Exact Holography from Integrability

m Ziirich

Image credits: Scientific American.
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The AdS/CFT correspondence

String theory on AdSp.1 is mapped to a D-dimensional conformal field theory.
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The AdS/CFT correspondence

String theory on AdSp.1 is mapped to a D-dimensional conformal field theory.

Some famous examples:
o AdSs x S° superstrings / N = 4 SU(N) super-Yang-Mills.
e AdS; x CP3 superstrings / ABJM theory.
@ AdS3 x S3 x M, superstrings / SCFT,.

In general, many parameters. Simplest case is N = 4 SYM:
1
m.

The correspondence is natural when N — oo, but A can be arbitrary.

(gY/\/h N) — ()‘:g\%I\/INa
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Large-N Yang-Mills theory

If 1%(x) = [¥(x)]'; are “gluons”, consider ['t Hooft]

O(x) = Cayra Tr[001 -] (x) .
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O(x) = Cayra Tr[001 -] (x) .

i
propagator: @Dij_wji vertex (e.g.): ¢"j*1/;jk

We want to compute some oservables. (O(x)) = 0. (but see [de Leeuw, Kristjansen, Zarembo, . ..])
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Large-N Yang-Mills theory

If 1%(x) = [¥(x)]'; are “gluons”, consider ['t Hooft]

O(x) = Cayra Tr[001 -] (x) .

ik
propagator: v’ ; IR 1))’ vertex (e.g.): 1/1"1"1/;]"

We want to compute some oservables. (O(x)) = 0. (but see [de Leeuw, Kristjansen, Zarembo, . ..])

Q

_ 0AB _
(Oa(x1)08(x)) = X1 — X2’2AA()\,N) -

Q
++..'
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The planar two-point funtion

1)
(Oa(x1)08(x2)) = m + O(1/N?).

In the gauge theory we can perturbatively compute, for a generic operator Oy,

Aa(n) = AD 4 anl) 4324 4
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The planar two-point funtion

1)
(Oa(x1)08(x2)) = m + O(1/N?).

In the gauge theory we can perturbatively compute, for a generic operator Oy,

——————

Aa(n) = AD 4 anl) 4324 4

In string theory, we get the propagation of a closed-string state V4.

A perturbative computation from the string NLSM gives

1 1
Ba(A) =V (A[/[\)] + ﬁA[j] + XAE] +. ) + O(1/N?)
String-spectrum computation depends on ! ggtri“g
ing- u utati o~ _
§EpEEHAT ComPURHOn SR VA R
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Three-point functions

Three-point functions are also hugely constrained in terms of C(\):

(Oa()05(2)0c(a)) = 57— X2|2AAB|X1CfiZszA)AC‘X2 e + OUN?)
C Y
(Oa(x1)0B(x2)Oc(x3)) = + O(1/N°)
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Four-point functions

Four-point functions instead depend on conformal cross-ratios

X12X34 X14X23
1 -7:ABCD<7X or X ;>\>
(0a(x1)08(x2)O0c(x3)0p(xa)) = 55— 13724 374~ 4 O(1/NY)
H |XJ _ Xk‘2AABCD[I':k]
i<k
'l..’ N>
(Oa(x1)0B(x2)Oc(x3)Op(xa)) = + O(1/N*)
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© Integrability for the planar two-point function
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The string non-linear sigma model (NLSM)

)

R
We want to find the energy spectrum of strings, £ = /daPO, where P, = SoXA
0

R
S= f/dT/ |g]g‘“’GJK(X)+e‘“’BJK(X))8MXJ8,,XK + fermions
0
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@ For our backgrounds, the action is classically integrable.
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The string non-linear sigma model (NLSM)

R
We want to find the energy spectrum of strings, £ = /daPO, where P, = 635%
0 T
400 R
S=VX / dT/dO'( |g]g‘“’GJK(X)+e‘“’BJK(X))8MXJ8,,XK + fermions
—o0 0

For our backgrounds, the action is classically integrable.
@ Has reparametrisation invariance (and k-symmetry).

@ Needs to be gauge-fixed before studying it at quantum level.

