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Exceptional field theory 11d: R+

IA: RT xRT

1B: SL(2) x R SL(2) x RT x R+

SL(2) x SL(3) x R+

' SL(5) x R*
+ Eyq reformulation of 11d/11B sugra (5) X
SO(5,5) x RT
- unify 11d/11B gauge symmetries (on ‘internal space)
E6 X R+
. no truncation!
E7 X R+
Eg X R+

Eq
|



why E, ?
- ExFTs suggest deeper structures (possibly) beyond supergravity, e.g.

— Locally geometric solutions & exotic branes
- generalised Scherk-Schwarz backgrounds violating section constraint

- Eyg covariant amplitude computations

The new structures appearing in lower D/larger Ey, might teach us something

y Eg +— classical /blllty of 2d (SU)gI’a (Through Inverse scattering / Riemann-Hilbert problem)

How are 11d/11B d.o.f. organised by co-dimensional group?

. solution generation via generalised Scherk-Schwarz

- natural framework for cod =2, 1 exotic objects

- warm up for Eqg, E11, Eg more tractable



Review of EXFT
Hidden symmetries in 2d (super)gravity
E, exceptional geometry

The dynamics



. Hull; Pires-Pacheco, Waldram; Hillman; Berman Perry; Coimbra, Str. Constable Waldram;
EXFT basics (upto Ez7)
N/

Berman Cederwall Kleinschmidt Thompson; Nicolai Godazgar Godazgar; Aldazabal, Grana,
Marques, Rosabal; Hohm, Samtleben; Ciceri Guarino GI; Cassani De Felice Petrini

Str.Constable Waldram; Cederwall Palmkwist; ......
Start from (e.g.) 11d supergravity
Fields:
dS%d metric
C(3) three-form
C(6) dual six-form
Gauge syms:

diffeomorphisms
)\(2> three-form gauge sym

)\(5) six-form gauge sym



Start from (e.g.) 11d and break Lorentz: SO(1,10) — SO(d) x SO(1,10 — d)

Fields: y X
QUV(X, )/) (11-d) dimensional metric
dstig ’
Mun (X, Y) scalars on =29 _
C(3) K(Eg(q))
dictionary* A/L\f (X, y)
Cee
(®) B! (X,y) - p-forms in Ey)irreps
pv X

NO REDUCTION!




Start from (e.g.) 11d and break Lorentz: SO(1,10) — SO(d) x SO(1,10 — d)

Fields: y X
5 Juv (X, )/) (11-d) dimensional metric
as
11d
Mun (X, Y) scalars on —4@
C(3) K(Eg(q))
dictionary* A/L\f (X, y)
Ceo)
B;JV(X7 y) - p-formsiin Ey irreps

NO REDUCTION!

Gauge syms:
6(1)
along internal M . . .
A (X, y) Generalised Diffeomorphisms
/\(2) manifold

(+ external diffeo & p-form gauge trfs)




Fields:
gIJV (X7 y)
Mun (X, Y)

AL(X, )

By (X, V)

Gauge syms:

A (x, )

Hull; Pires-Pacheco, Waldram; Hillman; Berman Perry; Coimbra, Str. Constable Waldram;
Berman Cederwall Kleinschmidt Thompson; Nicolai Godazgar Godazgar; Aldazabal, Grana,
Marques, Rosabal; Hohm, Samtleben; Ciceri Guarino GI; Cassani De Felice Petrini
Str.Constable Waldram; Cederwall Palmkwist; ......

Generalised Lie derivative: rigid eqa+R variation

¥
£A¢ — /\M 6M¢ ‘|_ ]P)O{MN 6M/\N 60{¢
T

eq(dytR projector



Fields:
glJV (Xa y)
Mun (X, Y)
Alxy) 0 ®

By (X, V)

Gauge syms:

A (x, )

Generalised Lie derivative: rigid eqa+R variation
\
E/\(;b — /\M aM(b + IP)O{MN aM/\N 60{¢
1

eq(gytR projector

(L5 La) = L, & Y"™eq oyl) oy(.) =0

section constraint

Om = (5pm» 0,+-,0) WO (maximal SOlutions: 11d & 1B

(massive 1A via deformation or non-geom. generalised Scherk-Schwarz)

(we'll get to the dynamics directly for E,)



Hidden symmetries in 2d (super)gravity




Hidden symmetries in GR

4d

~ d) N
26 3d
y e g | %A,

KK e?A, e2?

