6 0 6
Z/(2) 12 0 12

85 3A1 +A4 +A11 Z/(2) 6 0 20

86 A1 +A2 + A4 +A11 (0) 12 0 30

87 2A1 +A5 +A11 Z/(2) 6 0 12
Z/(6) 2 0 4

88 A2 +A5 + A11 Z/(3) 4 0 6

89 A1 +A6 + A11 (0) 4 0 42

90 2A1 + 2A2 +A12 (0) 12 6 42

91 A1 +A2 + A3 +A12 (0) 6 0 52
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

92 2A1 +A4 +A12 (0) 2 0 130
18 8 18

93 A2 +A4 +A12 (0) 6 3 34

94 A1 +A5 +A12 (0) 10 2 16

95 A6 +A12 (0) 2 1 46

96 A1 + 2A2 +A13 (0) 6 0 42
Z/(2) 6 3 12

97 3A1 +A2 +A13 Z/(2) 2 0 42

98 2A1 +A3 +A13 Z/(2) 6 2 10

99 A2 +A3 +A13 (0) 4 0 42

100 A1 +A4 +A13 (0) 2 0 70
8 2 18

Z/(2) 2 1 18

101 A5 +A13 (0) 4 2 22

102 2A2 +A14 Z/(3) 4 1 4

103 2A1 +A2 +A14 (0) 12 6 18
Z/(3) 2 0 10

104 A1 +A3 +A14 (0) 10 0 12

105 A4 +A14 (0) 10 5 10

106 3A1 +A15 Z/(4) 2 0 4

107 A1 +A2 +A15 (0) 10 2 10
Z/(2) 4 0 6

108 A3 +A15 Z/(4) 2 0 2

109 2A1 +A16 (0) 2 0 34
4 2 18

110 A2 +A16 (0) 6 3 10

111 A1 +A17 (0) 4 2 10
Z/(3) 2 0 2

112 A18 (0) 2 1 10

113 2A4 + 2D5 (0) 20 0 20

114 A3 + 2A5 +D5 Z/(2) 12 0 12

115 2A4 +A5 +D5 (0) 20 0 30

116 A1 +A3 +A4 +A5 +D5 Z/(2) 12 0 20

117 A1 + 2A6 +D5 (0) 14 0 28

118 2A2 +A3 +A6 +D5 (0) 12 0 84

119 A1 +A2 +A4 +A6 +D5 (0) 20 0 42

EXTREMAL ELLIPTIC K3 SURFACES 19

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

120 A2 +A5 +A6 +D5 (0) 6 0 84
12 0 42

121 A1 +A7 + 2D5 Z/(4) 2 0 8

122 A1 +A2 +A3 +A7 +D5 Z/(4) 6 0 8

123 2A1 +A4 +A7 +D5 Z/(2) 8 0 20

124 A8 + 2D5 (0) 8 4 20

125 A1 +A4 +A8 +D5 (0) 2 0 180
18 0 20

126 A5 +A8 +D5 (0) 12 0 18

127 2A2 +A9 +D5 (0) 6 0 60

128 2A1 +A2 +A9 +D5 Z/(2) 2 0 60

129 A1 +A3 +A9 +D5 Z/(2) 8 4 12

130 A4 +A9 +D5 (0) 10 0 20

131 A1 +A2 +A10 +D5 (0) 14 4 20

132 2A1 +A11 +D5 Z/(4) 2 0 6

133 A2 +A11 +D5 Z/(2) 6 0 6

134 A1 +A12 +D5 (0) 2 0 52
6 2 18

135 A13 +D5 (0) 6 2 10

136 3D6 Z/(2)× Z/(2) 2 0 2

137 2A3 + 2D6 Z/(2)× Z/(2) 4 0 4

138 2A2 + 2A4 +D6 (0) 30 0 30

139 2A1 + 2A5 +D6 Z/(2)× Z/(2) 6 0 6

140 A1 + 2A3 +A5 +D6 Z/(2)× Z/(2) 4 0 12

141 A3 +A4 +A5 +D6 Z/(2) 4 0 30

142 2A6 +D6 (0) 14 0 14

143 A2 +A4 +A6 +D6 (0) 6 0 70

144 A1 + 2A2 +A7 +D6 Z/(2) 6 0 24

145 A2 +A3 +A7 +D6 Z/(2) 4 0 24

146 A1 +A4 +A7 +D6 Z/(2) 6 2 14

147 A4 +A8 +D6 (0) 4 2 46

148 A1 +A2 +A9 +D6 Z/(2) 6 0 10
Z/(2) 4 2 16

149 A3 +A9 +D6 Z/(2) 4 0 10

150 A2 +A10 +D6 (0) 6 0 22

151 A1 +A11 +D6 Z/(2) 4 0 6

!!

!!
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

1 6A3 Z/(4)× Z/(4) 4 0 4

2 2A1 + 4A4 Z/(5) 10 0 10

3 2A2 + 2A3 + 2A4 (0) 60 0 60

4 3A1 + 3A5 Z/(2)× Z/(6) 2 0 6

5 4A2 + 2A5 Z/(3)× Z/(3) 6 0 6

6 A3 + 3A5 Z/(6) 4 0 6

7 2A1 + 2A3 + 2A5 Z/(2)× Z/(2) 12 0 12

8 A1 + 2A2 +A3 + 2A5 Z/(6) 6 0 12

9 2A4 + 2A5 (0) 30 0 30

10 2A2 +A4 + 2A5 Z/(3) 6 0 30

11 A1 +A3 + A4 + 2A5 Z/(2) 12 0 30

12 A1 +A2 + 2A3 +A4 +A5 Z/(2) 24 12 36

13 3A6 Z/(7) 2 1 4

14 2A1 + 2A2 + 2A6 (0) 42 0 42

15 2A3 + 2A6 (0) 28 0 28

16 A2 +A4 + 2A6 (0) 28 7 28

17 2A1 +A2 + 2A4 +A6 (0) 50 20 50

18 A1 +A3 + 2A4 +A6 (0) 10 0 140
20 0 70

19 A2 + 2A3 +A4 +A6 (0) 24 12 76

20 A1 + 2A2 +A3 +A4 +A6 (0) 30 0 84

21 2A1 + 2A5 +A6 Z/(2) 12 6 24

22 A1 + 2A3 +A5 +A6 Z/(2) 4 0 84

23 A1 +A2 + A4 +A5 +A6 (0) 30 0 42
18 6 72

24 A3 +A4 + A5 +A6 (0) 12 0 70

25 4A1 + 2A7 Z/(2)× Z/(4) 4 0 4

26 2A2 + 2A7 (0) 24 0 24
Z/(2) 12 0 12

27 A1 +A3 + 2A7 Z/(8) 2 0 4

28 2A1 + 3A3 +A7 Z/(2)× Z/(4) 4 0 8

29 A2 + 3A3 +A7 Z/(4) 4 0 24

30 2A2 +A3 +A4 +A7 (0) 12 0 120

31 2A1 +A2 +A3 +A4 +A7 Z/(2) 20 0 24

32 A1 + 2A5 +A7 Z/(2) 6 0 24

33 3A1 +A3 +A5 +A7 Z/(2)× Z/(2) 8 0 12
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

