The Gravity/Coset Conjecture and a Possible

Algebraic Description of Emergent Space

Thibault DAMOUR
Institut des Hautes Etudes Scientifiques

work with
Hermann Nicolai, Axel Kleinschmidt, Marc Henneaux, ...

Nicolai Fest, 6—8 September, 2012
AEIl, Golm

Thibault Damour (IHES) Gravity/Coset 6/09/2012 1/33



Gravity/Coset Correspondence

E;o : Damour, Henneaux, Nicolai '02;
related: Ganor ‘99 '04; Eq1 : West '01
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Gravity/Coset Correspondence
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Idea: Two ‘dual’ or ‘complementary’ descriptions
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The ‘singularity’ is ‘resolved’ by the effective ‘disappearance’ of space, and
the replacement of dynamical fields, gj(t,x), Aj(t,x),... by a Lie-algebraic

variable g(t) € E10/K10
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Eip Dynkin Diagram (= Cartan Matrix)

10
O—O0—""O0—""0O0O—"C0C—""0O0—"0—""0——=0
1 2 3 4 5 6 7 8 9

Figure: Dynkin diagram of Eyo with numbering of nodes.

Here, leftmost Eqq “hyperbolic” node labelled 1 J
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Eio Root Diagram
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Kinematics on Coset G/K

V(t) € G/K
v=20VV ' €Lie(G)

decomposed into v = P + Q where

1 .
P =M = S(v+ vT) : ‘coset velocity’

Q = v™ism — —(y — 7). ‘K angular velocity’

N =

Coset Action :

coset __ i 1
o= [ o 7 (PP

n(t) : coset lapse — constraint (P(t),P(t)) =0

V.
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Correspondence Between Coset/Gravity Dynamics
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Gravity/Coset Dictionary
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Classical Coset Hamiltonian

Bosonic ot
N —1\Sym |2
S1 = | ol @V
Iwasawa:
V(t) = exp (BA(t) Ha) exp Zv
Cartan >0
Raising (+ multiplicity)
S°°S°‘:J d 1Ga pa Bb+Z (V4 ev v 4.2
n( ) oc>04
H (B, 723 v¥, pa) = N(1) %Gab mamp+ ) e 2P ﬂi(p,v)]
o>0
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Quantum Gravity < Quantum Coset Model

Quantum Coset Model: in configuration space 4, v*

DE10/K10W(Ba) V(x) = 0

[—Gab a[ga aﬁb — Z 9720(([3] asfx T 000 W(Ba, V(X) =0

o>0

Infinite-dimensional Klein-Gordon type equation: — + + + + +...

From Hull-Townsend 95 expect E1q(Z) symmetry, i.e.
Y(B,v) = automorphic function over E1o(Z)\E1o(R)/Kio(R)
(Ganor '99; Brown, Ganor, Helfgott '04)
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Baby Version of the Coset Model: Billiard

Particle in g (Cartan) space; billiard walls = simple roots of Ejg
(Damour-Henneaux ’00) J

coset billiard = BKL gravity billiard ~ Kasner mini-superspace
gap(t) = e 2P0 5, 1 effect of leading spatial gradients J

£ pACELticT
wALLS
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Baby Version of the Quantum Coset Model:

Quantum Billiard

Kleinschmidt, Nicolai et al. ‘09 10

Setting » = 1 one has to quantize
1 d 1 d
Sav Ab a a
C:§Zd(7abd:52f (Zv‘)
ab=1 a=1

with null constraint 3%¢7,;,/3” = 0 on billiard domain.

Canonical momenta: 7, = Gy8" =  H = im,G%m,.

Wheeler—-DeWitt (WDW) equation in canonical quantization
HYU(B) = féc:ﬂbaaab\y(_d) =0

Klein—Gordon ‘inner product’.
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Quantum Billiard: Polar Coordinates 3¢ = p w?(z)

Introduce new coordinates Singularity: p — o0
and w?(z) from ‘radius’ and co-
ordinates = on unit hyperboloid

Timeless WDW equation in these variables

St (1 L) L2 (e, 2) = 0
dp dp T

Laplace—Beltrami operator on unit hyperboloid
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Solving the WDW Equation

g0 e . )
7,01 dU_/) (,{)d 1%\) +p 2ALB} ‘If[,{). z) =40

Separation of variables: U (p. z) = R(p)F (%)
For

—AF(z) = EF(z)
get

I
ey (52

Ri(p) =p

[Positive frequency coming out of singularity is 7_(p).]