- /

3d



Hidden symmetries in GR

4d
e N .
y e gl e?A, | s duxdA=0 = xdA=dE
9w =
KK e?A, e2¢ .

~ ~ E+ie?

H_/
local action of SL(2) Ehlers group

3d



Hidden symmetries in GR

4d
~ N .
y e gl e?A, | s duxdA=0 = xdA=dE
v =
KK e?A, e2¢ -
- / 6—1— 1€
H_/
local action of SL(2) Ehlers group
3d
e | N
P e
g — :
KK ad e2¢ e¢’A3
L e?A; | e?

2d



Hidden symmetries in GR

4d
~ N .
o | eal ePA | I dxdA=0 = xdA=d¢
9w =
KK e?A, e2¢ -
- Y 6—1— 1€
H_/
local action of SL(2) Ehlers group
3d
e | N
Ny |
g'd = N |
KK o e | ebp, | > dE = xdA, E+ie?
H_/
e?A, | e
- ’ < local SL(2);

2d



Hidden symmetries in GR

4d
- N .
o | eal ePA | I dxdA=0 = xdA=d¢
9o =
KK e?A, e2¢ -
- Y 6—1— 1€
H_/
local action of SL(2) Ehlers group
3d
e | N
ey |
g |
K fv e | etal | s dE = xdA, Etiet
A, | e
~ e local SL(2)¢
local action of SL(2); T2 structure
2d

——

SL(2)g 'x" SL(2); = SL(2) loop group oo-dim.




2d maximal sugra & the linear system

———

« SL(2) realised on ooly many dual scalar fields extending ¢ and A,

———

 Maximal sugra: SL(2); becomes Egg), SL(2) becomes (roughly) Eq

« Symmetries & (most of) dynamics captured by first order relations



2d maximal sugra & the linear system

Field content:

Juv = e?0 Ny (conformal gauge)

p € GL+(1) (internal volume)

Ve, € Eg(5)/50(16) Ve, (X) — h(X) Vi, (X) g



2d maximal sugra & the linear system

Field content:

Juv = e?0 Ny (conformal gauge)

p € GL+(1) (internal volume)

S0(16) Es(s)

Ve, € Eg(5)/50(16) Ve, (X) — h(X) Vi, (X) g
- _ ot

s Jo, = Mg'dM,, (Meg =V, \/98)

EOM: dxdp =20 cl*(pjeg) =0 o0 eom not displayed



2d maximal sugra & the linear system

Field content:

Juv = e?0 Ny (conformal gauge)

p € GL+(1) (internal volume)

s0(16) Ess)
Ve, € Eg(5)/50(16) Ve, (X) — h(X) Vi, (X) g
_ - b
s Jo, = Mg'dM,, (Meg =V, \/98)
EOM: dxdp =20 cl*(pjeg) =0 o0 eom not displayed

§ §

dp = *dp dy, = %*(pjeg)



2d maximal sugra & the linear system

Field content:

Juv = e?0 Ny (conformal gauge)

p € GL+(1) (internal volume)

50(16) Ese)
Ve, € Eg(5)/50(16) Ve, (X) — h(X) Vi, (X) g
_ T
s Jo, = Mg'dM,, (Meg =V, \/98)
EOM: dxdp =20 cl*(pjeg) =0 o0 eom not displayed
dp = =dp dy, = %*(pjeg)

~ oo-|
de — %p2jeg_|_ pp *je8_|_ %[dyh y1] y many

dual scalar fields




2d maximal sugra & the linear system

EOM:  dxdp =0 dx(pl,) =0

! !
dp = =dp dYs = 1x(ple,)

~ oo-|
dYs = 1p%e + pp o+ 2[dY1, V1] s

dual scalar fields

Vi) € — Viw) = Ve +w 'V +w2V, + . we C

=V, oW Y WY,
8



2d maximal sugra & the linear system

FOM:  dsdp =0 dx(pl,) =0

U U \/blllty
dp = dp dYs = 1x(ple,)

de 2,02198_'_ ,O,O *je dY’|, Y’l]

V(w) € — Viw) = Vo +w 'V, +w™V, +

=V, oW Y WY,
8

co-ly many

dual scalar fields

w e C

(AVVY (W) = ¢dV, Ve +6(dVe Vo)t +cax(dVe Vo) + ¢ x(dVe V') '



2d maximal sugra & the linear system

FOM:  dsdp =0 dx(pl,) =0

U U \/blllty
dp = dp dYs = 1x(ple,)

de 2,02198_'_ ,O,O *je dY’|, Y’l]

V(w) € — Viw) = Vo +w 'V, +w™V, +

=V, oW Y WY,
8

co-ly many

dual scalar fields

w e C



2d maximal sugra & the linear system

Viw) € — Viw) = Vo +w 'V, +w™V, + ...

