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Introduction

. .

Branching rule problems: fundamental in Lie algebra
representation theory. Given £ C g and g-module, V/,
determine the ¢-module structure of V.

Example 1: g Is the simple Lie algebra over C of type Dy,
dim(g) = 28, V = g the Irreducible adjoint representation, o
an order 3 Dynkin diagram triality automorphism.

Fixed points ¢ = g? form a subalgebra of type G»,
dim(t) = 14, and g = ¢ © Wy & Wr, where W5 Is the
7-dimensional irrep of (5.
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fExampIe 2. gis of type Fg, dim(g) = 78, 7 IS the order 2 T
Dynkin diagram automorphism, the fixed point subalgebra
t = g” with dim(t) =52 Is of type Fy, and V =g = £ ® Wo,
where 154 IS the 26-dimensional irrep of Fj.
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branching rule problem for an infinite dimensional module V'
of the Iinfinite dimensional affine Kac-Moody Lie algebras
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fExampIe 2. gis of type Fg, dim(g) = 78, 7 IS the order 2 T
Dynkin diagram automorphism, the fixed point subalgebra
t = g” with dim(t) =52 Is of type Fy, and V =g = £ ® Wo,
where 154 IS the 26-dimensional irrep of Fj.

Computer programs do such computations when g is finite
dimensional simple. More challenging to solve the

branching rule problem for an infinite dimensional module V'
of the Iinfinite dimensional affine Kac-Moody Lie algebras

L Cg.
Main tool: Goddard-Kent-Olive coset corlstruction of
Virasoro operators which commute with ¢ and give the

space of ¢ highest weight vectors in V' the structure of a
Virasoro module.
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We present here the results of two such projects:

=

(1) The dissertation research of Quincy Loney on branching
of the four level-1 irreps of g of type fo) w.r.t. its subalgebra

¢ of type Ggl), using the fermionic spinor construction,
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We present here the results of two such projects:

=

(1) The dissertation research of Quincy Loney on branching
of the four level-1 irreps of g of type fo) w.r.t. its subalgebra

¢ of type Ggl), using the fermionic spinor construction,

(2) The dissertation research of Christopher Mauriello on
branching of the three level-1 irreps of g of type E(gl) W.I.1.

its subalgebra ¢ of type Fm, using the bosonic lattice
construction.
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For g finite dimensional simple of type X, with normalized
Killing form (-, ), the affinization of g of type x!" is
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Affine Algebra Background
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For g finite dimensional simple of type X, with normalized
Killing form (-, ), the affinization of g of type x!" is

-

g=gxC[t,t '@ Cchp Cd
and writing z(m) = z ® " for x € g, m € Z, the brackets are

z(m), y(n)| = [z, y](m +n) +m{z,y)om, —nc

d, x(m)] = mx(m), [c,x(m)] =0=|c,d|.



Affine Algebra Background
=

For g finite dimensional simple of type X, with normalized
Killing form (-, ), the affinization of g of type x!" is

=

g=g®Clt,t '|®Cca Cd
and writing z(m) = z ® " for x € g, m € Z, the brackets are

(w(m), y(m)] = [z, 9](m + 1) + M2, ¥)bm_ne
d, x(m)] =mx(m), |c,x(m)] =0=cd.

The central element ¢ acts on an irreducible g-module by a
scalar called the level of that module.

o -
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Loney Project Background

=

fIn 1991, Feingold, Frenkel and Ries gave a spinor
construction of the vertex operator para-algebra

A

V=V'aVieVigV3,

whose summands are 4 level-1 irreducible representations
(irreps) of the affine Kac-Moody algebra fo) .



Loney Project Background

fIn 1991, Feingold, Frenkel and Ries gave a spinor T
construction of the vertex operator para-algebra

V="'avievVie Vs

whose summands are 4 level-1 irreducible representations
(irreps) of the affine Kac-Moody algebra fo) .