34 A1 +A2 + A3 +A5 +A7 Z/(2) 12 0 24

35 2A1 +A4 +A5 +A7 Z/(2) 2 0 120

36 A2 +A4 + A5 +A7 (0) 6 0 120
24 0 30

37 A1 + 2A2 +A6 +A7 (0) 24 0 42

38 2A1 +A3 +A6 +A7 Z/(2) 12 4 20

39 A2 +A3 + A6 +A7 (0) 4 0 168

40 A1 +A4 + A6 +A7 (0) 2 0 280
18 4 32

41 A5 +A6 + A7 (0) 16 4 22

42 2A1 + 2A8 (0) 18 0 18
Z/(3) 4 2 10

43 A1 + 3A2 +A3 +A8 Z/(3) 12 0 18

44 2A1 + 2A4 +A8 (0) 20 10 50

45 3A2 +A4 +A8 Z/(3) 12 3 12

46 A1 +A2 + A3 +A4 +A8 (0) 6 0 180

47 A1 + 2A2 +A5 +A8 Z/(3) 6 0 18

48 A2 +A3 + A5 +A8 Z/(3) 4 0 18

49 A1 +A4 + A5 +A8 (0) 18 0 30

50 2A1 +A2 +A6 +A8 (0) 18 0 42

51 A1 +A3 + A6 +A8 (0) 10 4 52

52 A4 +A6 + A8 (0) 18 9 22

53 A1 +A2 + A7 +A8 (0) 18 0 24

54 2A9 (0) 10 0 10
Z/(5) 2 0 2

55 A1 +A2 + 2A3 +A9 Z/(2) 4 0 60

56 2A1 + 2A2 +A3 +A9 Z/(2) 6 0 60

57 A1 + 2A4 +A9 Z/(5) 2 0 10

58 3A1 +A2 +A4 +A9 Z/(2) 20 10 20

59 2A1 +A3 +A4 +A9 Z/(2) 10 0 20

60 2A1 +A2 +A5 +A9 Z/(2) 12 6 18

61 A1 +A3 + A5 +A9 Z/(2) 10 0 12

62 A4 +A5 + A9 (0) 10 0 30
Z/(2) 10 5 10

63 3A1 +A6 +A9 Z/(2) 4 2 36

64 A1 +A2 + A6 +A9 (0) 10 0 42
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

65 A3 +A6 + A9 (0) 2 0 140

66 A2 +A7 + A9 (0) 10 0 24

67 A1 +A8 + A9 (0) 10 0 18

68 A2 + 2A3 +A10 (0) 24 12 28

69 A1 + 2A2 +A3 +A10 (0) 12 0 66

70 2A4 +A10 (0) 10 5 30

71 2A2 +A4 +A10 (0) 6 3 84
24 9 24

72 2A1 +A2 +A4 +A10 (0) 2 0 330

73 A1 +A3 + A4 +A10 (0) 20 0 22
12 4 38

74 A1 +A2 + A5 +A10 (0) 6 0 66
18 6 24

75 A3 +A5 + A10 (0) 4 0 66
12 0 22

76 2A1 +A6 +A10 (0) 12 2 26

77 A2 +A6 + A10 (0) 4 1 58
16 5 16

78 A1 +A7 + A10 (0) 2 0 88
10 2 18

79 A8 +A10 (0) 10 1 10

80 A1 + 3A2 +A11 Z/(3) 6 0 12

81 3A1 + 2A2 +A11 Z/(6) 2 0 12

82 A1 + 2A3 +A11 Z/(4) 4 0 6

83 2A2 +A3 +A11 Z/(3) 4 0 12
Z/(6) 4 2 4

84 2A1 +A2 +A3 +A11 Z/(4) 6 0 6
Z/(2) 12 0 12

85 3A1 +A4 +A11 Z/(2) 6 0 20

86 A1 +A2 + A4 +A11 (0) 12 0 30

87 2A1 +A5 +A11 Z/(2) 6 0 12
Z/(6) 2 0 4

88 A2 +A5 + A11 Z/(3) 4 0 6

89 A1 +A6 + A11 (0) 4 0 42

90 2A1 + 2A2 +A12 (0) 12 6 42

91 A1 +A2 + A3 +A12 (0) 6 0 52
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

92 2A1 +A4 +A12 (0) 2 0 130
18 8 18

93 A2 +A4 +A12 (0) 6 3 34

94 A1 +A5 +A12 (0) 10 2 16

95 A6 +A12 (0) 2 1 46

96 A1 + 2A2 +A13 (0) 6 0 42
Z/(2) 6 3 12

97 3A1 +A2 +A13 Z/(2) 2 0 42

98 2A1 +A3 +A13 Z/(2) 6 2 10

99 A2 +A3 +A13 (0) 4 0 42

100 A1 +A4 +A13 (0) 2 0 70
8 2 18

Z/(2) 2 1 18

101 A5 +A13 (0) 4 2 22

102 2A2 +A14 Z/(3) 4 1 4

103 2A1 +A2 +A14 (0) 12 6 18
Z/(3) 2 0 10

104 A1 +A3 +A14 (0) 10 0 12

105 A4 +A14 (0) 10 5 10

106 3A1 +A15 Z/(4) 2 0 4

107 A1 +A2 +A15 (0) 10 2 10
Z/(2) 4 0 6

108 A3 +A15 Z/(4) 2 0 2

109 2A1 +A16 (0) 2 0 34
4 2 18

110 A2 +A16 (0) 6 3 10

111 A1 +A17 (0) 4 2 10
Z/(3) 2 0 2

112 A18 (0) 2 1 10

113 2A4 + 2D5 (0) 20 0 20

114 A3 + 2A5 +D5 Z/(2) 12 0 12

115 2A4 +A5 +D5 (0) 20 0 30

116 A1 +A3 +A4 +A5 +D5 Z/(2) 12 0 20

117 A1 + 2A6 +D5 (0) 14 0 28

118 2A2 +A3 +A6 +D5 (0) 12 0 84

119 A1 +A2 +A4 +A6 +D5 (0) 20 0 42
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

120 A2 +A5 +A6 +D5 (0) 6 0 84
12 0 42

121 A1 +A7 + 2D5 Z/(4) 2 0 8

122 A1 +A2 +A3 +A7 +D5 Z/(4) 6 0 8

123 2A1 +A4 +A7 +D5 Z/(2) 8 0 20

124 A8 + 2D5 (0) 8 4 20

125 A1 +A4 +A8 +D5 (0) 2 0 180
18 0 20

126 A5 +A8 +D5 (0) 12 0 18

127 2A2 +A9 +D5 (0) 6 0 60

128 2A1 +A2 +A9 +D5 Z/(2) 2 0 60

129 A1 +A3 +A9 +D5 Z/(2) 8 4 12

130 A4 +A9 +D5 (0) 10 0 20

131 A1 +A2 +A10 +D5 (0) 14 4 20

132 2A1 +A11 +D5 Z/(4) 2 0 6

133 A2 +A11 +D5 Z/(2) 6 0 6

134 A1 +A12 +D5 (0) 2 0 52
6 2 18

135 A13 +D5 (0) 6 2 10

136 3D6 Z/(2)× Z/(2) 2 0 2

137 2A3 + 2D6 Z/(2)× Z/(2) 4 0 4

138 2A2 + 2A4 +D6 (0) 30 0 30

139 2A1 + 2A5 +D6 Z/(2)× Z/(2) 6 0 6

140 A1 + 2A3 +A5 +D6 Z/(2)× Z/(2) 4 0 12

141 A3 +A4 +A5 +D6 Z/(2) 4 0 30

142 2A6 +D6 (0) 14 0 14

143 A2 +A4 +A6 +D6 (0) 6 0 70

144 A1 + 2A2 +A7 +D6 Z/(2) 6 0 24

145 A2 +A3 +A7 +D6 Z/(2) 4 0 24

146 A1 +A4 +A7 +D6 Z/(2) 6 2 14

147 A4 +A8 +D6 (0) 4 2 46

148 A1 +A2 +A9 +D6 Z/(2) 6 0 10
Z/(2) 4 2 16

149 A3 +A9 +D6 Z/(2) 4 0 10

150 A2 +A10 +D6 (0) 6 0 22

151 A1 +A11 +D6 Z/(2) 4 0 6
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

1 6A3 Z/(4)× Z/(4) 4 0 4

2 2A1 + 4A4 Z/(5) 10 0 10

3 2A2 + 2A3 + 2A4 (0) 60 0 60

4 3A1 + 3A5 Z/(2)× Z/(6) 2 0 6

5 4A2 + 2A5 Z/(3)× Z/(3) 6 0 6

6 A3 + 3A5 Z/(6) 4 0 6

7 2A1 + 2A3 + 2A5 Z/(2)× Z/(2) 12 0 12

8 A1 + 2A2 +A3 + 2A5 Z/(6) 6 0 12

9 2A4 + 2A5 (0) 30 0 30

10 2A2 +A4 + 2A5 Z/(3) 6 0 30

11 A1 +A3 + A4 + 2A5 Z/(2) 12 0 30

12 A1 +A2 + 2A3 +A4 +A5 Z/(2) 24 12 36

13 3A6 Z/(7) 2 1 4

14 2A1 + 2A2 + 2A6 (0) 42 0 42

15 2A3 + 2A6 (0) 28 0 28

16 A2 +A4 + 2A6 (0) 28 7 28

17 2A1 +A2 + 2A4 +A6 (0) 50 20 50

18 A1 +A3 + 2A4 +A6 (0) 10 0 140
20 0 70

19 A2 + 2A3 +A4 +A6 (0) 24 12 76

20 A1 + 2A2 +A3 +A4 +A6 (0) 30 0 84

21 2A1 + 2A5 +A6 Z/(2) 12 6 24

22 A1 + 2A3 +A5 +A6 Z/(2) 4 0 84

23 A1 +A2 + A4 +A5 +A6 (0) 30 0 42
18 6 72

24 A3 +A4 + A5 +A6 (0) 12 0 70

25 4A1 + 2A7 Z/(2)× Z/(4) 4 0 4

26 2A2 + 2A7 (0) 24 0 24
Z/(2) 12 0 12

27 A1 +A3 + 2A7 Z/(8) 2 0 4

28 2A1 + 3A3 +A7 Z/(2)× Z/(4) 4 0 8

29 A2 + 3A3 +A7 Z/(4) 4 0 24

30 2A2 +A3 +A4 +A7 (0) 12 0 120

31 2A1 +A2 +A3 +A4 +A7 Z/(2) 20 0 24

32 A1 + 2A5 +A7 Z/(2) 6 0 24

33 3A1 +A3 +A5 +A7 Z/(2)× Z/(2) 8 0 12

Shimada Zhang 0016 ICHIRO SHIMADA AND DE-QI ZHANG

Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

34 A1 +A2 + A3 +A5 +A7 Z/(2) 12 0 24

35 2A1 +A4 +A5 +A7 Z/(2) 2 0 120

36 A2 +A4 + A5 +A7 (0) 6 0 120
24 0 30

37 A1 + 2A2 +A6 +A7 (0) 24 0 42

38 2A1 +A3 +A6 +A7 Z/(2) 12 4 20

39 A2 +A3 + A6 +A7 (0) 4 0 168

40 A1 +A4 + A6 +A7 (0) 2 0 280
18 4 32

41 A5 +A6 + A7 (0) 16 4 22

42 2A1 + 2A8 (0) 18 0 18
Z/(3) 4 2 10

43 A1 + 3A2 +A3 +A8 Z/(3) 12 0 18

44 2A1 + 2A4 +A8 (0) 20 10 50

45 3A2 +A4 +A8 Z/(3) 12 3 12

46 A1 +A2 + A3 +A4 +A8 (0) 6 0 180

47 A1 + 2A2 +A5 +A8 Z/(3) 6 0 18

48 A2 +A3 + A5 +A8 Z/(3) 4 0 18

49 A1 +A4 + A5 +A8 (0) 18 0 30

50 2A1 +A2 +A6 +A8 (0) 18 0 42

51 A1 +A3 + A6 +A8 (0) 10 4 52

52 A4 +A6 + A8 (0) 18 9 22

53 A1 +A2 + A7 +A8 (0) 18 0 24

54 2A9 (0) 10 0 10
Z/(5) 2 0 2

55 A1 +A2 + 2A3 +A9 Z/(2) 4 0 60

56 2A1 + 2A2 +A3 +A9 Z/(2) 6 0 60

57 A1 + 2A4 +A9 Z/(5) 2 0 10

58 3A1 +A2 +A4 +A9 Z/(2) 20 10 20

59 2A1 +A3 +A4 +A9 Z/(2) 10 0 20

60 2A1 +A2 +A5 +A9 Z/(2) 12 6 18

61 A1 +A3 + A5 +A9 Z/(2) 10 0 12

62 A4 +A5 + A9 (0) 10 0 30
Z/(2) 10 5 10

63 3A1 +A6 +A9 Z/(2) 4 2 36

64 A1 +A2 + A6 +A9 (0) 10 0 42
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

65 A3 +A6 + A9 (0) 2 0 140

66 A2 +A7 + A9 (0) 10 0 24

67 A1 +A8 + A9 (0) 10 0 18

68 A2 + 2A3 +A10 (0) 24 12 28

69 A1 + 2A2 +A3 +A10 (0) 12 0 66

70 2A4 +A10 (0) 10 5 30

71 2A2 +A4 +A10 (0) 6 3 84
24 9 24

72 2A1 +A2 +A4 +A10 (0) 2 0 330

73 A1 +A3 + A4 +A10 (0) 20 0 22
12 4 38

74 A1 +A2 + A5 +A10 (0) 6 0 66
18 6 24

75 A3 +A5 + A10 (0) 4 0 66
12 0 22

76 2A1 +A6 +A10 (0) 12 2 26

77 A2 +A6 + A10 (0) 4 1 58
16 5 16

78 A1 +A7 + A10 (0) 2 0 88
10 2 18

79 A8 +A10 (0) 10 1 10

80 A1 + 3A2 +A11 Z/(3) 6 0 12

81 3A1 + 2A2 +A11 Z/(6) 2 0 12

82 A1 + 2A3 +A11 Z/(4) 4 0 6

83 2A2 +A3 +A11 Z/(3) 4 0 12
Z/(6) 4 2 4

84 2A1 +A2 +A3 +A11 Z/(4) 6 0 6
Z/(2) 12 0 12

85 3A1 +A4 +A11 Z/(2) 6 0 20

86 A1 +A2 + A4 +A11 (0) 12 0 30

87 2A1 +A5 +A11 Z/(2) 6 0 12
Z/(6) 2 0 4

88 A2 +A5 + A11 Z/(3) 4 0 6

89 A1 +A6 + A11 (0) 4 0 42

90 2A1 + 2A2 +A12 (0) 12 6 42

91 A1 +A2 + A3 +A12 (0) 6 0 52
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

92 2A1 +A4 +A12 (0) 2 0 130
18 8 18

93 A2 +A4 +A12 (0) 6 3 34

94 A1 +A5 +A12 (0) 10 2 16

95 A6 +A12 (0) 2 1 46

96 A1 + 2A2 +A13 (0) 6 0 42
Z/(2) 6 3 12

97 3A1 +A2 +A13 Z/(2) 2 0 42

98 2A1 +A3 +A13 Z/(2) 6 2 10

99 A2 +A3 +A13 (0) 4 0 42

100 A1 +A4 +A13 (0) 2 0 70
8 2 18

Z/(2) 2 1 18

101 A5 +A13 (0) 4 2 22

102 2A2 +A14 Z/(3) 4 1 4

103 2A1 +A2 +A14 (0) 12 6 18
Z/(3) 2 0 10

104 A1 +A3 +A14 (0) 10 0 12

105 A4 +A14 (0) 10 5 10

106 3A1 +A15 Z/(4) 2 0 4

107 A1 +A2 +A15 (0) 10 2 10
Z/(2) 4 0 6

108 A3 +A15 Z/(4) 2 0 2

109 2A1 +A16 (0) 2 0 34
4 2 18

110 A2 +A16 (0) 6 3 10

111 A1 +A17 (0) 4 2 10
Z/(3) 2 0 2

112 A18 (0) 2 1 10

113 2A4 + 2D5 (0) 20 0 20

114 A3 + 2A5 +D5 Z/(2) 12 0 12

115 2A4 +A5 +D5 (0) 20 0 30

116 A1 +A3 +A4 +A5 +D5 Z/(2) 12 0 20

117 A1 + 2A6 +D5 (0) 14 0 28

118 2A2 +A3 +A6 +D5 (0) 12 0 84

119 A1 +A2 +A4 +A6 +D5 (0) 20 0 42
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Table 2. List of extremal elliptic K3 surfaces

No Σ MW a b c

120 A2 +A5 +A6 +D5 (0) 6 0 84
12 0 42

121 A1 +A7 + 2D5 Z/(4) 2 0 8

122 A1 +A2 +A3 +A7 +D5 Z/(4) 6 0 8

123 2A1 +A4 +A7 +D5 Z/(2) 8 0 20

124 A8 + 2D5 (0) 8 4 20

125 A1 +A4 +A8 +D5 (0) 2 0 180
18 0 20

126 A5 +A8 +D5 (0) 12 0 18

127 2A2 +A9 +D5 (0) 6 0 60

128 2A1 +A2 +A9 +D5 Z/(2) 2 0 60

129 A1 +A3 +A9 +D5 Z/(2) 8 4 12

130 A4 +A9 +D5 (0) 10 0 20

131 A1 +A2 +A10 +D5 (0) 14 4 20

132 2A1 +A11 +D5 Z/(4) 2 0 6

133 A2 +A11 +D5 Z/(2) 6 0 6

134 A1 +A12 +D5 (0) 2 0 52
6 2 18

135 A13 +D5 (0) 6 2 10

136 3D6 Z/(2)× Z/(2) 2 0 2

137 2A3 + 2D6 Z/(2)× Z/(2) 4 0 4

138 2A2 + 2A4 +D6 (0) 30 0 30

139 2A1 + 2A5 +D6 Z/(2)× Z/(2) 6 0 6

140 A1 + 2A3 +A5 +D6 Z/(2)× Z/(2) 4 0 12

141 A3 +A4 +A5 +D6 Z/(2) 4 0 30

142 2A6 +D6 (0) 14 0 14

143 A2 +A4 +A6 +D6 (0) 6 0 70

144 A1 + 2A2 +A7 +D6 Z/(2) 6 0 24

145 A2 +A3 +A7 +D6 Z/(2) 4 0 24

146 A1 +A4 +A7 +D6 Z/(2) 6 2 14

147 A4 +A8 +D6 (0) 4 2 46

148 A1 +A2 +A9 +D6 Z/(2) 6 0 10
Z/(2) 4 2 16

149 A3 +A9 +D6 Z/(2) 4 0 10

150 A2 +A10 +D6 (0) 6 0 22

151 A1 +A11 +D6 Z/(2) 4 0 6
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2d vectors 2n vectors

d2 scalars

n2 scalars

Massless states bosonic string

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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the unusual i factor is due to the use of Euclidean world-sheet metric. On the other
hand, (2.3) implies the quantisation condition

Y m(⌧, � + 2⇡)� Y m(⌧, �) = �(pmL � pmR )
2⇡
p
2
= 2⇡!m . (2.7)

These give
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p
2
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n] , (2.8a)

paR =
1
p
2
êa

m [nm � (gmn � Bmn)!
n] . (2.8b)

The vectors êa constitute the canonical basis for the dual lattice ⇤k⇤, i.e. êamean = �mn,
and thus they satisfy

êtê = g�1
�
) êa

m�abêb
n = gmn

�
. (2.9)

The pairs (paL, paR) transform as vectors under O(k, k,R) and they expand the 2k-
dimensional momentum lattice �(k,k)

⇢ R2k. From (2.8) one sees they satisfy

p2L � p2R = 2!mnm 2 2Z (2.10)

and therefore they form an even (k, k) Lorentzian lattice. In addition, self-duality of �(k,k)

can be proven, namely, �(k,k) = �(k,k)⇤, after modular invariance is imposed [14, 15].

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k, k,R)
O(k,R)⇥O(k,R)⇥O(k, k,Z)⇥ Z2

. (2.11)

where O(k, k,Z) is the T-duality group (we give more details about it in the next section),
and the Z2 factor accounts for the world-sheet parity � ! ��, a symmetry acting on the
background by Bmn ! �Bmn.