Wnr~ +00

Ve eVV_1Y1 eW_zyz
8

2
_V2 ’I_y2 _VZ
dy T+ y? %
(W) =
s W= 5 dp+ * dp

we C



2d maximal sugra & the linear system

V(w) € — Viw) = Vo +w V) w2V, + ... weC

W +00 — 2
— \/eg e Y eV Y, ...

ES(8>

Vix w) S5 h(x, w) Vx, w) o(w)
p(X) i> AO p(X) (also acts on V) E9
e & Aed(x)




2d maximal sugra & the linear system

V(w) € — Viw) = Vo +w V) w2V, + ... weC

W +00 — 2
— \/eg e Y eV Y, ...

(dVV)(w) = Lyzc/\/eg\/e—gw1 (dVp, Ve )T ; [(dv Vo) +x(dV v—)J
_ _y -
dy + v %
dp
VO, W) = h(x, w) V(x, w) g(w)
L4 »
p(X) i> AO p(X) (also acts on V) E9 5 p_|_A_1
e & Aed(x)



Generalised diffeomorphisms for E,




Generalised diffeomorphisms for E,

© ¢9 Is an affine Kac-Moody algebra over egg:

B
T ~WITR [T Tyl = 28 Thin + M8 6K
- classical algebra Is extended by central charge K
and derivation 5
de~ Ly~ —wW— Ly, Th] = —mT,

ow



Generalised diffeomorphisms for E,

© ¢9 Is an affine Kac-Moody algebra over egg:

B
T~ WITe [Ths Tal = 28 Than + m N2 6K

- classical algebra Is extended by central charge K

and derivation

0
dea Ly~ —Wm Ly, Th] = —mT,

. . 0
. associated Virasoro algebra L, ~ —w™*’ o

- (Basic) highest weight reps ~ V™|e,):  Tms0/0) =0, K|0) = ]0)



Generalised diffeomorphisms for E,

© ¢g Is an affine Kac-Moody algebra over egg:

B
T~ WITe [Ths Tol = (8 Than + MmN 6K

- classical algebra Is extended by central charge K

and derivation

0
dea Ly~ —Wm Ly, Th] = —mT,

. . 0
. associated Virasoro algebra L, ~ —w™*’ o

- (Basic) highest weight reps ~ VM|e,):  Tms0/0) =0, K|0) = ]|0)

!

EXFT generalised vector



Generalised diffeomorphisms for E,

- generalised vectors VM & derivatives 9,

Ly VM = AVo VM — M PoapAd VN — (3 AWM

- P, projectsonto  Tp,, K, Ly =~ ¢

¢ SeCUOn POMPNQaM ® a,\, — @M ® @N + a,\, ® 6/\/, = O

solved by only finitely many 9,,: 11d or IIB supegravities



Generalised diffeomorphisms for E,

- generalised vectors VM & derivatives dy

Ly VM = AVo VM — M PoapAd VN — (3 AWM

- P, projectsonto  Tp,, K, Ly =~ ¢

¢ SeCUOn ]P)OMPNQaM ® a,\, — aM ® @N + a,\, ® 6/\/, = O

solved by only finitely many 9,,: 11d or IIB supegravities

[‘C’/\1 "C/\z ]%L"An



Generalised diffeomorphisms for E,

- generalised vectors V" & derivatives 9, & constrained 3"

LasV" = AWM —BM PO apAd VY — (0 AWM — 1 M P s W

!

on section
- P, projectsonto  Tp,, K, Ly =~ ¢

- P, projectsonto T4, K, L .