The triality group S5 = (0,7 | 0 =1 =7, 707 = o~ 1) in
Aut(V) was constructed, preserving V? and permuting V7,
1= 1,2, 3.
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construction of the vertex operator para-algebra

A

V=V'aVieVigV3,

whose summands are 4 level-1 irreducible representations
(irreps) of the affine Kac-Moody algebra fo) .

The triality group S5 = (0,7 | 0 =1 =7, 707 = o~ 1) in
Aut(V) was constructed, preserving V? and permuting V7,
1= 1,2, 3.

V is 1z-graded; V! denotes the n-graded subspace of 17".
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Loney Project Background

fIn 1991, Feingold, Frenkel and Ries gave a spinor T
construction of the vertex operator para-algebra

V=V'aVieVigV3,

whose summands are 4 level-1 irreducible representations
(irreps) of the affine Kac-Moody algebra fo) .

The triality group S5 = (0,7 | 0 =1 =7, 707 = o~ 1) in
Aut(V) was constructed, preserving V? and permuting V7,
1= 1,2, 3.

V is 1z-graded; V! denotes the n-graded subspace of 17".

Vertex operators Y (v, ) for v € V) represent fo) onV,
while those for which o(v) = v represent Ggl).

o -
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IV decomposes into a direct sum of G5’ Irreps by a two-step
process, first decomposing with respect to the intermediate

subalgebra Bél) represented by Y (v, z) for 7(v) = v.
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process, first decomposing with respect to the intermediate

subalgebra Bél) represented by Y (v, z) for 7(v) = v.
There are three vertex operators

Y(wp,,2), Y(wpg,,2), Y(wg,,2),

each representing the Virasoro algebra given by the
Sugawara constructions from the three algebras.
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IV decomposes into a direct sum of G5’ Irreps by a two-step
process, first decomposing with respect to the intermediate

subalgebra Bél) represented by Y (v, z) for 7(v) = v.
There are three vertex operators
Y(wp,,2), Y(wpg,,2), Y(wg,,2),

each representing the Virasoro algebra given by the
Sugawara constructions from the three algebras.
These give two commuting coset Virasoro constructions,

Y(wp, —wp,,2) and Y (wp, —wg,, %),

with central charges 1/2 and 7/10, resp., the first
Lcommuting with B?Sl), the second commuting with Gé”. J
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This gives the space of highest weight vectors for Ggl) in v
as sums of tensor products of irreducible Virasoro modules
L(1/2,h1) ® L(7/10, ha).
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The dissertation research of Quincy Loney explicitly
constructs these coset Virasoro operators, and uses them
to find the decomposition of 1/ with respect to Gé” by finding
12 highest weight vectors w.r.t. Virl/2 x Vir7/10 x GV,
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This gives the space of highest weight vectors for Ggl) in v

as sums of tensor products of irreducible Virasoro modules
L(1/2,h1) ® L(7/10, ha).

The dissertation research of Quincy Loney explicitly
constructs these coset Virasoro operators, and uses them
to find the decomposition of 1/ with respect to Gg) by finding
12 highest weight vectors w.r.t. Virl/2 x Vir7/10 x GV,

This work also provides a spinor construction of the 7/10
Virasoro modules inside 1/, and of a vertex operator algebra

naturally associated with the basic representation of Ggl).
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Mauriello Project Background

-

The dissertation research of Christopher Mauriello uses the
bosonic lattice construction of the vertex operator
para-algebra

=

N

V=1V'ovieVv®

whose summands are the 3 level-1 irreps of Eél).
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Mauriello Project Background
-

The dissertation research of Christopher Mauriello uses the
bosonic lattice construction of the vertex operator
para-algebra

=

N

V=1V'ovieVv®

whose summands are the 3 level-1 irreps of Eél).
The vertex operators Y (wp, — wp,, z) provide a coset
Virasoro representation with central charge 4/5, giving the

decomposition of each V' as a sum of tensor products
L(4/5,h) @ W (L), where W (), j = 0,4, are the two level-1

F4( )-modules.
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Finite Spinor Constructions

-

The spinor construction of four irreps of D, starts with

A = C?* equipped with a nondegenerate symmetric bilinear
form, (-,-), and a polarization of A = A™ & A~ into isotropic
subspaces, A+ = C’.
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The spinor construction of four irreps of D, starts with

A = C?* equipped with a nondegenerate symmetric bilinear
form, (-,-), and a polarization of A = A™ & A~ into isotropic
subspaces, A+ = C’.