2.2 O(k,k)-covariant formulation

The mass of the states and the level matching conditions are

M2 = 2(N + N̄ � 2) +
�
p2L + p2R

�
, (2.12a)

0 = 2(N � N̄) +
�
p2L � p2R

�
. (2.12b)

These can be written in terms of the momentum and winding numbers using an
O(k, k)-covariant language by introducing the vector Z and ⌘, the invariant metric of
O(k, k,R), as follows
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.
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p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)
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1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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@yR = @y � @ỹ
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@y@ỹ( ) = 0

N = 1

p = �p̃ = ±1

(kL = ±2)

N̄ = 0

Ai ! Āi
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Effective actions



2d vectors 2n vectors

d2 scalars

n2 scalars

Fields of reduced theory for bosonic string

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Āı̄(x)

J i(y, ỹ)
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has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the
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9

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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J̄ ı̄(y, ỹ)
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momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.
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The metric and B-field with one leg along the circle give rise to two massless KK U(1)
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gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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rank d 
dim n

rank d 
dim n



2d vectors 2n vectors

d2 scalars

n2 scalars

Fields of reduced theory for bosonic string

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

9

0

BBBBBB@

Ea

E
L

E
R

Ea

1

CCCCCCA
=

0

BBBBBB@

ea ◆eaA ◆eaĀ ◆eaB
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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E 0
A0(y, ỹ)
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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2d vectors 2n vectors

d2 scalars

n2 scalars

Fields of reduced theory for bosonic string

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)
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SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries
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MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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2d vectors 2n vectors

d2 scalars

n2 scalars

Fields of reduced theory for bosonic string
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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0 M t 1 M tA

0 0 0 ea

1

CCCCCCA

0

BBBBBB@

@µ

J

J̄

dxµ

1

CCCCCCA
, (2.50)

M i|̄(x)

Am

Ām
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Āı̄(x)

J i(y, ỹ)

J̄ ı̄(y, ỹ)
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Āı̄(x)

J i(y, ỹ)
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⇡ 1 + 1
2 < M33 >

✏

U+ ⇡ 1

U� ⇡ 1
2M

33

0

@ 1 1
2M

33

1
2M

33 1

1

A (2.51)

cos 2yL

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

vL1

vL2

dyL

1

CCCA
(2.52)

36

adjG

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

0

@pL

pR

1

A =

0

@em
a
[pm + (gmn +Bmn)p̃n]

em
a
[pm � (gmn � Bmn)p̃n]

1

A

G⇥G

d

d

8

U(1)d ⇥ U(1)d

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.
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and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

9

0

BBBBBB@

Ea

E
L

E
R

Ea

1

CCCCCCA
=

0

BBBBBB@

ea ◆eaA ◆eaĀ ◆eaB
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.
1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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0 1 M �MĀ
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Ām

gµm ± Bµm

gmn +Bmn

N = 0, N̄ = 1

Ai(x)
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SU(3)⇥ SU(3)
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SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)
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SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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Extra scalars
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A

8

and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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DFT

rank d+16 
dim q 0=

/2

0 = 2
�
N + N̄ � 3

2

�
+ ZtHZ, (2.13a)

0 = 2
�
N � N̄ � 1

2

�
+ Zt⌘Z . (2.13b)

M2 = pL
2 + pR

2 + 2

✓
N + N̄ �

⇢
1 R sector
3
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◆
, (2.14a)

0 = pL
2 � pR

2 + 2

✓
N � N̄ �

⇢
1 R sector
1
2 NS sector

◆
. (2.14b)

2.2 O(16 + k, k) covariant formulation

Introducing the O(k + 16, k;R) invariant metric ⌘

⌘MN =

0

@
0 1k⇥k 0

1k⇥k 0 0
0 0 IJ

1

A , (2.15)

⌘ =

0

@
0 1d 0
1d 0 0
0 0 116

1

A , (2.16)

⌘LR =

0

@
�1d 0 0
0 1d 0
0 0 116

1

A , (2.17)

where  is the Killing metric for the Cartan sugroup of SO(32) or E8 ⇥ E8, and the
“generalized metric” of the k-dimensional torus, given by the (2k+16)⇥ (2k+16) scalar
matrix

MMN =

0

@
Gmn + ClmGlkCkn + Am

IAnI �GnkCkm CkmGklAlJ + AmJ

�GmkCkn Gmn �GmkAkJ

CknGklAlI + AnI �GnkAkI IJ + AkIGklAlJ

1

A 2 O(k + 16, k;R) ,

(2.18)

H =

0

@
g�1 �g�1C �g�1A

�Ctg�1 g + Ctg�1C + AAt (1 + Ctg�1)A
�Atg�1 At(1 + g�1C) 1 + Atg�1A

1

A (2.19)

C = B + 1
2AA

t . (2.20)

where
Cmn = Bmn +

1
2AmI

IJAnJ . (2.21)
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⇧m + 1
2A

A
m⇧̃A. Integrating over �, we get the center of mass momenta
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Z
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✓
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1

2
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m⇧̃A

◆
= nm 2 Z ,

⇡A =

Z
d�⇧̃A = pA � AA

mw
m , (2.7)

where we used univaluedness of the wave function in the first line. Modular invariance
requires ⇡A 2 �16 or �8⇥�8, where the first corresponds to the SO(32) heterotic theory,
and the second one to the E8 ⇥ E8. Wenever we do not need to make the disctintion,
we use � to refer to one of these two lattices. In Appendix A we give all the relevant
explanations and details about these lattices.

From these equations we get
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✓
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êa
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, (2.8)

pA = ⇡A + wmAA
m ,

The momentum p = (pR,pL) with pR = pRa, pL = (pLa, pA) transforms as a vector
under O(k+16, k,R). It expands the 2k+16-dimensional momentum lattice �(k+16,k) ⇢
R2k+16, satisfying

p · p = pL
2 � pR

2 = 2wmnm + ⇡A⇡A 2 2Z , (2.9)

because ⇡A is on an even lattice, and therefore p forms an even (k + 16, k) Lorentzian
lattice. In addition, self-duality �(k+16,k) = �(k+16,k)⇤ follows from modular invariance
[1, ?]. Note that pL,pR depend on 2k + 16 integer parameters nm, wm and ⇡A, and on
the background fields G, B and A.

The space of inequivalent lattices and inequivalent backgrounds reduces to

O(k + 16, k,R)
O(k + 16;R)⇥O(k,R)⇥O(k + 16, k|Z) , (2.10)

where O(k + 16, k,Z) is the T-duality group (we give more details about it in the next
section).

The mass of the states and the level matching condition are respectively given by
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where Î = (I,m) = 1, · · · , 16 + k labels the Cartan sector of the gauge group GL

of rank 16 + k.

2. N = 0, N̄ = 1
2 , pL

2 = 2,pR = 0:

vectors : a↵µ p� k � 16 root vectors
scalars : a↵n (p� k � 16)⇥ k scalars

where ↵ labels a root of the gauge group GL of dimension p and rank 16 + k.

The vertex operators of these states are given in Appendix ??. The total symmetry
group of the compactification is GL⇥U(1)kR where the group GL is a simply-laced group
of rank 16 + k, and dimension p that depends on the point in moduli space (which is
spanned by Gmn, Bmn, AI

n).

N = 0, N̄ = 1
2 , p

2
L = 2, pR = 0:

The massive sates are obtained increasing the oscillation numbers N and N̄ or choos-
ing |(pR, pL)|2 � 4.

Let us see what groups arise. Using that pR = 0, we get from (2.8) that the massless
states have left-moving momentum

pL = (
p
2 êamw

m, ⇡A + wmAA
m) (2.43)

while their momentum number on the torus is given by

nm = (Gmn +Bmn)w
n + ⇡AAA

m +
1

2
AA

nA
A
mw

n . (2.44)

Note that quantisation of momentum number on the torus is a further condition to be
imposed on top of pL

2 = 2.

In the absence of Wilson lines AA
m = 0, the k torus directions decouple from the 16

chiral “heterotic directions” Y A, pA = ⇡A is a vector of the weight lattice of SO(32)
or E8 ⇥ E8 and then |pA|2 2 2N. The only possible massless states then have either
momenta pL = (0, ⇡A) with |⇡|2 = 2, or pL = (

p
2 eanwn, 0) with wmgmnwn = 1 (and

additionally nmwm = 1). The former are the root vectors of SO(32) or E8 ⇥ E8, while
the latter have solutions only for certain values of the metric and B-field on the torus
and lead to the same groups as in the (left sector of) bosonic string theory, namely all
simply-laced groups H of rank k. The total gauge group is then SO(32)⇥H ⇥U(1)k or
E8⇥E8⇥H⇥U(1)k. For k = 1, i.e. a circle compactification, H is SU(2) at g11 = R2 = 1,
and U(1) for any other value of the radius. For compactifications on T 2, the possible
groups of maximal enhancement4 are SO(32) ⇥ SU(2)2L ⇥ U(1)2R (for a diagonal metric
with both circles at the self-dual radius and no B-field) or SO(32) ⇥ SU(3)L ⇥ U(1)2R
(equivalently SO(32) ! E8 ⇥ E8). See [12] for details.

Turning on Wilson lines, the pattern of gauge symmetries is more complicated, and
also richer. In the sector with zero winding numbers, wm = 0, we have pA = ⇡A as
before, but now requiring a quantised momentum number imposes ⇡AAA

m 2 Z (see (2.44))
which, for a generic Wilson line breaks all the gauge symmetry leaving only ⇡A = 0,

4
“Maximal” stands here for an enhanced semi-simple and simply-laced symmetry group of rank k.

11
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Effective action from string theory for bosonic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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ã

⌫] + f ãb̃c̃Ab̃
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ã

⌫] + f ãb̃c̃Ab̃
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[µF
ã

⌫⇢] + f ãb̃c̃Aã
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.4)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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Effective action from string theory for bosonic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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F i = dAi + ✏ijkAj ^ Ak

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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µ⌫
= 2@[µA

ã
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ã

⌫⇢] + f ãb̃c̃Aã
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[µF
ã
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µ
M ik

DµMaa
0
= @µMaa

0
+ fa

bc
Ab

µ
M ca

0
+ fa

0
b0c0Ā
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Effective action from string theory for bosonic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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Ỹ

X(z, z̄) = xL(z) + xR(z̄)

Y (z, z̄) = Y L(z) + Y R(z̄)
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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Effective action from string theory for bosonic string

Computing 3-point functions  <V V V> at a point of enhancement we read off

Higgs mechanism
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µ
M ik

M ij ! ✏ �ij33 +M 0ij

(gµy ± Bµy)

(gyy)

Ai

i = ±, 3

i = ±, 3

A

Āi
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ã

⌫⇢] + f ãb̃c̃Aã
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µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã
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ã

⌫] + f ãb̃c̃Ab̃
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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Effective action from string theory for bosonic string
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ã

⌫⇢] + f ãb̃c̃Aã
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µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã
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•cubic potential, unbounded from below

•tachyonic masses
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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ã

⌫⇢] + f ãb̃c̃Aã
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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ã

⌫⇢] + f ãb̃c̃Aã
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[µF
ã
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µ⌫
= 2@[µA

ã
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off

Higgs mechanism
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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µ⌫
= 2@[µA

ã
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[µF
ã
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µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m
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b
0
µ
Mac

0

DµMam = @µMam + fa

bc
Ab

µ
M cm

M ij ! ✏ �ij33 +M 0ij

Mmn = vmn +M 0mn
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b
0
µ
Mac

0

DµMam = @µMam + fa

bc
Ab

µ
M cm

M ij ! ✏ �ij33 +M 0ij

Mmn = vmn +M 0mn
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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H = H�1

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

7

i = ±, 3

i = ±, 3

A

A↵

Āi
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E 0
A0(y, ỹ)

H = H�1

g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

7

mn

T2 � TS1 � TS1 � T2

R2 � TS1 � TS1 � R2

TM2 � TS1 � TS1 � TM2

Tp(T 2)� TpS1 � TpS1 � Tp(T 2)

T 2

T 3

T 3

M3

T 2

M3

S1 ⇥ S̃1

S1 ⇥ S1

[J i, J j]C = ✏ijkJk

[J̄ ı̄, J̄ |̄]C = ✏ı̄|̄k̄J̄ k̄

[J i, J̄ |̄]C = 0

v1

, v2

v1, v2

v2

vL1 , v
L

2

dwL

1 , dw
L

2

@wL
1
, @wL

2

@wR
1
, @wR

2

vR1 , v
R

2

43

dim
⇥ O(d+ 3, d+ 3)

O(d+ 3)⇥O(d+ 3)

⇤
= (d+ 3)2

eik(x
L(z)+x

R(z̄))

ei(kLy
L(z)+kRy

R(z̄))

ei(kLY
L(z)+kRY

R(z̄))

= ei
p
RY

ei
p̃
R̃
Ỹ
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µ⌫
= 2@[µA

ã
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µ⌫
= 2@[µA

ã
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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Ā±

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =

E 0
A0(y, ỹ)
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Āa ^ F̄a � f̄abcĀa ^ Āb ^ Āc
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk

H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m
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H = dB + Ai ^ F i + Āi ^ F̄ i
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Ỹ

X(z, z̄) = xL(z) + xR(z̄)

Y (z, z̄) = Y L(z) + Y R(z̄)
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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ỹ = yL � yR ' y + 2⇡R̃

k 2 R

kL,R = p

R

± p̃

R̃

↵0 = 1

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫

+
1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij � detM

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F a

µ⌫
F µ⌫

a
+

1

4
F̄ a

µ⌫
F̄ µ⌫

a

+
1

4
Maa0F

a

µ⌫
F̄ a

0
µ⌫ +DµMaa0D

µMaa
0 � 1

12
fabcf̄a0b0c0M

aa
0
M bb

0
M cc

0

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F a

µ⌫
F µ⌫

a
+

1

4
F̄m

µ⌫
F̄ µ⌫

m

7+DµMamD
µMam � 1

12
fabcfa0b0cM

amMa
0
mM bnM b

0
n

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.110 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã
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µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã
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H = dB + Ai ^ F i + Āi ^ F̄ i
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[µF
ã
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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µ
M ik

M ij ! ✏ �ij33 +M 0ij

(gµy ± Bµy)

(gyy)

Ai

i = ±, 3

i = ±, 3

A

6

deviation from 
point of enhancement

+
1

4
Maa0F

a

µ⌫
F̄ a

0
µ⌫ +DµMaa0D

µMaa
0 � 1

12
fabcf̄a0b0c0M

aa
0
M bb

0
M cc

0

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.102 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk
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Effective action from string theory for heterotic string

Computing 3-point functions  <V V V> at a point of enhancement we read off
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We get these actions from DFT !!
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk
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ã

⌫⇢] + f ãb̃c̃Aã
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H = dB + Ai ^ F i + Āi ^ F̄ i
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.

9

G: any rank d,  ADE group

• In the heterotic theory 

N̄x = 1

Ny = 1

Ny = 0

x , y

i

1

R 6= 1( 6= R̃)

T d

U(1)d+16 ⇥ U(1)d

U(1)⇥ U(1)

SU(2)⇥ SU(2)

A1 ⇥ A1

A2 ⇥ A2

A3 ⇥ A3

A4 ⇥ A4

D4 ⇥D4

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

SU(2)⇥ SU(3)⇥ SU(3)⇥ SU(2)

SU(3)⇥ SU(3)

SU(4)⇥ SU(4)

SU(4)⇥ SU(2)⇥ SU(4)⇥ SU(2)

10

N̄x = 1

Ny = 1

Ny = 0

x , y

i

1

R 6= 1( 6= R̃)

T d

U(1)d+16 ⇥ U(1)d

G⇥ U(1)d

U(1)⇥ U(1)

SU(2)⇥ SU(2)

A1 ⇥ A1

A2 ⇥ A2

A3 ⇥ A3

A4 ⇥ A4

D4 ⇥D4

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

SU(2)⇥ SU(3)⇥ SU(3)⇥ SU(2)

SU(3)⇥ SU(3)

SU(4)⇥ SU(4)

10

G: rank d+16,  ADE group

not every group G is possible!



Conclusions

• Rich phenomenon of enhancement of symmetry at special points in moduli space

• In the bosonic theory 

adjG

0 = 2(N � N̄) + Zt⌘Z (0.6)

Z =

0

@nm

!m

1

A . (0.7)

M2 = 2(N + N̄ � 2) + ZtHZ (0.8)

H

ZLR =

0

@n+ !

n� !