Fix light-cone gauge so that R = R-charge, and the Hamiltonian is H,, s ~ E.
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Factorised scattering for R — oo

At the quantum level, integrability means scattering factorisation. [Zamolodchikov?]
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P1 P2
—_—
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Factorised scattering for R — oo

At the quantum level, integrability means scattering factorisation. [Zamolodchikov?]

p2 P1
i = =
P1 P2
> “Yang-Baxter equation”
o
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Bootstrapping the S matrix

In these integrable theories, it is enough to find S(p;1, p2) — a 256 x 256 matrix.
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Bootstrapping the S matrix

In these integrable theories, it is enough to find S(p;1, p2) — a 256 x 256 matrix.

[Q(pla p2)a S(Pla P2)] = 07 S ST =1 ’ ss—channel = St—channel P
fix S(p1, p2) uniquely (almost). This fixes all scattering.

The Hamiltonian H can be computed at 7 = —o0, where particles are well-separated.

n

Hipy....pa) = S w(p) lpr. - pn)
j=1

where w(p) follows from symmetry too.
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The Bethe Ansatz

A discrete spectrum appears when R is finite. Naively:
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The Bethe Ansatz

A discrete spectrum appears when R is finite. Naively:

1 particle: .
ePR=1,  H=uw(p)
2 particles:
ePRS(pr,p2) =1, ePRS(po,p1) =1,  H=uw(p)+w(pa).
n particles:

3>

n
eikaHS(pk,pj):l’ k:l,_..n, H= w(pj)
J#k
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The (infamous) wrapping corrections

We assumed that the particles are “well-separated”. This is an approximation when R is finite.

[Liischer] [Ambjgrn, Janik, Kristjansen]
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The (infamous) wrapping corrections

We assumed that the particles are “well-separated”. This is an approximation when R is finite.

[Liischer] [Ambjgrn, Janik, Kristjansen]

e~ w(pw)R +...
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Again on wrapping

Perhaps a more familiar idea is that we “cut” the cylinder by inserting

1= 1+Z’PW><pW‘ + Z ‘PW,PW'><PW;Pw" +..

w,w’
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Again on wrapping

Perhaps a more familiar idea is that we “cut” the cylinder by inserting

1=1+4 3 1Pu) (Pl + D 1P Pur}Purs Pur [+ -

w,w’

|pw)e PR 4
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Finite-volume spectrum
The finite-volume spectrum comes from the thermodynamic of a “mirror theory” (o <> 7).

[Yang?] [Zamolodchikov] [Arutyunov, Frolov] [Gromov, Kazakov, Vieira] [Bombardelli, Fioravanti, Tateo] [...]

C. Marboe, D. Volin / Nuclear Physics B 899 (2015) 810-847 831

L s 1366 s (A = 47°g?)
A=4+12g" —48g* +336° + g®(—2496 + 576 3 — 1440¢s)
+819(15168 4 6912 3 — 5184 7 — 8640 ¢5 + 30240 ¢7)

+g'2(~7680 — 262656 ¢3 — 20736 ¢3 + 11232085 + 155520 &3 ¢s

+75600¢7 — 489888 o)

+g'(—2135040 + 52300803 — 4216327 + 1244165 — 229248¢s

+ 411264 355 —993 6004“52 —1254960¢7 — 1935360¢3 &7 — 835488 &y
+7318080¢411) + ...

15/33



Plan

© Tackling three-point functions
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Cutting up three-point functions

Three-point functions have strange topology. .. What is R — 007 [Basso, Komatsu, Vieira]

C O R
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Cutting up three-point functions

Three-point functions have strange topology. .. What is R — 007 [Basso, Komatsu, Vieira]

7 T,

J
\ / J /

| [
- - \/

—>
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The “hexagon operator”

Each patch has six edges. QFT interpretation? [Basso, Komatsu, Vieira]

18/33



The “hexagon operator”

Each patch has six edges. QFT interpretation? [Basso, Komatsu, Vieira]

\ J / ~ | W
I / I '
f”—-_--.\\ r—l
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The “hexagon operator”

Each patch has six edges. QFT interpretation? [Basso, Komatsu, Vieira]

(h|p)

U
—_— e
X

This is the computation of a form factor (h|p) for the non-local “hexagon” operator.
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The form-factor bootstrap

We want the form-factor (h|.

o 1 particle: (h|p) has 16 entries.
e 2 particle: (h|p1, p2) has 256 entries.

e n particles: (h|py,...p,) has 16" entries.
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The form-factor bootstrap

We want the form-factor (h|.

o 1 particle: (h|p) has 16 entries.
e 2 particle: (h|p1, p2) has 256 entries.
e n particles: (h|py,...p,) has 16" entries.