The Clifford algebra Clif f,(A) is the 2?‘-dimensional

associative algebra with unit 1 generated by A with relations
ab + ba = (a,b)1, Va,b € A.
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Finite Spinor Constructions

-

The spinor construction of four irreps of D, starts with

A = C?* equipped with a nondegenerate symmetric bilinear
form, (-,-), and a polarization of A = A™ & A~ into isotropic
subspaces, A+ = C’.

The Clifford algebra Clif f,(A) is the 2?‘-dimensional
associative algebra with unit 1 generated by A with relations
ab + ba = (a,b)1, Va,b € A.

Define the “normal ordered” elements, : ab : = 3(ab — ba),

and the subspace g spanned by them. Then the
commutator

=

sab::cd:] ={a,d):bc:—{a,c):bd:~4(bc):ad:—(bd):ac:
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Finite Spinor Constructions

-

The spinor construction of four irreps of D, starts with

A = C?* equipped with a nondegenerate symmetric bilinear
form, (-,-), and a polarization of A = A™ & A~ into isotropic
subspaces, A+ = C’.

The Clifford algebra Clif f,(A) is the 2?‘-dimensional
associative algebra with unit 1 generated by A with relations
ab + ba = (a,b)1, Va,b € A.

Define the “normal ordered” elements, : ab : = 3(ab — ba),

and the subspace g spanned by them. Then the
commutator

=

sab::cd:] ={a,d):bc:—{a,c):bd:~4(bc):ad:—(bd):ac:

shows that g is a Lie algebra inside C'lif f,(A). It is not hard
Lto show that it is isomorphic to so(2/, C) of type Dy. J
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urthermore, the commutator
ab: cl = (b,c)a— {a,c)b

shows that A is a g-module, the natural representation.
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urthermore, the commutator
ab: cl = (b,c)a— {a,c)b

shows that A is a g-module, the natural representation.
To obtain two more g-modules, construct the left Clifford
module C'M,(A) as the quotient of C'lif f,(A) by the left

ideal, 7, generated by A™.
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urthermore, the commutator T
ab: cl = (b,c)a— {a,c)b

shows that A is a g-module, the natural representation.
To obtain two more g-modules, construct the left Clifford

module C'M,(A) as the quotient of C'lif f,(A) by the left
ideal, 7, generated by A™.

Denote the coset 1 + Z by vac and note that A™ - vac = 0
S0, In fact,
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r

urthermore, the commutator T
ab: cl = (b,c)a— {a,c)b

shows that A is a g-module, the natural representation.
To obtain two more g-modules, construct the left Clifford

module C'M,(A) as the quotient of C'lif f,(A) by the left
ideal, 7, generated by A™.

Denote the coset 1 + Z by vac and note that A™ - vac = 0
S0, In fact,

CMy(A) =Clif fo(A) - vac = /\ L vac
is an irreducible left Clif f,(A)-module of dimension 2°.
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Under the action of g we have the decomposition into two
g-modules

=

CMy(A) = CMy(A)” & CMy(A)" .

where the decomposition is according to the parity of the
number of “creation operators” applied to vac,

CMy(A) = /\i(A_) L vac

each of dimension 2=, the “spinor" irreps of g.
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-

Under the action of g we have the decomposition into two
g-modules

CMy(A) = CM(A)° & CMy(A)",

where the decomposition is according to the parity of the
number of “creation operators” applied to vac,

CMy(A) = /\i(A_) L vac

each of dimension 2=, the “spinor" irreps of g.