1

A . (0.9)

ETE

ET⌘E

p = EZ

pA = EA
MZM

gµm, Bµm

gmn, Bmn

0

@pL

pR

1

A =

0

@em
a
[nm + (gmn +Bmn)!n]

em
a
[nm � (gmn � Bmn)!n]

1

A

0

@pL

pR

1

A =

0

@em
a
[pm + (gmn +Bmn)p̃n]

em
a
[pm � (gmn � Bmn)p̃n]

1

A

G⇥G

d

d

8

U(1)d ⇥ U(1)d

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)
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has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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• Possible groups for heterotic on S1: from the generalized Dynkin diagram of Γ17,1 , 
erasing 2 nodes

Gives the point in moduli space where the enhancement occurs

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:

M2 = �K2 =
2

↵0 (N + N̄ � 2) +
k2

2
+

k̄2

2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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G: any rank d,  ADE group

• In the heterotic theory 
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G: rank d+16,  ADE group

not every group G is possible!

• Possible groups for heterotic on S1: from the generalized Dynkin diagram of Γ17,1 , 
erasing 2 nodes

Gives the point in moduli space where the enhancement occurs

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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4
Note n = 5 is special as D5 = SO(10) = E5, and can be obtained by removing the node 3, instead

of removing the node 8 that one needs to remove for the other Dn groups (which would require also

removing the n� 3 node).
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extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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• Heterotic on T2 : found all the groups that appear in F-theory on K3
Gives strong support to duality!



Conclusions

• Rich phenomenon of enhancement of symmetry at special points in moduli space

• In the bosonic theory 
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Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.10)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

In the uncompactified theory, the massless fields are the metric, antisymmetric tensor

and dilaton.

The metric and B-field with one leg along the circle give rise to two massless KK U(1)

gauge vectors and the metric along the circle gives rise to a massless scalar. Apart from

these, at the self-dual radius (0.15) more states become massless and the U(1)L ⇥ U(1)R

gauge group is enhanced to SU(2)L⇥SU(2)R. Nine massless scalars, transforming in the

(3, 3) representation, do also appear. This can be seen from the mass formula:
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2
, (0.11)

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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G: rank d+16,  ADE group

not every group G is possible!

• Possible groups for heterotic on S1: from the generalized Dynkin diagram of Γ17,1 , 
erasing 2 nodes

Gives the point in moduli space where the enhancement occurs

extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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extended Dynkin diagram except those with saturated inequality. Hence, the maximally
enhanced symmetries saturate all but 2 of the inequalities2. It can be shown that all the
possible combinations of saturated inequalities produce Dynkin diagrams of the ADE
classification.

Erasing two nodes in all the possible ways in which two ADE factors can be obtained,
one gets the groups E9�p ⇥ E9�q ⇥ Ap+q�1 (obtained by removing the p � 1 and q � 1
nodes of the diagram) and D8+q⇥E9�q (removing nodes 8 and q�1) with p and q taking
values from 1 to 9.3

Some generic features of this procedure are:

i) One node from each one of the original a�ne E8 groups must be erased. In
particular, this rule forbids the Dn groups with n = 4, 6, 7. 4

ii) The central node B cannot be erased. This node corresponds in �8 ⇥ �8 to the
circe radius R2 = 1� 1

2A
2
.

iii) Both spinorial nodes 8 and 8’ cannot be erased.

The particular points in the fundamental region of moduli space where these groups
arise were listed in [9], and we include them here for completeness in the conventions we
use in this paper [Mariana: verificar!]
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• Heterotic on T2 : found all the groups that appear in F-theory on K3

• There does not seem to exist a (unique) generalized Dynkin diagram

Gives strong support to duality!



O(p,q)-covariance

p=q=n  for bosonic string

p=n, q=k for heterotic string

n=dimension of G (rank d simply-laced group)

n=dimension of G (rank d+16 simply-laced group)

• AI,  AI n+n non-abelian vectors, MIJ  n2 scalars in adj x adj for bosonic

• AI,  Am n non-abelian+d abelian vectors, MIm  n x d scalars for heterotic

• Higgs mechanism describing symmetry breaking 

• M3 potential in the bosonic theory

• M4 potential in the heterotic theory

• Effective action:

Conclusions



DFT description
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Here we briefly review some basic features of generalized geometry (GG) and/or DFT.

The theory is defined on a generalized tangent bundle which locally is TM �T ⇤M whose

sections, the generalized vectors V , are formal sums of vectors v plus one forms ⇠

V = v + ⇠ . (2.9)

A generalized frame EA on this bundle is a set of linearly independent generalized vectors

that belong to the group G = O(D,D). It parameterizes the coset O(D,D)/O(1, D �
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generalized Ricci scalar 
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_

M=1,...,N+N
_
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Generalized Scherk-Schwarz reduction of DFT action

where M,N = 1, ..., 2D are double space-time indices. Therefore, the O(D,D) metric

⌘MN has the following o↵-diagonal form

⌘MN = ⌘MN =

0

@ 0 1D

1D 0

1

A , (2.11)

where 1D is the D ⇥ D identity matrix. Note that ⌘MN is invariant under ordinary

di↵emorphisms. Defining

⌘AB = ⌘(EA, EB), (2.12)

where A,B = 1, .., 2D are frame indices, it is easy to see that when the frame EA is of

the form (2.9), ⌘AB has also the o↵-diagonal form

⌘AB = ⌘AB =

0
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1D 0

1

A . (2.13)

One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with
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namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.15)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.16)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.17)
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sections, the generalized vectors V , are formal sums of vectors v plus one forms ⇠

V = v + ⇠ . (2.9)
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where M,N = 1, ..., 2D are double space-time indices. Therefore, the O(D,D) metric
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As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.16)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets
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0
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0
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As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =
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A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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geometric interpretation of this way of realizing the algebra. Note however that the S3 in

the case at hand has a stringy size, and is therefore far from having large radius in string

units, which is the limit where the supergravity description the SU(2)-WZW model as

strings propagating on an S3 with H flux is valid. It is probably more appropiate then to

think of the S3 as realizing a “very quantum” circle of stringy size that becomes fuzzy.

2.4 E↵ective action from DFT
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Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.77)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.18) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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where SAB = diag(sab, sab), sab being the Minkowski metric.
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done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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2.4 E↵ective action from DFT

L = R� 1
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IJ
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and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA
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µ
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KJ
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IK
. (2.110)
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where M,N = 1, ..., 2D are double space-time indices. Therefore, the O(D,D) metric

⌘MN has the following o↵-diagonal form

⌘MN = ⌘MN =

0

@ 0 1D

1D 0

1

A , (2.11)

where 1D is the D ⇥ D identity matrix. Note that ⌘MN is invariant under ordinary

di↵emorphisms. Defining

⌘AB = ⌘(EA, EB), (2.12)

where A,B = 1, .., 2D are frame indices, it is easy to see that when the frame EA is of

the form (2.9), ⌘AB has also the o↵-diagonal form

⌘AB = ⌘AB =

0

@ 0 1D

1D 0

1

A . (2.13)

One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with

RA
B =

1p
2

0

@1 �1

1 1

1

A , (2.14)

namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.15)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.16)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.17)
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geometric interpretation of this way of realizing the algebra. Note however that the S3 in

the case at hand has a stringy size, and is therefore far from having large radius in string

units, which is the limit where the supergravity description the SU(2)-WZW model as

strings propagating on an S3 with H flux is valid. It is probably more appropiate then to

think of the S3 as realizing a “very quantum” circle of stringy size that becomes fuzzy.
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and the covariant derivative of the scalars is
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I = i, ı̄

⇡

0

@ 1 M

M t 1

1

A (2.91)

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.77)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.18) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

i

1

R 6= 1( 6= R̃)

U(1)⇥ U(1)

SU(2)⇥ SU(2)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(3)⇥ SU(3)

M ij

1
2 + i

p
3
2

adjG

adjG

0 = 2(N � N̄) + Zt⌘Z (0.6)

7

Aldazabal, Baron, Marques, Nuñez 11
Geissbuhler 11

[E 0
J
, E 0

K
]C = f I

JKE 0
K
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✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]

Seff =

Z
ddx

p
ge�2'

✓
⇤� 2(d� 26)
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I
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= 2@[µA

I

⌫] � f I
JKA

J

µ
AK

⌫
,

Hµ⌫⇢ = 3@[µB⌫⇢] � fIJKA
I

µ
AJ

⌫
AK

⇢
+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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where M,N = 1, ..., 2D are double space-time indices. Therefore, the O(D,D) metric

⌘MN has the following o↵-diagonal form
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where 1D is the D ⇥ D identity matrix. Note that ⌘MN is invariant under ordinary

di↵emorphisms. Defining

⌘AB = ⌘(EA, EB), (2.12)

where A,B = 1, .., 2D are frame indices, it is easy to see that when the frame EA is of

the form (2.9), ⌘AB has also the o↵-diagonal form
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One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with
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BEB. In this basis ⌘AB has the diagonal form
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As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.16)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.17)
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geometric interpretation of this way of realizing the algebra. Note however that the S3 in

the case at hand has a stringy size, and is therefore far from having large radius in string

units, which is the limit where the supergravity description the SU(2)-WZW model as

strings propagating on an S3 with H flux is valid. It is probably more appropiate then to

think of the S3 as realizing a “very quantum” circle of stringy size that becomes fuzzy.
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Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.77)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.18) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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(2.18) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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g11, g22, g12

B12

⌧ = 1
g11

(g12 + i
p
g)

⇢ = B12 + i
p
g

⌧ = ⇢

⌧, ⇢

i

1

R 6= 1( 6= R̃)

U(1)⇥ U(1)

SU(2)⇥ SU(2)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(3)⇥ SU(3)

M ij

1
2 + i

p
3
2

adjG

adjG

0 = 2(N � N̄) + Zt⌘Z (0.6)

7

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]

Seff =

Z
ddx
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HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I
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J
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AK

⌫
,
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I

µ
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⌫
AK

⇢
+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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Claim: this action reproduces the string theory action for compactifications 
of bosonic and heterotic on Td close to enhancement point

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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2.4 E↵ective action from DFT
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.

25

 Action close to a generic point in moduli space (no enhancement)
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Let’s look at internal piece only : O(d,d(+16))
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic

Let’s look at internal piece only

Frame

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are
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M=1,...,d+d+16  for heterotic
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on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
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0
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A
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HA
0
B

0
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A
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UB

B
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. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37

Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
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tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)
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1
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tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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êA

e
�
êC
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ê 0

is
th
e
in
ve
rs
e
fr
am

e
(n
ot
e
w
e
ar
e
n
ot

va
ry
in
g
th
e
fr
am

e
fo
r
th
e
K
il
li
n
g
m
et
ri
c
ẽ)
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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Let’s look at internal piece only

Frame

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
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(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order
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, (5.29)
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Ā

m µ
,A

m µ
,A

I µ
an

d
(k

+
16
)
⇥

k
sc
al
ar
s
en
co
d
ed

in
M

a
b
.
T
h
e
ve
ct
or
s
an

d
sc
al
ar
s

co
nt
ai
n
th
e
16

C
ar
ta
n
ge
n
er
at
or
s,
th
e
2k

K
K

fi
el
d
s
an

d
th
e
fl
u
ct
u
at
io
n
s
of

m
et
ri
c,
B
-fi
el
d

an
d
W

il
so
n
li
n
es

on
th
e
to
ru
s,
co
rr
es
p
on

d
in
g
to

th
e
st
ri
n
g
st
at
es

ām µ
,a

m µ
,a

I µ
,g

m
n
,b

m
n
,a

I m

in
se
ct
or

1.
T
o
ge
t
th
e
p
re
ci
se

re
la
ti
on

,
co
n
si
d
er

an
ex
p
an

si
on

ar
ou

n
d
a
gi
ve
n
p
oi
nt

in
m
od

u
li
sp
ac
e
co
rr
es
p
on

d
in
g
to

a
gi
ve
n
m
et
ri
c
G

0
,
B
-fi
el
d
B

0
an

d
W

il
so
n
li
n
e
A

0
.

T
h
e
in
te
rn
al

p
ar
t
of

th
e
ge
n
er
al
iz
ed

vi
el
b
ei
n
in

th
e
le
ft
-r
ig
ht

b
as
is
,
gi
ve
n
in

(2
.4
1)

re
ad

s,
at

fi
rs
t
or
d
er

0 @
E

R

E
L

E
A

1 A
=

1 p
2

0 @
�
e 0

�
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ê 0
A

0

e 0
�
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2ẽ
A

t 0
0

p
2ẽ
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t 0

p
2ẽ
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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Let’s look at internal piece only

Frame

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
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0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order
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2MM t
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, (5.29)
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ê 0

is
th
e
in
ve
rs
e
fr
am

e
(n
ot
e
w
e
ar
e
n
ot

va
ry
in
g
th
e
fr
am

e
fo
r
th
e
K
il
li
n
g
m
et
ri
c
ẽ)
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.

25

 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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Let’s look at internal piece only

Frame

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
p
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'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order
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tM M t
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2MM t
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, (5.29)
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ê 0

is
th
e
in
ve
rs
e
fr
am

e
(n
ot
e
w
e
ar
e
n
ot

va
ry
in
g
th
e
fr
am

e
fo
r
th
e
K
il
li
n
g
m
et
ri
c
ẽ)
.
P
er
fo
rm

in
g
th
is

ex
p
an

si
on

an
d
ac
co
m
m
od

at
in
g
th
e
te
rm

s
so

th
at

it
h
as

th
e
fo
rm

of
a
gS

S
re
d
u
ct
io
n
E
=

�
(x
)E

(y
),
on

e
ge
ts

�
(x
)
=

Id
+

1 2

0 @
'
+
+
�

'
�
�
�

�
p
2(
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t 0

0

1 A

w
h
er
e
w
e
h
av
e
d
efi
n
ed

'
±

⌘
�ê
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Let’s look at internal piece only
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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�e0 � ê0C0 ê0 �ê0A0
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order
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ê 0

�
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.

37

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.