Symmetry plus compatibility with S(p1, p2) fixes (almost) uniquely

(h(p) and (h|p1, p2)

Factorisation gives arbitrary (h|p1,...pn).
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“Asymptotic” three-point functions

Using our knowledge of (h|, we may compute “aymptotic” correlators. For instance, take

O, O3 protected (BPS), O1 generic.

20/33



“Asymptotic” three-point functions

Using our knowledge of (h|, we may compute “aymptotic” correlators. For instance, take

O, O3 protected (BPS), O1 generic.

7 e AR

ZW(a,B)\ Ve /

{pj}=auUp , /

|

Q

p1 P2 O1
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“Asymptotic” three-point functions

The previous recipe must be corrected due to wrapping. Simplest correction:

M~ M

Z W(a, B) Z/dpe—w(P)Rw \ v / % \ v / +
{pi}=aUB | /’p p ,‘ /
N, N

(67

Now we must add corrections along every cut.
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Some examples
This gives correct results, but breaks down eventually due to wrapping.
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Some examples
This gives correct results, but breaks down eventually due to wrapping.

w

.
0

C
C

oo
o0

)2 for twist L = 2, bridge £ = 1 and spin s

o D o= b2

(

L
70
L

924
1

] f—

g+ (7T+3G)gt — (48 + 8C + 25¢5)g% + ...

(34—%(5)964-...

7197 | 520003 35 6
C3+mg5)g +...

205 2 76393 |, 5~ \ .4 (242613655 , 1315

— 169 T (74088 + HC3) g ( 28005264 T 1323
553 2 880821373 7 4 136427575

— 511509 T (8624880000 + m@) 9 - (142310520

14380057 5944825782678337 761

—(

1

_ 2_|_(
12870 ISUSGUISUUUg 682443241880400000

T58072803634287465765957 15248925343

761 6
S6073S3632510733010000000 "+ Z81067253500063 + F6035%5) 9° + - -

4
+ 300300 g-‘*) 9

0000 + 6534000

3313402433 171050793565932326659

671

—(

_ 2
184756 559838591052009 + (248804677619932936320000
11482697774339

9135036882706194334305789554347

4
+ 3527160 C3) g
3355

1243961012766985364412864576000000

6
+ 35‘269831481976000C3 + 21]6296(:5) 9+

[Eden, AS] [Basso, Komatsu, Goncalves, Vieira]
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No exact method exists

[Eden, AS] [Basso, Komatsu, Goncalves, Vieira]

here!
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Four-point functions and position dependence

To tackle n-point functions, we need dependence on xi, ... X,.
O2(x2) \/,\703()(3) Consider an hexagon at points xi, x2, x3.
\ /
| [ 01(x)
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Four-point functions and position dependence
To tackle n-point functions, we need dependence on xi, ... X,.

O ()" lu'\703(X3)
\ /

l L / O1(x1)

Consider an hexagon at points xi, x2, x3.

The excited object must transform as a vector

L b (as)
(Vi:23) C(x2)’(x2)y (x3)Y(x13)s

This allows to associate weights to excitations on the hexagon, [Eden, AS] [Fleury, Komatsu]

+
X23
F I
X12 X13

0:8i—>

Add one excitation 9" with Lorentz charge.
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Four-point function tessellation
We need to “cut open” the four point function. Two options:

1. Cut into two three-point functions. [Basso, Coronado, Komatsu, Lam, Vieira, Zhong]

2. Cut straight into hexagons. [Eden, AS] [Fleury, Komatsu]
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Four-point function tessellation
We need to “cut open” the four point function. Two options:

1. Cut into two three-point functions. [Basso, Coronado, Komatsu, Lam, Vieira, Zhong]

2. Cut straight into hexagons. [Eden, AS] [Fleury, Komatsu]

S AN T V\OMV“\\T\/
B \\_/' | — N \ // | \\
S 1%y l \

U\) /NW* k// \/ I/‘\/\/

Caveat: more cuts = more wrapping!
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Higher-genus and higher-point functions

More complicated tessellations can describe non-planar observables.

Example: torus four-point function. [Eden, Jiang, le Plat, AS] [Bargheer, Caetano, Fleury, Komatsu, Vieira]
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The AdS;/CFT, parameter space

This setup has half of the supersymmetry of AdSs x S°, and more parameters.
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The AdS;/CFT, parameter space

This setup has half of the supersymmetry of AdSs x S°, and more parameters.