All of this generalizes to the affine algebra g of type Dél),
providing four level 1 irreps.

o -
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Affine Spinor Constructions

- .

Let Z = Z+ % or Z = Z and let
AZ)=EP Aat™

spanned by the elements a(m) =a®t", a € A, m € Z.
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(a(m),b(n)) = (a,b)0m,—n



Affine Spinor Constructions

- .

Let Z = Z+ % or Z = Z and let

=P Aat™

spanned by the elements a(m) =a®t", a € A, m € Z.
Equip A(Z) with the nondegenerate symmetric bilinear form

(a(m),b(n)) = (a, b)om,—n

(n)) =
and polarize A(Z) = A(Z)" & A(Z)~ sothat a(+m) € A(Z)*
when m > 0 forall a € A, but a(0) € A(Z)* fora € A*.
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Affine Spinor Constructions

- .

Let Z = Z+ % or Z = Z and let
AZ)=EP Aat™

spanned by the elements a(m) =a®t", a € A, m € Z.
Equip A(Z) with the nondegenerate symmetric bilinear form

(a(m),b(n)) = (a,b)0m,—n

and polarize A(Z) = A(Z)" & A(Z)~ sothat a(+m) € A(Z)*
when m > 0 forall a € A, but a(0) € A(Z)* fora € A*.

Clif fi(A(Z)) Is the associative algebra with unit 1
generated by A(~Z) with relations

L a(m)b(n) 4+ b(n)a(m) = {(a(m),b(n))1. J
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Let 7(Z)" be the left ideal of C'lif f,(A(Z)) generated by
A(Z)" and define the left Clif f,(A(Z))-module

-

CM(A(Z)) = Clif fo(A(2))/Z(Z)".
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Let 7(Z)" be the left ideal of C'lif f,(A(Z)) generated by
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Denote the coset 1 + Z(Z)™ by vac(Z) and note that
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Let 7(Z)" be the left ideal of C'lif f,(A(Z)) generated by
A(Z)" and define the left Clif f,(A(Z))-module

-

CM(A(Z)) = Clif fo(A(2))/Z(Z)".

Denote the coset 1 + Z(Z)™ by vac(Z) and note that
A(Z)" ~wac(Z) = 0 so, in fact,

CMy(A(Z)) = Clif fl(A(Z)) - vac(Z) = N\(A(Z)7) - vac(Z)

IS an irreducible left C'lif fy(A(Z))-module.
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Let 7(Z)" be the left ideal of C'lif f,(A(Z)) generated by
A(Z)" and define the left Clif f,(A(Z))-module

-

CM(A(Z)) = Clif fo(A(2))/Z(Z)".
Denote the coset 1 + Z(Z)™ by vac(Z) and note that
A(Z)T ~wac(Z) = 0 so, in fact,
CMy(A(2)) = Clif fo(A(Z)) -vac(Z) = \(A(Z)7) - vac(Z)

IS an irreducible left C'lif f,(A(Z))-module.
For convenience, let vac = vac(Z + %) and vac’ = vac(Z).

o -
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Let
CMy(A(Z))° = NV"A(Z2)7) - vac(Z)
CMy(A(Z))E = \M(A(Z)7) - vac(Z).



-

Let
CMy(A(2))" = N\NV"™A(Z)7) - vac(Z)
CM(A(Z))Y = NY“(A(Z)7) vac(Z).

In order to represent g we use generating functions of
operators

a(w) = Z a(m)w™ "2,

mes
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Let
CMy(A(2))" = N\NV"™A(Z)7) - vac(Z)
CM(A(Z))Y = NY“(A(Z)7) vac(Z).