solved by only finitely many 9,,: 11d or IIB supegravities

. $M ) —
M, restores closure: L s Las,) = La,s,



Generalised diffeomorphisms for E,

Interpretation in D=3 Eg ExFT  Starting from 11d sugra

dsfg
Ci)
C(e)
hesy dual graviton: Rl(iznfza)r — d heiy d d Rl(igle;;r =0

= *Ei /’7(”1) EI = C_i h(8|‘|) a




Generalised diffeomorphisms for E,

Interpretation in D=3 Eg ExFT  Starting from 11d sugra

dsig -
Ci3) ; Mun(x,y) € 50015}

Co) |
hg)n J Wn—1, .. s dualto Kaluza-Klein A}

- Y, necessary for Eg covariance

- Al necessary for gauge covariance Dy = 9y — Ly,

ol
2 8ym



Generalised diffeomorphisms for E,

Interpretation in D=3 Eg ExFT  Starting from 11d sugra

dsig -
Ci3) ; Mun(x,y) € 50015}

Co) |
hg)n J Wn—1, .. s dualto Kaluza-Klein A}

- ,, necessary for Eg covariance

- Al necessary for gauge covariance Dy = 9y —

need extra gauge symmetry: @, — W, +2m



Generalised diffeomorphisms for E,

Interpretation in D=3 Eg ExFT  Starting from 11d sugra

dsig -
Ci3) ; Mun(x,y) € 50015}

Co) |
hg)n J Wn—1, .. s dualto Kaluza-Klein A}

- ,, necessary for Eg covariance

- Al necessary for gauge covariance Dy = 9y — La, g,

need extra gauge symmetry: @, — W, +% M



Generalised diffeomorphisms for E,

Interpretation in D=2 Eg EXFT

V = Ve eymTAw eyzATAz ..
8

All dual to V,,

E, covariance requires all Y4 on equal footing

Those without standard higher-dim. origin are gauged away by ZMM



Field content of E, EXFT

. scalar fields: V= eXKplhebay el el ..
8

generalised metric M = PTy

& currents J, = MD,M Ty = Moy M
- vector fields: AIAJ/' BS”M

give gauge-connection for generalised diffeomorphisms: D, = 9, — L,p

y

. some extra objects will appear later



E, EXFT dynamics | — The potential

capturing 11d & IIB dynamics for (x°, x')-independent configurations



The potential

Standard expression for V(M,dy)  (detM =1, gy in Einstein frame)

Killing-Cartan metric

1 1 .
V(M, Oy) = ZMMNnO{BjMO(jMB _ EMMNJPQJQBTO(QMTBPN + 3,y external metric



The potential

Standard expression for V(M,dy)  (detM =1, gy in Einstein frame)

Killing-Cartan metric

1 1 .
V(M, Oy) = ZMMNnO{BjMO(jMB _ EMMNJPQJQBTO(QMTBPN + 3,y external metric

- Y invariance requires extra non-generic term (as done in D=3)

. ﬂ lnvariant r]OfB for j/\/l € ¢g P L:|:1 < associated with p

for brevity, set p =0 (J €¢y) <—— partial gauge-fixing of ¥ trfs



The potential

- > Invariance of potential requires one more ingredient

. A m TA m+1
recall Ty ~whTg L, ~—w""19,

- multiplication by w:

In = WP Ty = 5p(T)

Sp(Tﬁv) = Tf\n+p Sp(Lm> =Lmyp



The potential

- > Invariance of potential requires one more ingredient
. A A +1
recall Ty ~whTg L, ~—w""19,

- multiplication by w:

In = WP Ty = 5p(T)

Sp(Tﬁv) = Tf\n+p Sp(Lm> =Lmyp

- S, Is not ey Invariant: [Ta, Sp] ox K <—— notuvisible in w presentation (K ~ 0)

p

- define a shifted current, reinstate K component:

Tu' = S4(Tu) + XuK O X = . — [T, S4[(T)

!

on section Xu expected from ExFT tensor hierarchy!



The potential

1 1 -
pV(M, Ou) = ZMMNUO{BJMaJMB - EMMNJPGJQBTO{QMTBPN +p'oyp oy MMN

1

« E, & gendiffeo invariant
« Reproduces 11d & IIB dynamics for (x°, x") - independent configurations

« Completedto p # 0: lack of invariant n®f compensated by x,,



E, EXFT dynamics Il = Twisted selfduality & full dynamics




Completing the dynamics

Full dynamics encoded in Eg invariant pseudoaction

pseudo

S =S5 + VM, o)

6S=0 U twistedsd. — ExXFT EOM



2d dynamics & twisted self-duality o, =0 for now

Recall the linear system (dVe, Vo' = Qsopre) + Pe,)
_ T+y 2y
(dVV 1)<W> — Q50(16) + 12 'De8 + 1— 2 >I<Pe8
dy T+ Y
— (W) =
v< ) 1=y PTITy xdp

+ how to write It Eq covariantly?