Special points
@ large tension (sugra)
@ NSNS flux only (WZW model)

Integrability

Integrability holds in general.

Can tune string tension and RR/NSNS fluxes.

[Babichenko, Stefanski, Zarembo] [Borsato, Ohlsson-Sax, AS] [...]
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The pure-NSNS points

The spectrum for the level-k WZW models is simple [Maldacena, Ooguri]

E(m....nn) ~ \/R2 4+ 2k(m + -+ o) — R
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The pure-NSNS points

The spectrum for the level-k WZW models is simple [Maldacena, Ooguri]

E(m....nn) ~ \/R2 4+ 2k(m + -+ o) — R

In integrability, this is reflected in the simple S-matrix and dispersion [Hoare, Tseytlin] [Baggio, AS]

S(p1,p2) = PP 1, wu(p) = | oop+ .

)=,
—%pl p>  p1 left-mover, p, right-mover

®(p1, p2) = —i—%pl p>  p2 left-mover, p; right-mover
0 else

29/33



The Bethe ansatz (dirty derivation)

P+l

k
O(p1, p2) = £—p1p2, wu(p) = ‘%

2w
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The Bethe ansatz (dirty derivation)

k
® -4
(p1, p2) 5-P1P2; wy,

We write the usual Bethe equations [Baggio, AS] [Dei, AS]

_W2wp+“‘

N
| LT R ES P P PSP
ki i
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The Bethe ansatz (dirty derivation)

k
® -+
(p1, p2) 5-P1P2; Wy

We write the usual Bethe equations [Baggio, AS] [Dei, AS]

- ‘27TP+M‘

N
PRI S(pp) =1 =  pR+Y O(p,p)=2rn, neZ
k#j J

Introduce the notation: pj— = "left”, p; = "right”, and pt = iji

k
pji<R = §P¢) = 2mn;
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The Bethe ansatz (dirty derivation)

k
® -4
(p1, p2) 5-P1P2; wy,

P+l
We write the usual Bethe equations [Baggio, AS] [Dei, AS]

_‘277

N
PRI Spp)=1 = PR+ ®(p.p) =21, n€Z
k#j J

Introduce the notation: pjr = “left”, p; = “right”, and P* = iji

k
+
Sum over j, use that P* + P~ = 0 and introduce N'* = N~

pi(R_F%Pi):mrNi, H%Ez\/R2+2k(N++N_)—R
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The spectrum from integrability

The integrability construction reproduces the short-string spectrum. [Baggio, AS] [Dei, AS]

@ TBA can be solved exactly (!!)
@ Wrapping effects can be resummed explicitly.
@ “Spectral flow” is automatically implemented.

@ Can be done for AdS3 x S3 x T% and AdS; x S3 x S3 x St
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The spectrum from integrability

The integrability construction reproduces the short-string spectrum. [Baggio, AS] [Dei, AS]

@ TBA can be solved exactly (!!)
@ Wrapping effects can be resummed explicitly.
@ “Spectral flow” is automatically implemented.

@ Can be done for AdS3 x S3 x T% and AdS; x S3 x S3 x St

Ideal testing ground for higher-point functions?
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Conclusions and outlook

o Integrability can be used to compute non-protected observables.

@ The spectrum can be studied in detail using thermodynamic Bethe ansatz.

[Ambjgrn, Janik, Kristjansen | [Arutyunov, Frolov] [Gromov, Kazakov, Vieira] [Bombardelli, Fioravanti, Tateo]

Higher-point functions and non-planar observables can also be studied.
[Basso, Komatsu, Vieira][Eden, AS][Fleury, Komatsu] [Eden, le Plat, Jiang, AS][Bargheer, Coronado, Caetano, ...]

@ Wrapping effects need to be tamed.

[Basso, Coronado, Komatsu, Lam, Vieira, Zhong] [de Leeuw, Eden, Jiang, le Plat, Miieller, AS ]

AdS3/CFT, may be an ideal ground to do this.
[Hoare, Tseytlin] [Lloyd, Ohlsson-Sax, Stefanski, AS] [Baggio, AS] [Dei, AS]
(On top of being hugely interesting by itself.)
[Giribet, Hull, Kleban, Porrati, Rabinovici] [Dei, Eberhardt, Gaberdiel, Gopakumar]
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