37

Let’s look at internal piece only

Frame
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more detail later. Doing this split, one gets
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where we have defined
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0
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0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0

@
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1p
2
�
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@
�e� êC ê �êA
e� êC ê �êAp
2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
p
2(ê0 + �ê)�Aˆ̃et

�
p
2ẽ�Atêt0

p
2ẽ�Atêt0 0

1

A

where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)

= et0e0
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�ê
)�
A
ˆ̃ et

'
�
+
�

'
+
�
�

�
p
2(
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2ẽ
�A

t ê
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
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As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Let’s look at internal piece only
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
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tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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we get where

where the (k + 16)⇥ k matrix M is
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�
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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�ê+ �ê
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ê
t
0 + ê0�B
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0 � ê0�B

0
G

�1
0 �B

0
ê
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ê
t
0) ê0�A
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.
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µ , A
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µ , A

I
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contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a
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in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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connected to the identity. Inserting this into (5.26) we get, up to second order
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ê 0
A

0
p
2ẽ
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.

25

 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic

constant
(                )

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

pA = EA
MZM

13

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

pA = EA
MZM

13

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

pA = EA
MZM

13

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

so far 
indep of y

               

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Let’s look at internal piece only

Frame
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0

@
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2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1
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where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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we get where

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
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, (5.30)
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2
, (5.31)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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ê
t
0 + ê0�B
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where the (k + 16)⇥ k matrix M is
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
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(Am

µ ± Ām
µ ) appearing in (5.19).
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que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order
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tM M t
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, (5.29)
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Ā

m µ
,A

m µ
,A

I µ
an

d
(k

+
16
)
⇥

k
sc
al
ar
s
en
co
d
ed

in
M

a
b
.
T
h
e
ve
ct
or
s
an

d
sc
al
ar
s

co
nt
ai
n
th
e
16

C
ar
ta
n
ge
n
er
at
or
s,
th
e
2k

K
K

fi
el
d
s
an

d
th
e
fl
u
ct
u
at
io
n
s
of

m
et
ri
c,
B
-fi
el
d

an
d
W

il
so
n
li
n
es

on
th
e
to
ru
s,
co
rr
es
p
on

d
in
g
to

th
e
st
ri
n
g
st
at
es

ām µ
,a

m µ
,a

I µ
,g

m
n
,b

m
n
,a

I m

in
se
ct
or

1.
T
o
ge
t
th
e
p
re
ci
se

re
la
ti
on

,
co
n
si
d
er

an
ex
p
an

si
on

ar
ou

n
d
a
gi
ve
n
p
oi
nt

in
m
od

u
li
sp
ac
e
co
rr
es
p
on

d
in
g
to

a
gi
ve
n
m
et
ri
c
G

0
,
B
-fi
el
d
B

0
an

d
W

il
so
n
li
n
e
A

0
.

T
h
e
in
te
rn
al

p
ar
t
of

th
e
ge
n
er
al
iz
ed

vi
el
b
ei
n
in

th
e
le
ft
-r
ig
ht

b
as
is
,
gi
ve
n
in

(2
.4
1)

re
ad

s,
at

fi
rs
t
or
d
er

0 @
E

R

E
L

E
A

1 A
=

1 p
2

0 @
�
e 0

�
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2ẽ
�A

t ê
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t 0

0

1 A

w
h
er
e
w
e
h
av
e
d
efi
n
ed

'
±

⌘
�ê
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Plug that in 

: O(d,d(+16))



and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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2ẽ

1

A+
1p
2
�

0

@
�e� êC ê �êA
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A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
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1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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we get where

where the (k + 16)⇥ k matrix M is
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.30)

M =

✓
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mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.32)

MAb = �
p
2ê0b
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t � ê0�B
0
ê
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
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2ẽ

1

A+
1p
2
�

0

@
�e� êC ê �êA
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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2ẽ
�A

t ê
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Plug that in 

: O(d,d(+16))

2.4 E↵ective action from DFT

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
H

IJ
F Iµ⌫F J

µ⌫
+ (DµH)IJ(D

µH)IJ (2.108)
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F I = dAI + f I
JK AJ ^ AK

H = dB + F I ^ AI (2.109)

and the covariant derivative of the scalars is
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.

37

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.

37

Let’s look at internal piece only

Frame
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that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0

@
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A =
1p
2
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�e0 � ê0C0 ê0 �ê0A0

e0 � ê0C0 ê0 �ê0A0p
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0 0
p
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2
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0

@
�e� êC ê �êA
e� êC ê �êAp
2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
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p
2ẽ�Atêt0

p
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1
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where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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we get where

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.30)

M =

✓
ê0(�G� �B0)êt0

�A êt0

◆
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.31)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.32)

MAb = �
p
2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]

S =

Z
ddx

p
�Ge�2'


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, (5.33)

where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k

17
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where the (k + 16)⇥ k matrix M is

M = �ê0
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t) , (5.31)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.32)
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m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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0 � ê0�B

0
G

�1
0 �B

0
ê
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order
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where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets
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The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order
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�ê
)�
A
ˆ̃ et

�
p
2ẽ
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t 0

0

1 A

w
h
er
e
w
e
h
av
e
d
efi
n
ed

'
±

⌘
�ê
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)ê

t 0
.

T
h
e
m
at
ri
x
of

�
is
an

el
em

en
t
of

S
O

+
(k

+
16
,k
,R

),
th
e
co
m
p
on

en
t
of

O
(k

+
16
,k
,R

)
co
n
n
ec
te
d
to

th
e
id
en
ti
ty
.
In
se
rt
in
g
th
is
in
to

(5
.2
6)

w
e
ge
t,
u
p
to

se
co
n
d
or
d
er

M
a
b
=

�c
d
�

c
a
�

d
b
=

✓
I k

+
1 2
M

t M
M

t
+
Q

t

M
+
Q

I k
+
1
6
+

1 2
M

M
t◆

,
(5
.2
8)

M
=

✓
I d

+
1 2
M

t M
M

t

M
I d

(+
1
6
)
+

1 2
M

M
t◆

,
(5
.2
9)

=
et 0
e 0

34

Plug that in 

: O(d,d(+16))

2.4 E↵ective action from DFT
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HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�

F I = dAI + f I
JK AJ ^ AK

H = dB + F I ^ AI (2.109)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.110)
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4
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+ (DµM)IJ(D

µM)IJ

� 1
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[E 0
J
, E 0

K
] = f I

JKE 0
K

[E 0
J
, E 0

K
]C = f I

JKE 0
K

ı̂

J , J̄

✏ijk, ✏ı|k

1 + 1
2v + ...

v ⇠ ✏

hMi

59

[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]

Seff =

Z
ddx

p
ge�2'

✓
⇤� 2(d� 26)

3↵0 +R+ 4@µ'@µ'� 1
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4
H

IJ
F Iµ⌫F J

µ⌫
+

1

8
(DµH)IJ(D

µH)IJ (2.109)

� 1

12↵0fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I

µ⌫
= 2@[µA

I

⌫] � f I
JKA

J

µ
AK

⌫
,

Hµ⌫⇢ = 3@[µB⌫⇢] � fIJKA
I

µ
AJ

⌫
AK

⇢
+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a generic point in moduli space (no enhancement)

M=1,...,d+d  for bosonic
M=1,...,d+d+16  for heterotic

constant
(                )

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

pA = EA
MZM

13

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

pA = EA
MZM

13

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

pA = EA
MZM

13

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

so far 
indep of y

               

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Let’s look at internal piece only

Frame

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37

Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0

@
ER

EL

EA

1

A =
1p
2

0

@
�e0 � ê0C0 ê0 �ê0A0

e0 � ê0C0 ê0 �ê0A0p
2ẽAt

0 0
p
2ẽ

1

A+
1p
2
�

0

@
�e� êC ê �êA
e� êC ê �êAp
2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
p
2(ê0 + �ê)�Aˆ̃et

�
p
2ẽ�Atêt0

p
2ẽ�Atêt0 0

1

A

where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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we get where

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.30)

M =

✓
ê0(�G� �B0)êt0

�A êt0

◆
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.31)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.32)

MAb = �
p
2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]

S =

Z
ddx

p
�Ge�2'


R + 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
@µMÂb@

µM Âb

�1

4
F Âµ⌫FÂµ⌫ �

1

4
F̄ aµ⌫F̄aµ⌫ �

1

4
MÂbF

Âµ⌫F̄ b
µ⌫

�
, (5.33)

where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.30)
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ê0(�G� �B0)êt0

�A êt0

◆
, �B0 ⌘ �B + 1

2(�AA
t
0 � A0�A

t) , (5.31)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.32)
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2ê0b
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Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �
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2gmn, �Bmn = �

p
2bmn, �AAm = �
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Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0
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@
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2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
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1

A

where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
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1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
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1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)

= et0e0
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Plug that in 

+DµMamD
µMam � 1

12
fabcfa0b0cM

amMa
0
mM bnM b

0
n

@µM

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.112 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a
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µ
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⌫
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µ
+ Aã

[µF
ã
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µ
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⌫
Ac̃

µ

F a
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⌫
, F ã
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ã
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⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk

H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m

H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Āa ^ F̄a � f̄abcĀa ^ Āb ^ Āc

H = dB + Ai ^ F i + Āi ^ F̄ i

F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa
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: O(d,d(+16))

2.4 E↵ective action from DFT
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Hµ⌫⇢H
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IJ
F Iµ⌫F J
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+ (DµH)IJ(D

µH)IJ (2.108)
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F I = dAI + f I
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H = dB + F I ^ AI (2.109)

and the covariant derivative of the scalars is
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µ
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µ
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IK
. (2.110)
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K
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JKE 0
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[E 0
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JKE 0
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J , J̄
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hMi
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[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]
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Z
ddx
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�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I

µ⌫
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JKA

J

µ
AK

⌫
,

Hµ⌫⇢ = 3@[µB⌫⇢] � fIJKA
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µ
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⌫
AK
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+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Let’s look at internal piece only
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0

@
ER

EL

EA

1

A =
1p
2

0

@
�e0 � ê0C0 ê0 �ê0A0

e0 � ê0C0 ê0 �ê0A0p
2ẽAt

0 0
p
2ẽ

1

A+
1p
2
�

0

@
�e� êC ê �êA
e� êC ê �êAp
2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
p
2(ê0 + �ê)�Aˆ̃et

�
p
2ẽ�Atêt0

p
2ẽ�Atêt0 0

1

A

where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)
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we get where

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.30)
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✓
ê0(�G� �B0)êt0

�A êt0

◆
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.31)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.32)

MAb = �
p
2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]

S =

Z
ddx
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, (5.33)

where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k
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ê0(�G� �B0)êt0

�A êt0
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in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
with the maximal torus of the enhanced symmetry group, so that the O(k + 16, k;R)
covariance of the abelian theory is promoted to O(p, k;R). The k+16 left-moving vectors
of the previous section combine with the extra massless vector states in sector 2 of section
2.3, giving a total of p left-moving massless vectors a�µ, which together with the k right-
moving vectors āmµ transform in the fundamental representation of O(p, k). The p ⇥ k

17
We get Q = � 1

2

⇣
�e

t
�ê+ �ê

t
�e� �eG

�1
0 �e

t
+ e0�G

�1
�B

0
ê
t
0 + ê0�B

0
�G

�1
e
t
0 � ê0�B

0
G

�1
0 �B

0
ê
t
0

+ ê0�A�A
t
ê
t
0,
p
2 (�êe

t
0 + e0�ê

t � ê0�B
0
ê
t
0) ê0�A

ˆ̃e
t
⌘
.
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Using the gSS form of the veilbein (5.22) parameterized as in (5.23) in (5.11) and
(5.12), and integrating the DFT action (5.13) along the internal coordinates, one recovers
the action (5.19), where nowMMN is replaced byMab, and fMN

P by fabc. The latter are
the constant fluxes generated by the “twist” Ea(yL) as in (5.11), which gauge (a subgroup
of) the global O(p, k) symmetry. In the next subsections we expand on the explicit
parameterization of the internal vielbein in terms of fluctuations that can be identified
with the string theory fields and on the twist Ea

M(yL) realizing the enhancement of the
gauge algebra.

5.3.1 Fluctuations around generic points in moduli space

In order to identify the massless vector and scalar fields of the reduced theory with
the corresponding string states of section 2 at a generic point in moduli space, we first
consider a reduction on an ordinary 2k+16 torus (i.e. no twist). The structure constants
are zero, and therefore we get an ungauged action with 2k+16 abelian U(1)k+16

L ⇥U(1)kR
vectors Ām

µ , A
m
µ , A

I
µ and (k + 16) ⇥ k scalars encoded in Mab. The vectors and scalars

contain the 16 Cartan generators, the 2k KK fields and the fluctuations of metric, B-field
and Wilson lines on the torus, corresponding to the string states āmµ , a

m
µ , a

I
µ, gmn, bmn, aIm

in sector 1. To get the precise relation, consider an expansion around a given point in
moduli space corresponding to a given metric G0, B-field B0 and Wilson line A0.

The internal part of the generalized vielbein in the left-right basis, given in (2.41)
reads, at first order

0

@
ER

EL

EA

1

A =
1p
2

0

@
�e0 � ê0C0 ê0 �ê0A0

e0 � ê0C0 ê0 �ê0A0p
2ẽAt

0 0
p
2ẽ

1

A+
1p
2
�

0

@
�e� êC ê �êA
e� êC ê �êAp
2ẽAt 0 0

1

A , (5.27)

where e0 is a frame for G0, and ê0 is the inverse frame (note we are not varying the frame
for the Killing metric ẽ). Performing this expansion and accommodating the terms so
that it has the form of a gSS reduction E = �(x)E(y), one gets

�(x) = Id +
1

2

0

@
'+ + � '� � � �

p
2(ê0 + �ê)�Aˆ̃et

'� + � '+ � � �
p
2(ê0 + �ê)�Aˆ̃et

�
p
2ẽ�Atêt0

p
2ẽ�Atêt0 0

1

A

where we have defined

'± ⌘ �êet0 ± �eêt0 , � ⌘ (ê0 + �ê)(�C � �AAt
0)ê

t
0 .