Left with spectral problem on hyperbolic space.
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Boundary Conditions

Classical Billiard suggests Dirichlet boundary conditions at time-like
walls

Then yields a Weyl (E;o)-modular form by using Weyl images
Interesting arithmetic aspects of this Weyl billiard

WT(Ej9) =PSL»(0) (Feingold, Kleinschmidt, Nicolai '08)

even Weyl group octavians = integer octonions

generalizes W™ (AE3) =PSLy(Z) for 3 + 1 gravity
— Wil — Maass wave form for PSLy(O)

Deeper issue of space like boundary condition at p — oo (singularity)

? need some final-state boundary condition ?
(Horowitz, Maldacena '04)
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(Bosonic) Evolution Equations and Constraints

| Supergravity | Coset Name
(0)
gab — 0 D Pab - 0 Einstein dynamical eq.
(1)
Ma1 &8 — 0 DPa1 anas — 0 Matter dynamical eq.
(2)
D[O Fa1 ...a4) = 0 €a1...a4b1 b@(?) Pb1 ...bg = 0 F-Bianchi |
Rioabic =0 €body..ds D Pajoy..ap = 0 R-Bianchi |
goo =0 <7) | P) =0 Hamiltonian constraint
(3)
QOa =0 €ac;...co C C1..Cg — 0 Momentum constraint
(4)
M0a1 & — 0 Gauss constraint

€b1 ...b10 C b1 ..Eb;0||a1 as = O
5

D[c1 ch...c5] =0 €by...b1g€ay...a5¢4...c5 C by...byollay...as — 0 F-Bianchi Il
(6)
R[C102 cslag — 0 Eby...bip€ay...arcicr03 C by...byollaglas...az — 0 | rsianchin
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Structure of Known (Bosonic) Constraints

Hamiltonian constraint: Goo =0 — (P |P) =0 J
Other SUGRA constraints in GL(10) decomposition J
(3) 0 (3 (1) (2)
Momentum: C a...as — Pca1 PC|a2...a9 —+ 28 Pa1 asas Pa4...ag,
(4) (1) (3)
Gauss: c by...bjollataz = Pa1 by by P32|b3~--b10
(2) (2)

2
+ §P81b1...b5 Pagbs...bm)

o (5) (@) @)
Bianchi-F: Chy.bila..as = Pay.awbiby P aglbs...bigs

o 6) ) @)
Bianchi-R:  Cp, byllaglar..ar = Paglbr...bs Pbolbroar...ar-

v
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The E;o Noether Current

Global E1g symmetry of coset action = existence of infinite number of
Neether charges: J=n"1Vv'PV.

Expansion of J € Lie(Ejg) along generators (with truncation 7¥ = 0
for{ =—4,-5,-6,...)

v

( ]m0|m1...m8 (72)m1 ...Mmg (71)mnp

-3
J = % J Fmo\m1...ms + é J Fm1...m6 + % J anp+
(0)" ) , @
+ J mK™n+ ar Jmanmnp + & --/m1...m6Em1"'m6 t...

(_3)m0|m1 ...Mg

J —  PpBimolm...mg ,
(72]”11 ...Mg
— p@m.me 4 %qurp(S)p\qrm1...m6 :
(-nmP
J — pimnp 4 %Arst P(2)rstmnp__

2 1 3)r|ra...remn
+ (§ Ar1...f5 + 72 AI’1 I’2I'3AI'4I'5I'6) P( il & P .

Thibault Damour (IHES) Gravity/Coset 6/09/2012 23/33



Hidden Sugawara Structure of Constraints: J J

Remarkably the constraints admit a formulation in terms of conserved
(0)
Neether charges 7: Hamiltonian constraint: £ = (7 | J) = 0 (Eqo

singlet), and :

(—3)M+-M9 (—1)MM23 (_p)Ma---g
Momentum: 5y = 28 J J
(0)"‘ (73)[)‘”2.."79
(74)m1 ...mypllnyno ” (—2)™M M -5 (__5yM2Mg... Mo
Gauss: £ = = J J
5
(,1]”1’"1’"2(,3)’72‘”73“'”710
+ J J ,
Bi HE (g)m1...m1o\|n1...n5 (jjn1...n4m1m2(j)n5|m3...m10
lancni-r: =
5 hiR (f]m1,..m10\|n0|n1...n7 (j]no\m1...m8(j]m9|m10n1...n7
lancni-n: =

v
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Analogy: String / Kac-Moody Coset