- how to write it in highest weight rep?



2d dynamics & twisted self-duality o, =0 for now

geometric series



2d dynamics & twisted self-duality o, =0 for now

(W) "ET 0+ 2y 2y i+ ) dp 4+ vy L) dp

W—+00

V(w) — W+ Co+C W+ ow i

T

asymptotics



2d dynamics & twisted self-duality o, =0 for now

(W) "=+ 2y 2y i+ ) dp 4+ vy L) dp

W—+00

V(W) — CWHCo+C W +C w2+

~ e(P3L—3 e(PzL_z e(P1L_1 pLo W L = _Wm+1aW

%/—/
r—’l



2d dynamics & twisted self-duality o, =0 for now

drr—" = (Lg4+2L,+2L ,+..) dp+ L, +2L 5+..) xdp

W—+00

y(w) — cWHCco+C W HC w4

~ e(P3L—3 e¢2L_2 e(P1L_1 pLo W L = _Wm+1aW

-~
r—’l



2d dynamics & twisted self-duality o, =0 for now

writable in h.w.r.

*xp = —p = S_4(p) p=drr=" 4 (drr—=ht

drr—" = (Lg4+2L,+2L ,+..) dp+ L, +2L 5+..) xdp

W—+00

y(w) — cWHCco+C W HC w4

~ e(P3L—3 e(PzL_z e(P1L_1 pLo W L = _Wm+1aW

-~
r—’l



2d dynamics & twisted self-duality o, =0 for now

the dilaton sector:

[ = p_Lo e*%Lw e*(Pszz - p= dr |——1 + (dr |-—1)T

*p = S_4(p)

the full system:

Y = e Kplog @il 0l ... V., oViaTh oVoaTa . J € ey @ vit
%/—/ %/_/
r V
y

*xJ = S1(J) + xK

f

multiplication by y



2d dynamics & twisted self-duality o, # 0

Y = e oK p—Lo ol o=l .. Ve erTﬁ eyzAﬂz
8

In EXFT (9,, # 0), ©,, must be gauged away



2d dynamics & twisted self-duality o, # 0

Y = e oK p—Lo ol o=l .. V, eY1AT§1 eyzAﬂZ
8

In EXFT (9,, # 0), ©,, must be gauged away

Generalised diffeomorphisms can be extended exactly in the right way:



2d dynamics & twisted self-duality o, # 0

Y = e oK p—Lo ol o=l 5 . V, erTZ eyzAﬂZ
8

In EXFT (9,, # 0), ©,, must be gauged away

Generalised diffeomorphisms can be extended exactly in the right way:
E—IP’_zM,\,PQ Z(z)Qp VN1 gauges L,

I
:—P_M P 2(3)013 VN 1 gauges L,
I

vector fields AI/JV' BZ)M,\, give gauge-connection: 7, = M7, — L,5) M



2d dynamics & twisted self-duality o, #0

vector fields Aﬁ BZ)M,\, give gauge-connection: J, = M‘“(au—ﬁAB)M

+J = S4(J) +RK



2d dynamics & twisted self-duality o, #0

vector fields Aﬁ BZ)M,\, give gauge-connection:  J, = M‘“(au

+J = S4(J) +RK

gauge-fixing ,, = 0, there is a more economical formulation

stripped of B, fields

eo vValued only

\’
x] —xB = 5_, (/—M_1BM)—I—)?K

/I\

¢ @ L_, valued only (really = P_,B)

related to B by projection + non-covariant redefinition

Makes contact with E,; EXFT & tensor hierarchy algebra



Completing the dynamics

Full dynamics encoded in Eq invariant pseudoaction
pseudo

S = Stopol.(+|<inetic) + fV<M> a/\/l)

6S=0 U twistedsd. — EXFT EOM

Most of SPseude found applying S..(-) to J's Bianchiid.

DT +J NJ = vector field strengths

and completing to an ¢y scalar density
P50 [ DX+ T AT +PAX AxuF" + ...

Details depend on covariant vs. E,,-inspired approach



Concluding

We have discussed the basics of Eq EXFT
« several new structures appear compared to finite dimensional duality groups

« the full dynamics are mostly in place

And then...?

« perform generalised Scherk-Schwarz
- covariant formulation of 2d maximal gauged supegravity
- find its most general gaugings & its scalar potential

- solution generation (AdS,, exotic branes, affine U-folds)

« What does the 11d / 1IB embedding into E4 EXFT teach us?