The matrix of � is an element of SO+(k+16, k,R), the component of O(k+16, k,R)
connected to the identity. Inserting this into (5.26) we get, up to second order

Mab = �cd�c
a�d

b =

✓
Ik +

1
2M

tM M t +Qt

M +Q Ik+16 +
1
2MM t

◆
, (5.28)

M =

✓
Id +

1
2M

tM M t

M Id(+16) +
1
2MM t

◆
, (5.29)

= et0e0
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ê 0
C

0
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êC

ê
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ê 0

+
�ê
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Plug that in 

+DµMamD
µMam � 1

12
fabcfa0b0cM

amMa
0
mM bnM b

0
n

@µM

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.112 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã

[µF
ã

⌫⇢] + f ãb̃c̃Aã

µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã

µ⌫
= 2@[µA

ã

⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk

H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m

H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Āa ^ F̄a � f̄abcĀa ^ Āb ^ Āc

H = dB + Ai ^ F i + Āi ^ F̄ i

F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj

µ
M ik

DµMaa
0
= @µMaa

0
+ fa

bc
Ab

µ
M ca

0
+ fa

0
b0c0Ā

b
0
µ
Mac

0

DµMam = @µMam + fa

bc
Ab

µ
M cm

M ij ! ✏ �ij33 +M 0ij

Mmn = vmn +M 0mn

M În = vÎn +M 0În

�(g +B)mn

8

No enhancement of  symmetry

 no double field theory

: O(d,d(+16))

2.4 E↵ective action from DFT

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
H

IJ
F Iµ⌫F J

µ⌫
+ (DµH)IJ(D

µH)IJ (2.108)

� 1

12
fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�

F I = dAI + f I
JK AJ ^ AK

H = dB + F I ^ AI (2.109)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.110)

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
M

IJ
F Iµ⌫F J

µ⌫
+ (DµM)IJ(D

µM)IJ

� 1

12
fIJKfLMN

�
MILMJMMKN � 3MIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�

I = i, ı̄

⇡

0

@ 1 M

M t 1

1

A (2.111)

C

[E 0
J
, E 0

K
] = f I

JKE 0
K

[E 0
J
, E 0

K
]C = f I

JKE 0
K

ı̂

J , J̄

✏ijk, ✏ı|k

1 + 1
2v + ...

v ⇠ ✏

hMi
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[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]

Seff =

Z
ddx

p
ge�2'

✓
⇤� 2(d� 26)

3↵0 +R+ 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢

�1

4
H

IJ
F Iµ⌫F J

µ⌫
+

1

8
(DµH)IJ(D

µH)IJ (2.109)

� 1

12↵0fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I

µ⌫
= 2@[µA

I

⌫] � f I
JKA

J

µ
AK

⌫
,

Hµ⌫⇢ = 3@[µB⌫⇢] � fIJKA
I

µ
AJ

⌫
AK

⇢
+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)

Frame

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much
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As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0
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A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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are tachyonic, while those with momentum

M±±
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From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely
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0
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A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets
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As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b
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A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)
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where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)
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�
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where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
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are tachyonic, while those with momentum

M±±
have positive mass, as expected.
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From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.
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have (squared) mass of order ✏, while M3±
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mass of order ✏2.
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where SAB = diag(sab, sab), sab being the Minkowski metric.
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As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely
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the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)
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where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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From the mass formula (0.11) one would say that all M ij
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have (squared) mass of order ✏, while M3±
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mass of order ✏2.
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In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends
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done in generalized Scherk-Schwarz compactifications [8], namely
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The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much
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As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)
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where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.
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Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

37
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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_ • for bosonic n=n= dim of group Gbos of rank d
_

• for heterotic n=d, n=dim of group Ghet of rank d+16
_

pA = ⇡A + wAA , (0.13)

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea
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MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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d

_ • for bosonic n=n= dim of group Gbos of rank d
_

• for heterotic n=d, n=dim of group Ghet of rank d+16
_

One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with

RA
B =

1p
2

0

@1 �1

1 1

1

A , (2.19)

namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.20)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.21)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
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UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

H = EtE = E 0tUTUE 0 ⌘ E 0t(y)M(x)E 0(y) (2.26)
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pA = ⇡A + wAA , (0.13)

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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“Double coordinates”: only the Cartan directions: d+d(+16)



and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea
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MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
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0
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A0UB
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0
E 0

B0 ⌘ HA
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0
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A0E 0
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H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
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A
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UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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d

_ • for bosonic n=n= dim of group Gbos of rank d
_

• for heterotic n=d, n=dim of group Ghet of rank d+16
_

M =

✓
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1
2M

tM M t

M In̄ +
1
2MM t

◆
, (5.30)

= et0e0

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
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�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.31)
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◆
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2(�AA
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0 � A0�A

t) , (5.32)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.33)

MAb = �
p
2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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�
, (5.34)

where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1
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ê
t
0 + ê0�B
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.

35

M =

✓
In +

1
2M

tM M t

M In̄ +
1
2MM t

◆
, (5.30)

Maa0

= et0e0

where the (k + 16)⇥ k matrix M is

M = �ê0
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ê0(�G� �B0)êt0

�A êt0
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ê
t
0,
p
2 (�êe
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One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with

RA
B =

1p
2

0

@1 �1

1 1

1

A , (2.19)

namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.20)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.21)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

H = EtE = E 0tUTUE 0 ⌘ E 0t(y)M(x)E 0(y) (2.26)
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pA = ⇡A + wAA , (0.13)

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0
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O(D+d)⇥O(D+d)
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O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =
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@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ
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where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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d

_ • for bosonic n=n= dim of group Gbos of rank d
_

• for heterotic n=d, n=dim of group Ghet of rank d+16
_

M =

✓
In +

1
2M

tM M t

M In̄ +
1
2MM t

◆
, (5.30)

= et0e0

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.31)

M =

✓
ê0(�G� �B0)êt0

�A êt0

◆
, �B0 ⌘ �B + 1

2(�AA
t
0 � A0�A

t) , (5.32)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.33)

MAb = �
p
2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]

S =

Z
ddx

p
�Ge�2'


R + 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
@µMÂb@

µM Âb

�1

4
F Âµ⌫FÂµ⌫ �

1

4
F̄ aµ⌫F̄aµ⌫ �

1

4
MÂbF

Âµ⌫F̄ b
µ⌫

�
, (5.34)

where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1

2

⇣
�e

t
�ê+ �ê

t
�e� �eG

�1
0 �e

t
+ e0�G

�1
�B

0
ê
t
0 + ê0�B

0
�G

�1
e
t
0 � ê0�B

0
G

�1
0 �B

0
ê
t
0

+ ê0�A�A
t
ê
t
0,
p
2 (�êe

t
0 + e0�ê

t � ê0�B
0
ê
t
0) ê0�A

ˆ̃e
t
⌘
.
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2
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�1

4
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0) ê0�A

ˆ̃e
t
⌘
.

35

[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]

Seff =

Z
ddx

p
ge�2'

✓
⇤� 2(d� 26)

3↵0 +R+ 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢

�1

4
H

IJ
F Iµ⌫F J

µ⌫
+

1

8
(DµH)IJ(D

µH)IJ (2.109)

� 1

12↵0fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I

µ⌫
= 2@[µA

I

⌫] � f I
JKA

J

µ
AK

⌫
,

Hµ⌫⇢ = 3@[µB⌫⇢] � fIJKA
I

µ
AJ

⌫
AK

⇢
+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with

RA
B =

1p
2

0

@1 �1

1 1

1

A , (2.19)

namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.20)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.21)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

H = EtE = E 0tUTUE 0 ⌘ E 0t(y)M(x)E 0(y) (2.26)
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pA = ⇡A + wAA , (0.13)

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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“Double coordinates”: only the Cartan directions: d+d(+16)



and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0
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p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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d

_ • for bosonic n=n= dim of group Gbos of rank d
_

• for heterotic n=d, n=dim of group Ghet of rank d+16
_

M =

✓
In +

1
2M

tM M t

M In̄ +
1
2MM t

◆
, (5.30)

= et0e0

where the (k + 16)⇥ k matrix M is

M = �ê0
�
(�G� �B0)êt0,

p
2�Aˆ̃et

�
, �B0 ⌘ �B +

�AAt
0 � A0�At

2
, (5.31)

M =

✓
ê0(�G� �B0)êt0

�A êt0

◆
, �B0 ⌘ �B + 1

2(�AA
t
0 � A0�A

t) , (5.32)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order

Mab = �ê0a
mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.33)

MAb = �
p
2ê0b

m�AAm,

Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]

S =

Z
ddx

p
�Ge�2'


R + 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
@µMÂb@

µM Âb

�1

4
F Âµ⌫FÂµ⌫ �

1

4
F̄ aµ⌫F̄aµ⌫ �

1

4
MÂbF

Âµ⌫F̄ b
µ⌫

�
, (5.34)

where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1

2

⇣
�e

t
�ê+ �ê

t
�e� �eG

�1
0 �e

t
+ e0�G

�1
�B

0
ê
t
0 + ê0�B

0
�G

�1
e
t
0 � ê0�B

0
G

�1
0 �B

0
ê
t
0

+ ê0�A�A
t
ê
t
0,
p
2 (�êe

t
0 + e0�ê

t � ê0�B
0
ê
t
0) ê0�A

ˆ̃e
t
⌘
.
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2
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symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1

2

⇣
�e

t
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0 � ê0�B

0
G

�1
0 �B

0
ê
t
0
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t � ê0�B
0
ê
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[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]

Seff =

Z
ddx

p
ge�2'

✓
⇤� 2(d� 26)

3↵0 +R+ 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢

�1

4
H

IJ
F Iµ⌫F J

µ⌫
+

1

8
(DµH)IJ(D

µH)IJ (2.109)

� 1

12↵0fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]

F I

µ⌫
= 2@[µA

I

⌫] � f I
JKA

J

µ
AK

⌫
,

Hµ⌫⇢ = 3@[µB⌫⇢] � fIJKA
I

µ
AJ

⌫
AK

⇢
+ 3@[µA

I

⌫
A⇢]I , (2.110)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with

RA
B =

1p
2

0

@1 �1

1 1

1

A , (2.19)

namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.20)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.21)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

H = EtE = E 0tUTUE 0 ⌘ E 0t(y)M(x)E 0(y) (2.26)
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U(1)17

fabc

fabc

U(1)d+16 ⇥ U(1)d

G⇥ U(1)d

U(1)⇥ U(1)

SU(2)⇥ SU(2)

A1 ⇥ A1

A2 ⇥ A2

A3 ⇥ A3

A4 ⇥ A4

D4 ⇥D4

SO(32)⇥ SU(2)

SO(32)⇥ U(1)

SO(34)

SO(32� 2p)⇥ SU(p)

E8 ⇥ E8

E8 ⇥ SO(18)

AI = 0

A 2 �16

A 2 �c

A 2 �8 ⇥ �8

A = (08,�1
2 , (

1
2)7) 2 �0 ⇥ �c

R2 = 1

R2 = 1/2

11
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fabc
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U(1)d+16 ⇥ U(1)d

G⇥ U(1)d
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A2 ⇥ A2

A3 ⇥ A3

A4 ⇥ A4

D4 ⇥D4

SO(32)⇥ SU(2)

SO(32)⇥ U(1)

SO(34)

SO(32� 2p)⇥ SU(p)

E8 ⇥ E8

E8 ⇥ SO(18)

AI = 0

A 2 �16

A 2 �c

A 2 �8 ⇥ �8

A = (08,�1
2 , (

1
2)7) 2 �0 ⇥ �c

R2 = 1

R2 = 1/2

11

E’ such that

pA = ⇡A + wAA , (0.13)

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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and similarly for M3± after exchanging left and right. The scalar masses come from the

potential

4 detM = m�(|M++|2 � |M+�|2) (1.29)

+M3+
�
M�3M+� �M��M+3

�
+M3� �

M+3M�+ �M++M�3
�

where in the first line we have used that M�+ = (M+�)⇤, M�� = (M++)⇤. We have

therefore four massive scalars, namely M±±,M±⌥. Recall from section ?? that these are

states that have only winding or momentum, and no oscillation modes along the circle.

Note that half f them acquire a negative mass4. This is because we are dealing with

the bosonic string, where the ground state is a tachyon. When R < Rsd, the states

which have only winding are not massive enough to compensate for the negative energy

of the tachyon. In the heterotic string, such problem does not arise, and all states have

positive mass. The other four bosons M3± and M±3 remain massless at this level5 and

as discussed, are the Goldstone bosons which are eaten by the vectors A±, Ā± to become

massive.

[Mariana: algo mas para decir?]

2 DFT and enhanced gauge symmetries

ea

ea

MD ⇥ S1

MD ⇥ T d

4
Which half are tachyonic depends on the sign of m�. For m� > 0, corresponding to R < R̃, or in

other words R <
p
↵0, the states that have winding M±⌥

are tachyonic, while those with momentum

M±±
have positive mass, as expected.

5
From the mass formula (0.11) one would say that all M ij

except for the KK boson M33
are massive.

Note however that M±±
and M±⌥

have (squared) mass of order ✏, while M3±
, M±3

have (squared)

mass of order ✏2.
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 Action close to a special point in moduli space (enhancement)

E(x, y) = U(x)E 0(y)

E = E0 + �E = (1 + �E E�1
0 )E0

g0, B0, A0

0 = (N � N̄) + 1
2 Z

t⌘Z (0.8)

Z =

0

@nm

!m

1

A . (0.9)

Z =

0

@pm

p̃m

1

A . (0.10)

C

M2 = 2(N + N̄ � 2) + ZtHZ (0.11)

H

H 2 O(d,d)
O(d)⇥O(d)

H 2 O(d+16,d)
O(d+16)⇥O(d)

H 2 O(D+d,D+d)
O(D+d)⇥O(D+d)

H 2 O(n,d)
O(n)⇥O(d)

H 2 O(D+n,D+n)
O(D+n)⇥O(D+n)

gµ⌫ , Bµ⌫

ZLR =

0

@n+ !

n� !

1

A . (0.12)

ETE

ET⌘E

p = EZ

13

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

H = EtE = E 0tUTUE 0 = E 0tME 0 (2.25)

where we have defined

HA
0
B

0
(x) = SABUA

A
0
UB

B
0
. (2.26)

As mentioned, the fields of the reduced theory are encoded in U or directly one can

think of H as parameterising the moduli space. Since H is also in O(D,D)/O(D)⇥O(D),

it can be parameterized by a D⇥D matrix, whose symmetric piece we denote h and the

antisymmetric piece b, in the same way as the usual generalized metric, namely

HAB =

0

@ h�1 �h�1b

bh�1 h� bh�1b

1

A . (2.27)

Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric

and B-field on the “internal space” are those encoded in E 0. This will become clearer

later.
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Note that this is a parameterization of the fields of the reduced theory, and they are not

the metric and B-field in the internal space. At points on the external space where h = 1D

and b = 0 (which we will call “the origin of moduli space”), H = 12D and then the metric
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d

_ • for bosonic n=n= dim of group Gbos of rank d
_

• for heterotic n=d, n=dim of group Ghet of rank d+16
_
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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Plugging this in (5.19) and taking fMN
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1

2

⇣
�e

t
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
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mê0b

n
�
�Gmn � �Bmn + A0[m

A�AA
n]

�
, (5.33)

MAb = �
p
2ê0b
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the
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sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]
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Z
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�◆

where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths

FA

µ⌫
and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).