In order to represent g we use generating functions of
operators

a(w) = Z a(m)w™ "2,

mes

Define the “fermionic normal ordering”

a(m)b(n) form < n

(
ca(m)b(n) : =< 1/2(a(m)b(n) — b(n)a(m)) form =n

L —b(n)a(m) form > n.

\
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Then the coefficients of the generating functions

ca(w)b(w) =Y (Sj - a(k —m)b(m) ;> w kL

keZ, \meZ

=

represent g on CM,(A(Z))',i=0,1,and Z = Z,7Z + £,
giving the four irreducible level 1 representations.

_pj



fThen the coefficients of the generating functions

ca(w)b(w) =Y (Sj - a(k —m)b(m) ;> w kL

keZ, \meZ

represent g on C'My(A(Z)),i=0,1,and Z = Z,7 + 1,
giving the four irreducible level 1 representations.

These operators are just the tip of a large iceberg, the
vertex operator superalgebra formed by C' M, (A(Z + %)),
which is 5Z-graded, and for each vector v in it we have a
generating function of operators Y (v, w). For example,

o

=

_pj



-

Then the coefficients of the generating functions

ca(w)b(w) =Y (Sj - a(k —m)b(m) ;> w kL

keZ, \meZ

represent g on C'My(A(Z)),i=0,1,and Z = Z,7 + 1,
giving the four irreducible level 1 representations.

These operators are just the tip of a large iceberg, the
vertex operator superalgebra formed by C' M, (A(Z + %)),
which is 5Z-graded, and for each vector v in it we have a
generating function of operators Y (v, w). For example,

a(w), and
s a(w)b(w) : .

Y (a(—1/2)vac, w)
L Y(a(—=1/2)b(—1/2)vac, w)
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When ¢/ = 4 a special S3 symmetry occurs, called “triality”,
which plays a vital role. Let
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Triality When n =4
-

When ¢/ = 4 a special S3 symmetry occurs, called “triality”,
which plays a vital role. Let

-

vi=A V2 =CMyu(A)°, V3 = CMu(A)?,
C=VieVieV:,
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Triality When n =4
-

When ¢/ = 4 a special S3 symmetry occurs, called “triality”,
which plays a vital role. Let

-

VIi= A, V2=CM(A),  V?=CMy(A),
C=VieVieV:,

VO =CMy(AZ+ 1)), V2= CMy(A(2))",
VI =CMy(AZ+35))', V= COMy(A(Z)),
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Triality When n =4
-

When ¢/ = 4 a special S3 symmetry occurs, called “triality”,
which plays a vital role. Let

=

V=4 V2 =CMyu(A)°, V3 = CMu(A)?,
C=VieVieV:,

VO =CMy(AZ+3)", VP =CMy(AZ))",
Vi = OMy(A(Z+ L)), V3 = CMy(A(Z))",

A

V=V'aVigeV?o V3
C' has a commutative, nonassociative operation, o, so that

the o action of V! on V? @ V? is the Clifford module action.
This “Chevalley algebra”, has an automorphism o of order

LS’ cyclically permuting V!, V2, V3. J
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The symmetry o and the bilinear form on C allows each V¥
to generate a Clifford algebra Clszik), and lets us identify

VE @ V" as its module C'M{"), where (k. k' k") is a cyclic
permutation of (1.2, 3).
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The symmetry o and the bilinear form on C allows each V¥
to generate a Clifford algebra Clszik), and lets us identify

VE @ V" as its module C'M{"), where (k. k' k") is a cyclic
permutation of (1.2, 3).

But then the three constructions of g of type D, given by

- ab : for a,b € V¥ can be shown to coincide as operators on
C', related by the Lie algebra automorphism
o(:ab:)=:(oa)(ob) :.

o -

_pj



The symmetry o and the bilinear form on C allows each V¥
to generate a Clifford algebra Clszik), and lets us identify

VE @ V" as its module C'M{"), where (k. k' k") is a cyclic
permutation of (1.2, 3).