Gauge-fixed action S = [ [dtdo(X?—X"?) S=[2((gg ")
Infinite symmetry 5 XH = et gin(Fo) ( ) — k(t ) 9(t) %o
Infinite # conserved Jis J =g 'v¥"g/n
Neether charges
Integrable X =Lyl g-ini=0)  g(t) = e!7 g(0) k(1)

oo # constraints Lm~ [doe ™ (3_X)2  SUGRA constraints
inc. spatial gradients

Sugawara structure Lm=2%3 jonih YES, DKN'07°09
Affine KM alg. ja, b =fabje .+ O(K) Hyperbolic KM alg.
{Jm J[S} - oc+[5
Constraint alg. (Lmy Lnl = (M —n)Lmin Hyperbollc analog
+0O(c) of Virasoro ?
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Towards a Generalized Virasoro Algebra

Damour Kleinschmidt Nicolai /11

e Usual Virasoro constraints L, can be considered as labelled by a
string of null roots L,s := ZﬁeAaff Ths—p Tp in terms of affine KM gene-
rators T(x . [Toq, T(xz] = foq 0(20(1+“2 TO(1+012 + KO(1‘O‘2K

v

e Similarly one can label the Gravity/Coset constraints £ in terms of Eqg
roots.

V.

(_3) (1] (_3)2345678910
e.g. GL(10) multiplet £ : highest weight £ ,
associated with negative, null root (which is the fundamental weight A4
associated with the leftmost E;g “hyperbolic” node)

i

a=A1 =83 = —(ap+203+30g +4ots+506+60t7+4 g +20t9+3t10)

v
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Affine Kac-Moody (Eg) versus Hyperbolic (Eqp)

E, reors
2
Cocemy

e

Thibault Damour (IHES) Gravity/Coset 6/09/2012 27 /33



Full Root Support of Coset Constraints

Expect: root support of fundamental rep. L(A¢) + spatial gradients
which add multiples —nd J

root support = cone of all past-directed null and time-like roots ]
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’Sugawara Content’ of Constraints

Lo= Y Mssl(o,B)Jy

B,s,s’

? numerical coefficients: Ms ¢/ (, 3)

? 'constituent roots’: o« = B1 + Po with p1 =ax— B, B2 =P
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Universality vs Non-Universality of Constraints

While [2”'4] real roots [2”.5] real roots’ '[2’”{4] imaginary roots?é [’Q’”B] imaginary roots
because of different manifest covariantization groups

EXICITLY  covarianT UNDER

A9 = SL(Ip)

Extuersy covpmmr vave,

Ag®A, : SL(9)x SL¢2)
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Universality vs Non-Universality of Constraints (2)

First possibility: try to combine the different covariantizations to define
‘more complete’ coset constraints: ‘see saw’ technique. J

Second possibility: admit that the two different choices of (maximal)
parabolic subgroups J

IA = Lie(Eqo) —{fio) # IIB =Lie(Eyo) — {fs} )

correspond to two different ‘gauge fixings’ of the underlying Eqo-
invariant coset action = two different additional constraints

v

1PII?

n(t)

Sia Jdt[H(HZJrA,,A(t)EZA] £ Sus Jdt{

9 + A%5(1) L{,{B]

i
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Algebra of constraints: Generalized Virasoro alg.

For each choice of (maximal) parabolic subgroup (lIA or 1IB) «
associated level decomposition ({;4 counts eqq, {5 counts eg), and

—(t+1) (=1) —(0)
e = {J, &)
-0 (=p) (=9
g = > J-J

p+q=t

= Hyperbolic generalization of usual Virasoro, and (hopefully) of
gravity’s diffeomorphism algebra:

{'Cou E[S} ~ Z Joc+[3—y ﬁy
Y

[men Lné] = Z(m - n) K L(m+n)6
[Hu(x), Hy ()] ~ g(x) 08(x — y) Haly)
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Conclusions

e The “near cosmological singularity limit” suggests that there exists a “holo-
graphic” correspondence between D = 11 SUGRA (or M-theory) anda D = 1
spinning particle dynamics on the infinite-dimensional coset space Eo/Kjo.

e The quantum dynamics of the coset model could provide both a background-
independent formulation of M-theory, and a description of the (de-)emergence
of space at a big-bang (big-crunch) singularity.

v

e There is an “arithmetic chaos” structure contained in the coset model (via Weyl group
W(Eo)) that could play an important role.

v

e From the coset geodesic dynamics part, one expects the quantum wave
function ¥ to be an automorphic function under Eio(Z), solution of oW = 0.

v

¢ J probably too many d.o.f. in the coset. One expects the existence of an infinite tower

of constraints L, W = 0, possibly linked (for l1A) with the A4 representation and leading

to a semi-open algebra of the type, [L«, Lp] = > Jatp—y Ly, Which (hopefully) is a
Y

generalization of the diffeomorphism algebra: [H,.(x), H+(y)] ~ g(x) 0d(x — y) Ha(y).
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