Repetir aca?]
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I

⌫
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and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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One can alternatively use a right-left basis C�, C+ by rotating the A,B frame indices with

RA
B =

1p
2

0

@1 �1

1 1

1

A , (2.19)

namely (EC)A = RA
BEB. In this basis ⌘AB has the diagonal form

(R⌘RT )AB = (R⌘RT )AB =

0

@�1D 0

0 1D

1

A . (2.20)

As in ordinary geometry, the generalized tangent bundle admits a generalized metric

defined as

H = SABEA ⌦ EB , (2.21)

where SAB = diag(sab, sab), sab being the Minkowski metric.

In Scherk-Schwarz compactifications [14] one splits the frame into a piece that depends

on the external coordinates x and a piece that involves the internal ones y. The same is

done in generalized Scherk-Schwarz compactifications [8], namely

EA(x, y) = UA
A

0
(x)E 0

A0(y) . (2.22)

The matrix U involves the fields in the e↵ective theory, while E 0 is a generalized frame

that depends on the internal (possibly doubled) coordinates. We will discuss this in much

more detail later. Doing this split, one gets

H = SABUA
A

0
E 0

A0UB
B

0
E 0

B0 ⌘ HA
0
B

0
E 0

A0E 0
B0 (2.23)

where we have defined

HA
0
B

0
(x) = xABUA

A
0
UB

B
0
. (2.24)

EA
M = E

H = EtE = E 0tUTUE 0 ⌘ E 0tME 0 (2.25)

H = EtE = E 0tUTUE 0 ⌘ E 0t(y)M(x)E 0(y) (2.26)
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E’ such that

pA = ⇡A + wAA , (0.13)

G⇥G

d

d

U(1)d ⇥ U(1)d

Am, A↵, A�↵

Am, A↵, A�↵

SU(3)⇥ SU(3)

SU(2)⇥ SU(2)⇥ SU(2)⇥ SU(2)

SU(2)⇥ SU(3)⇥ SU(2)⇥ SU(3)

SU(3)⇥ U(1)⇥ SU(3)⇥ U(1)

SU(2)⇥ SU(2)

SU(3)⇥U(1)⇥ SU(3)⇥U(1)

SU(2)⇥ SU(2)⇥U(1)⇥ SU(2)⇥ SU(2)⇥U(1)

SU(2)⇥ U(1)⇥U(1)⇥ SU(2)⇥ U(1)⇥U(1)

H = E 0t(y)M(x)E 0(y)

Consider the closed bosonic string theory compactified on a circle of radius R. The

periodicity of the string coordinate1

Y (z, z̄) = yL(z) + yR(z̄) ⇠ Y (z, z̄) + 2⇡R (0.14)

has two e↵ects. On the one hand, univaluedness of the wave function requires discrete

momentum in the compact dimension, like in Kaluza Klein (KK) reduction in field theory.

On the other hand, unlike point particles, strings can wind an integer number of times

around the compact direction, i.e. Y (z, z̄) ⇠ Y (z, z̄) + 2⇡Rp̃, acquiring winding number

p̃.

1
We use a bar to indicate right-moving quantities (ȳ, N̄ , k̄, ... are the right-moving coordinate, right-

moving oscillation number, right-moving momentum, etc). Not to be confused with complex conjugation.
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“Double coordinates”: only the Cartan directions: d+d(+16)



Plug that in 

2.4 E↵ective action from DFT
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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0) ê0�A

ˆ̃e
t
⌘
.

35



Plug that in 
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�A êt0

◆
, �B0 ⌘ �B + 1

2(�AA
t
0 � A0�A

t) , (5.32)

�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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F Âµ⌫FÂµ⌫ �

1

4
F̄ aµ⌫F̄aµ⌫ �

1

4
MÂbF
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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ê
t
0,
p
2 (�êe
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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MÂbF
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1

2

⇣
�e

t
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā
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µ , unlike the
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2
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µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
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Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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0) ê0�A

ˆ̃e
t
⌘
.

35

And we get

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F a

µ⌫
F µ⌫

a
+

1

4
F̄ a

µ⌫
F̄ µ⌫

a
+

1

4
Maa0F

a

µ⌫
F̄ a

0
µ⌫

+DµMaa0D
µMaa

0 � 1

12
fabcf̄a0b0c0M

aa
0
M bb

0
M cc

0

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F a

µ⌫
F µ⌫

a
+

1

4
F̄m

µ⌫
F̄ µ⌫

m
+

1

4
MamF

a

µ⌫
F̄mµ⌫

+DµMamD
µMam � 1

12
fabcfa0b0cM

amMa
0
mM bnM b

0
n

@µM

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.113 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã
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ã

⌫] + f ãb̃c̃Ab̃
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2.4 E↵ective action from DFT

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
H

IJ
F Iµ⌫F J

µ⌫
+ (DµH)IJ(D

µH)IJ (2.108)

� 1

12
fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�

F I = dAI + f I
JK AJ ^ AK

H = dB + F I ^ AI (2.109)

and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.110)

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
M

IJ
F Iµ⌫F J

µ⌫
+ (DµM)IJ(D

µM)IJ

� 1

12
fIJKfLMN

�
MILMJMMKN � 3MIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�

I = i, ı̄

⇡

0

@ 1 M

M t 1

1

A (2.111)

C

[E 0
J
, E 0

K
] = f I

JKE 0
K

[E 0
J
, E 0

K
]C = f I

JKE 0
K

ı̂

J , J̄

✏ijk, ✏ı|k

1 + 1
2v + ...

v ⇠ ✏

hMi

59

M =

✓
In +

1
2M

tM M t

M In̄ +
1
2MM t

◆
, (5.30)

= et0e0

where the (k + 16)⇥ k matrix M is

M = �ê0
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
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�1

4
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
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µ , unlike the

combinations 1p
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Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
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ê
t
0) ê0�A
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Precisely the string theory actions !
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
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m
µ , unlike the
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Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement
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symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus

17
We get Q = � 1

2

⇣
�e

t
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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Precisely the string theory actions !

•cubic potential, unbounded from below
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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@µMÂb@

µM Âb
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Āa ^ F̄a � f̄abcĀa ^ Āb ^ Āc
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Precisely the string theory actions !

•cubic potential, unbounded from below

•quartic potential



Plug that in 

2.4 E↵ective action from DFT

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
H

IJ
F Iµ⌫F J

µ⌫
+ (DµH)IJ(D

µH)IJ (2.108)

� 1

12
fIJKfLMN

�
HILHJMHKN � 3HIL⌘JM⌘KN + 2 ⌘IL⌘JM⌘KN

�

F I = dAI + f I
JK AJ ^ AK

H = dB + F I ^ AI (2.109)

and the covariant derivative of the scalars is
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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�ê+ �ê
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+ ê0�A�A
t
ê
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µ
M ik

8

heterotic

Precisely the string theory actions !

•cubic potential, unbounded from below

•quartic potential
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Plug that in 

2.4 E↵ective action from DFT
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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n
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Plugging this in (5.19) and taking fMN
P = 0, we get [Carmen: Controlar ]
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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heterotic

Precisely the string theory actions !

•cubic potential, unbounded from below
•tachyonic masses

•quartic potential
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk
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�(g +B)mn

�AI

m

8

Higgs mechanism



Plug that in 

2.4 E↵ective action from DFT
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�B0 is the variation of �B under an O⇥ shift (2.27) with ⇥ = �B and an O⇤ shift
(2.29) with ⇤ = �A (see footnote 2), Q is a second order piece17 whose explicit form
we do not need and �G = �ete0 + et0�e + �et�e. The matrix of scalar fields M has one
left-moving and one right-moving index. Writing the indices explicitly, we have up to
first order
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, (5.33)
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Plugging this in (5.19) and taking fMN
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S =

Z
ddx

p
�Ge�2'


R + 4@µ'@µ'� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
@µMÂb@
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�1

4
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MÂbF
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where F Â and F̄ a are the abelian field strengths for the U(1)k+16
L and U(1)kR groups,

respectively. Note that the gauge fields in the left-right basis are Am
µ , Ā

m
µ , unlike the

combinations 1p
2
(Am

µ ± Ām
µ ) appearing in (5.19).

This is the e↵ective action derived from toroidally compactified string theory, given
in (4.1) if we identify �Gmn = �

p
2gmn, �Bmn = �

p
2bmn, �AAm = �

p
2aAm. [Carmen:

Ver signo de �B. Los signos de �Bmn y �AAm tendŕıan que ser �. No se pueden
determinar a partir del término cinético pero si del de interacción. Habŕıa
que calcular la amplitud de 3 escalares y un tensor para que la identificación
sea completa. Ver archivo comparacion2]

5.3.2 Symmetry enhancement

In order to incorporate the massless degrees of freedom that enhance the U(1)16+k gauge
symmetry to a p-dimensional group GL of rank 16 + k, we identify the 16 + k torus
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t � ê0�B
0
ê
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µ
Ab̃

⌫
Ac̃

µ

F a

µ⌫
= 2@[µA

a

⌫] + fabcAb

µ
Ac

⌫
, F ã
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk
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F i = dAi + ✏ijkAj ^ Ak

F a = dAa + fa

bc
Ab ^ Ac

DµM ii = @µM ii + f ijkAj

µ
Mki + f ijkĀj
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heterotic

Precisely the string theory actions !

•cubic potential, unbounded from below
•tachyonic masses

•quartic potential
•positive masses 
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in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification
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i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths
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and the covariant derivative of the scalars is
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µ
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IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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(2.22) where the E 0
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver
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[µF
ã
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m
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y � ỹ
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with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths
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and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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⌫] + f ãb̃c̃Ab̃

µ
Ac̃

⌫
,

(0.5)

H = dB + Ai ^ F i + ✏ijkAi ^ Aj ^ Ak � Āi ^ F̄ i � ✏ijkĀi ^ Āj ^ Āk
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H = dB + Ai ^ F i + Āi ^ F̄ i
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y � ỹ
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generalized Lie derivative 

The following E’ does the job for SU(2) algebra

[E 0
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J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths
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and the covariant derivative of the scalars is
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IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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ã

⌫] + f ãb̃c̃Ab̃
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generalized Lie derivative 

The following E’ does the job for SU(2) algebra
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✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths
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and the covariant derivative of the scalars is

(DµH)IJ = (@µH)IJ + fK
LIA

L

µ
H

KJ
+ fK

LJA
L

µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Āa ^ F̄a � f̄abcĀa ^ Āb ^ Āc

H = dB + Ai ^ F i + Āi ^ F̄ i
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@y@ỹ( ) = 0

⌘MN@M@N( ) = 0

EA =

0

@ea � ◆eaB

ea

1

A . (2.3)

H = �ABEA ⌦ EB , (2.4)

H =

0

@ g�1 �g�1B

Bg�1 g � Bg�1B

1

A . (2.5)

O(D,D)
O(D)⇥O(D)

(LV U)M = V P@PU
M + (@MVP � @PV

M)UP

(LV1V2)
I = V J

1 @JV
I

2 + (@IV1J � @JV
I

1 )V
J

2

22

generalized Lie derivative 

The following E’ does the job for SU(2) algebra

Straightforward generalization to SU(2)d

[E 0
J
, E 0

K
]C = f I

JKE 0
K

J, J̄

✏ijk, ✏ı|k

Given J i, J̄ i realizing the SU(2)L ⇥ SU(2)R algebra (2.94)10, the e↵ective action

in d dimensions can be obtained from that of DFT with O(d + 3, d + 3) symmetry by

the gauging described in section ??, or by a generalized Scherk-Schwarz compactification

(2.22) where the E 0
i
give rise to the generalized fluxes of the SU(2)L ⇥ SU(2)R algebra. All

the dependence on the internal coordinates disappears in this procedure, and one is left

with an action in terms of fields that depend on external coordinates, and the gaugings.

The e↵ective action in d = D � n dimensions (where for us n will be 3) is [8]
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where HIJ with I, J = 1, . . . , 2n is the generalized metric containing the scalar fields

coming from the internal components of the n-dimensional metric and B-field, defined in

(2.24) [Carmen: Cuando definamos lo de la constante cosmológica hay que ver

cómo escribimos esos términos]R is the d-dimensional Ricci scalar, the field strengths
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and Hµ⌫⇢ are [Mariana: ya estan definidos antes en (0.29) (ser constsentes).
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and the covariant derivative of the scalars is
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µ
H

IK
. (2.111)

10
Here we do not need to know the way in which the algebra is realized. It could be in either of the

ways presented in the previous section, or in whatever other way one may come up with.
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What about E’? I=1,...,n+n
_ left and right split

discuss the left part 
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H = dB + Aa ^ Fa + fabcAa ^ Ab ^ Ac � Ām ^ F̄m
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F i = dAi + ✏ijkAj ^ Ak

8

Cartans

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F a

µ⌫
F µ⌫

a
+

1

4
F̄ a

µ⌫
F̄ µ⌫

a
+

1

4
Maa0F

a

µ⌫
F̄ a

0
µ⌫

+DµMaa0D
µMaa

0 � 1

12
fabcf̄a0b0c0M

aa
0
M bb

0
M cc

0

m2
↵
= |↵ · v|2

n = d(+16) + 2p

↵±

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F a

µ⌫
F µ⌫

a
+

1

4
F̄m

µ⌫
F̄ µ⌫

m
+

1

4
MamF

a

µ⌫
F̄mµ⌫

+DµMamD
µMam � 1

12
fabcfa0b0cM

amMa
0
mM bnM b

0
n

@µM

L = R� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

4
F i

µ⌫
F iµ⌫ +

1

4
F̄ i

µ⌫
F̄ iµ⌫ +

1

4
M ijF i

µ⌫
F̄ jµ⌫ +DµM

ijDµM ij

�detM

where [Mariana: ser consistentes en H con la definicion en 2.113 (que debe-

riamos sacar quizas si ya aparece aca?)]

Hµ⌫⇢ = @µB⌫⇢ + Aa

[µF
a

⌫⇢] + fabcAa

µ
Ab

⌫
Ac

µ
+ Aã
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T2

bosonic

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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E 0
A0(y, ỹ)
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E 0
A0(y, ỹ)
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What about other enhancement groups?
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What about other enhancement groups?
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ỹm

mn

T2 � TS1 � TS1 � T2

R2 � TS1 � TS1 � R2

TM2 � TS1 � TS1 � TM2

Tp(T 2)� TpS1 � TpS1 � Tp(T 2)

SU(2)2 ⇥ SU(2)2

T 2

m

m

47



T2

bosonic

J i(z)J j(0) ⇠ �ij

z2
+

i ✏ijk

z
Jk(0) (0.5)

= ✏2

=
p
✏

M±±,M±⌥

EA(x, y, ỹ) =
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Deformed generalized Lie derivative

for simple roots
same construction √

for non simple roots

???

J̄ =

0

BBB@

cos 2yR sin 2yR 0

� sin 2yR cos 2yR 0

0 0 1

1

CCCA

0

BBB@

vR1

vR2

dyR

1

CCCA
(2.62)

J =

0

BBB@

cos 2yR sin 2yR 0

� sin 2yR cos 2yR 0

0 0 1

1

CCCA

0

BBB@

v1

v2

@yR

1

CCCA
(2.63)

J =

0

BBB@

e2iy
R

0 0

0 e�2iyR 0

0 0 1

1

CCCA

0

BBB@

v+

v�

@yR

1

CCCA
(2.64)

J =

0

BBB@

cos 2yL sin 2yL 0

� sin 2yL cos 2yL 0

0 0 1

1

CCCA

0

BBB@

v1

v2

@yL

1

CCCA
(2.65)

J =

0

BBB@

e2iy
L

0 0

0 e�2iyL 0

0 0 1

1

CCCA

0

BBB@

v+

v�

@yL

1

CCCA
(2.66)

E 0 =

0

BBB@

e
p
2iyL 0 0

0 e�
p
2iyL 0

0 0 1

1

CCCA
(2.67)

✏+�3

[E 0
↵
, E 0

�↵
] = ↵ ·H

[E 0
↵
, Hm] = ↵m

[E 0
↵
, E 0

�
] = E↵+�

E 0
R
= J̄ =

0

BBB@

cos 2yR sin 2yR 0

� sin 2yR cos 2yR 0

0 0 1

1

CCCA

0

BBB@

v1R

v2R

dyR

1

CCCA
(2.68)

46

no coordinate associated

√

E↵ ⇠ ei↵·yL

E 0
R
= J̄ =

0

BBB@

cos 2yR sin 2yR 0

� sin 2yR cos 2yR 0

0 0 1

1

CCCA

0

BBB@

v1R

v2R

dyR

1

CCCA
(2.68)

[J↵, J�] = J↵+�

L̃EIEJ = LEIEJ + ⌦IJ
KEK

T2 � TS1 � T S̃1 � T ⇤
2

⌦IJK =

8
<

:
(�1)↵⇤� �↵+�+� if two roots are positive

�(�1)↵⇤� �↵+�+� if two roots are negative

C̃

↵��

ym

ỹm
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same construction √
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What about other enhancement groups?

3 positive roots : 2 simple, 1 non-simple

does not arise from any
obvious extension of the 

previous construction
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Cocycle tensor

on top of the d + 1 ones of the external space and the circle, and the frame depends on

on all of them. So in terms of “how many extra coordinates one needs to realize the

algebra”, this is more expensive than in the previous way. Also, from the point of view

of the string compactified on a circle, the role of the S3 is far less clear. Furthermore, S3

is simply connected and therefore there is no topological winding number. It is the fact

that the CFT is the same as that of the SU(2)-WZW at level 1 what allows to give some

geometric interpretation of this way of realizing the algebra. Note however that the S3 in

the case at hand has a stringy size, and is therefore far from having large radius in string

units, which is the limit where the supergravity description the SU(2)-WZW model as

strings propagating on an S3 with H flux is valid. It is probably more appropiate then to

think of the S3 as realizing a “very quantum” circle of stringy size that becomes fuzzy.

2.4 E↵ective action from DFT
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for any group

for simple roots
same construction √

for non simple roots

???

Heterotic SO(32) and E8 x E8 have exactly the same cocycles ! 

Supports idea that heterotic SO(32) and E8 x E8 different vacua of same theory
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where ⌦ABC vanishes if one or more indices correspond to Cartan generators and if
A,B,C are associated with roots, say ↵, �, �, respectively,

⌦ABC =

⇢
(�1)↵⇤� �↵+�+� if two roots are positive,
�(�1)↵⇤� �↵+�+� if two roots are negative.

This deformation accounts for the cocycle factors that were excluded from the CFT
current operators in (4.16) but, as discussed in section 2, they are necessary in order to
compensate for the minus sign in the OPE J↵(z)J�(w) when exchanging the two currents
and their insertion points z $ w (see Appendix B for more details). It was conjectured
in [18] that such factors would also appear in the gauge and duality transformations of
double field theory, and actually, they can be included without spoiling the local covari-
ance of the theory. Indeed, the cocycle tensor ⌦ABC satisfies the consistency constraints
of gauged DFT, namely [9, 10]

⌦ABC = ⌦[ABC] , ⌦[AB
D⌦C]D

E = 0 , ⌦ABC@
C
· · · = 0 , (4.20)

and it breaks the O(n, n) global covariance to O(k, k). Then, all the structure constants
of G can be obtained from (4.19) using the expression (4.16) for the generalized vielbein.

To see how this works for SU(3), it is convenient to recall the non-vanishing structure
constants in the Cartan-Weyl basis

f111 = f133 =

r
3

2
, f211 = �f233 = �

1
p
2
, f222 =

p

2 , f123 = �f123 = 1.

These can be obtained from (4.19) using the O(8, 8) matrix (4.16) where

J1 = J1⇤ = e�i(2y1L�y
2
L) , J2 = J2⇤ = e�i(y1L�2y2L) , J3 = J3⇤ = e�i(y1L+y

2
L) ,

and similarly for the right sector, where y1
L
, y2

L
, y1

R
, y2

R
are the coordinates associated to

the Cartan directions, and the only non-vanishing components of the cocycle tensor are

⌦123 = 1 , ⌦123 = �1 . (4.21)

Note that the generalized vielbeins (4.10) and (4.16) are eigenvectors of the operator
@M@M . Indeed in the LR basis, they verify
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where the eigenvalues are ↵
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2 (�↵

2
i
2 ) in the left-moving (right-moving) sector corresponding

to the ladder currents, and zero in the Cartan sector. This means that the generalized
vielbein satisfies a modified version of the weak constraint, holding even when N 6= N̄ ,
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• For groups with non-simple roots we modified the bracket by cocyle tensor

where ⌦ABC vanishes if one or more indices correspond to Cartan generators and if
A,B,C are associated with roots, say ↵, �, �, respectively,

⌦ABC =

⇢
(�1)↵⇤� �↵+�+� if two roots are positive,
�(�1)↵⇤� �↵+�+� if two roots are negative.

This deformation accounts for the cocycle factors that were excluded from the CFT
current operators in (4.16) but, as discussed in section 2, they are necessary in order to
compensate for the minus sign in the OPE J↵(z)J�(w) when exchanging the two currents
and their insertion points z $ w (see Appendix B for more details). It was conjectured
in [18] that such factors would also appear in the gauge and duality transformations of
double field theory, and actually, they can be included without spoiling the local covari-
ance of the theory. Indeed, the cocycle tensor ⌦ABC satisfies the consistency constraints
of gauged DFT, namely [9, 10]

⌦ABC = ⌦[ABC] , ⌦[AB
D⌦C]D

E = 0 , ⌦ABC@
C
· · · = 0 , (4.20)

and it breaks the O(n, n) global covariance to O(k, k). Then, all the structure constants
of G can be obtained from (4.19) using the expression (4.16) for the generalized vielbein.

To see how this works for SU(3), it is convenient to recall the non-vanishing structure
constants in the Cartan-Weyl basis
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and similarly for the right sector, where y1
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, y2

R
are the coordinates associated to

the Cartan directions, and the only non-vanishing components of the cocycle tensor are

⌦123 = 1 , ⌦123 = �1 . (4.21)

Note that the generalized vielbeins (4.10) and (4.16) are eigenvectors of the operator
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where ⌦ABC vanishes if one or more indices correspond to Cartan generators and if
A,B,C are associated with roots, say ↵, �, �, respectively,

⌦ABC =
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(�1)↵⇤� �↵+�+� if two roots are positive,
�(�1)↵⇤� �↵+�+� if two roots are negative.

This deformation accounts for the cocycle factors that were excluded from the CFT
current operators in (4.16) but, as discussed in section 2, they are necessary in order to
compensate for the minus sign in the OPE J↵(z)J�(w) when exchanging the two currents
and their insertion points z $ w (see Appendix B for more details). It was conjectured
in [18] that such factors would also appear in the gauge and duality transformations of
double field theory, and actually, they can be included without spoiling the local covari-
ance of the theory. Indeed, the cocycle tensor ⌦ABC satisfies the consistency constraints
of gauged DFT, namely [9, 10]

⌦ABC = ⌦[ABC] , ⌦[AB
D⌦C]D

E = 0 , ⌦ABC@
C
· · · = 0 , (4.20)

and it breaks the O(n, n) global covariance to O(k, k). Then, all the structure constants
of G can be obtained from (4.19) using the expression (4.16) for the generalized vielbein.
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the Cartan directions, and the only non-vanishing components of the cocycle tensor are
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• For Td, is there a vielbein depending on Cartan coordinates only that satisfies 
algebra under ordinary bracket? 



!33

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1, 1)

2 �1,1

hV, V i = V t ⌘ V

✓

1

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1,�1)

2 �1,1

hV, V i = V t ⌘ V

✓

1

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1,�1)

2 �1,1

hV, V i = V t ⌘ V

✓

1

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1,�1)

2 �1,1

hV, V i = V t ⌘ V

k � ✓

1

k̃ � ✓0

�(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

bb

cc

ab

a

2

654321

17

19

7 8 10 11 12 13 14 15

16

18

9

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

2

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)
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(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as
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a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)
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↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’
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8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]

Node Fund region for �16 Fund region �8 ⇥ �8
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P16
n=1 A

2
n � 2� 2R2

[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1617

1819

(3.5)

6

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

2

E8 ⇥ SO(18)

AI = 0

A 2 �16

A 2 �c

A 2 �8 ⇥ �8

A = (08,�1
2 , (

1
2)7) 2 �0 ⇥ �c

A = (08,�1, 07) 2 �0 ⇥ �v

A = (07,�1, 08)

R2 = 1

R2 = 1/2

R2 = 1� p

32

A = (1, 015) 2 �v

A = ((14)p, 016�p)

E9�p ⇥ SU(9 + p)

E9�p ⇥ SO(16 + 2p)

��sp + k � k̃

SO(8)⇥ SO(8)

SO(8)⇥ SO(8)

SU(2)2 ⇥ SU(2)2

SU(2)3 ⇥ SU(2)3

SU(2)4 ⇥ SU(2)4

SU(5)⇥ SU(5)

SU(2)⇥ SU(3)⇥ SU(3)⇥ SU(2)

SU(3)⇥ SU(3)

SU(4)⇥ SU(4)

13

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8 � A9 � A10 � A11 � A12 � A13 � A14 �

A15 � A16

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8 � A9 � A10 � A11 � A12 � A13 � A14 �

A15 � A16

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8 � A9 � A10 � A11 � A12 � A13 � A14 �

A15 � A16

A16 � 1� A15

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

2

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8 � A9 � A10 � A11 � A12 � A13 � A14 �

A15 � A16

A16 � 1� A15

A7 � �A8

P
An  0

n = 1 16

P
A2

n
� 2(1�R2)

P
(An � 1

2)
2 � 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

2



!33

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1, 1)

2 �1,1

hV, V i = V t ⌘ V

✓

1

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1,�1)

2 �1,1

hV, V i = V t ⌘ V

✓

1

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1,�1)

2 �1,1

hV, V i = V t ⌘ V

✓

1

n

MP =
�~c
G

�1/2

`P =
�~G

c3

�1/2
= 10�35m

= 1019 GeV

�B

p
= nm(x̃m)p

�C

p
= mm(x̃m)p

MD�d ⇥ T d

MD�1 ⇥ S1

MD�d ⇥Md

TMD � T ⇤MD

TMD = TMD�1 � TS1

TM � T ⇤M

V 2 �(TS1 � T ⇤S1)

TM � TM̃

M = S1

MKK

2 O(d,d,R)
O(d,R)⇥O(d,R)

SO(17,1,R)
SO(17,R)

SO(17, 1,Z)

k = 1p
2
(1, 1)

k̃ = 1p
2
(1,�1)

2 �1,1

hV, V i = V t ⌘ V

k � ✓

1

k̃ � ✓0

�(k + k̃)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

b

ab

ab

aa

bb

cc

ab

a

2

654321

17

19

7 8 10 11 12 13 14 15

16

18

9

k̃ � ✓0

�(k + k̃)

|↵|2 = 2

↵0 = k � ✓

↵0
0 = k̃ � ✓0

↵B = �(k + k̃)

A1 + 1 � A2 � A3 � A4 � A5 � A6 � A7 � A8

A7 � �A8

P
An  0

P
A2

n
� 2(1�R2)

g, B,�

1, ..., 2D

H

H = EtE

y

x

@M( )@M( ) = 0

S =

Z
dX

✓
�@MNHMN +

1

8
HMN@MHKL@NHKL � 1

2
HMN@MHKL@KHNL

◆
(0.1)

x̃

p

p̃

{

a

2

Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]

Node Fund region for �16 Fund region �8 ⇥ �8
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8
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B A9 � A8

P16
n=1 A

2
n � 2� 2R2

[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]
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Alternatively, one can start from the extended Dynkin diagram of D̂16, i.e. the a�ne
SO(32) group, and add the overextended root ↵�1. Then one gets the diagram above
with one point missing, i.e.

↵0

↵�1

(3.2)

The complete diagram for �17,1 is obtained by adding the root � = ��sp + k� k, where
�sp is the highest weight of one of the two spinor representations of D16 (see [3] for more
details)

↵0

↵�1 �

(3.3)

The 17-dimensional moduli space of inequivalent S1 compactifications can be chosen
to be delimited by 19 boundaries, each of them associated with one of the nodes of the
generalized Dynkin diagram. Labelling the nodes with their natural labels in terms of
�8 ⇥ �8 as

B0123456 6’5’4’3’2’1’0’

7’7

8’8

(3.4)

a possible fundamental region for the moduli space is determined by the points satisfying
all of the following inequalities [Mariana: verificar!]

Node Fund region for �16 Fund region �8 ⇥ �8

1  n  6 An+1 � An+2 An+1 � An+2

7 A1 � �A2 A1 � �A2

8
P16

n=1(An � 1
2)

2 � 2� 2R2
P8

n=1 An  0
0 A8 � A7 A8 + 1 � A7

1  n
0  6 An0+9 � An0+10 An0+9 � An0+10

7 ’ �A15 � A16 � 1 A15 � �A16

8’
P16

n=1 A
2
n � 2� 2R2

P8
n0=1 An0+8  0

0’ A10 � A9 A10 + 1 � A9

B A9 � A8

P16
n=1 A

2
n � 2� 2R2

[Mariana: Aca esta comentado out en el latex la version anterior del

Dynkin y esta tabla]
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