But then the three constructions of g of type D, given by

- ab : for a,b € V¥ can be shown to coincide as operators on
C', related by the Lie algebra automorphism
o(:ab:)=:(oa)(ob) :.

The eigenspace decomposition of g under o then yields a
14-dimensional Lie subalgebra of fixed points, gy, and two
7-dimensional subspaces, g; and g which are irreducible
go-modules. In fact, g Is of type G-.

o -
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Spinor Construction of G."

-

We may liftcto 6 : V' — V so that 5(V°) = V0 and &
permutes V!, V2 and V* cyclically. For v € 10 we have

6Y (v,2)57" =Y (8(v), 2).



Spinor Construction of Ggl)
fWe may liftctos:V — Vsothat5(VY) = V% and 6 B
permutes V!, V2 and V* cyclically. For v € 10 we have
&Y (v, 2)6 1 =Y (6(v), 2).
For v ¢ V fixed by &, the coefficients of the vertex operator
Y (v, z) represent the affine algebra g, of type Ggl) onV.
The subspace of all fixed points of 5 in V' is a sub-VOA of

170 whose relationship with the basic level 1 module of Ggl)
we may study.

o -



Spinor Construction of Ggl)
fWe may liftctos:V — Vsothat5(VY) = V% and 6 B
permutes V!, V2 and V* cyclically. For v € 10 we have
&Y (v, 2)6 1 =Y (6(v), 2).
For v ¢ V fixed by &, the coefficients of the vertex operator
Y (v, z) represent the affine algebra g, of type Ggl) onV.
The subspace of all fixed points of 5 in V' is a sub-VOA of
179 whose relationship with the basic level 1 module of Ggl)
we may study.
The main point is to find the decomposition of each V* into
a direct sum of Ggl)-modules.

o -
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Representations of Virasoro Algebras

-

In V) there is a special element wp, such that the
coefficients of

Y(wp,,2) = Z Lz ™2

represent the Virasoro algebra on V/,



Representations of Virasoro Algebras

-

In V) there is a special element wp, such that the

coefficients of
Y(wp,, 2 Z Lo,z m—2

represent the Virasoro algebra on V/,

3
m> —m
Lo, Ly = (m —n) Ly +

12
where C'p, = 4 Is the central charge, and for any z(k) In

D'Y, we have [L,,, z(k)] = —kz(k + m).

5m,—nCD4
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Representations of Virasoro Algebras

B

In V) there is a special element wp, such that the

coefficients of
Y(wp,, 2 Z Lo,z m—2

represent the Virasoro algebra on V/,

3
m-— —1m
[Lma Ln} — (m — n>Lm—|—n +

12
where C'p, = 4 Is the central charge, and for any z(k) In
D'Y, we have [L,,, z(k)] = —kz(k + m).

Let bases of A" and A~ be {a1, a9, a3, a4} and

{a].a3, a5, a) }, respectively, such that

L <al7 > _52]7 <CLZ',CL]'> =0= <a;<7a;f> J

5m,—nCD4



Use the following notations for elements in 1, where
¥ = o and each appearance of ® may be * or a blank:

i® 5% = a;’ (—=3/2)ay (—1/2)vac.

ii* 57" = ai(—1/2)a;(—1/2)a;(—1/2)a;(—1/2)vac,
1929394% = qP(—1/2)ad (—1/2)a3 (—1/2)ay (—1/2)vac,
J = 11%22* + 11733 — 22*33*

+1%234 + 12%3%4* — 17234* — 12*3%4.

o



-

We can then write

4
1 ..* .*-
WDy = 5 E (20" +477)



w

e can then write

1
WBy = WDy ~ 7 (44" + 474 + 44 + 4747)



w

e can then write

1
WBy = WDy ~ 7 (44" + 474 + 44 + 4747)

wWa, = wB, — |15 Yopey (1% + %)
fob (44 4 4% — 44 — 4¥47) — J]

o -



-

Then the coefficients of the corresponding vertex operators

Y(ngv Z) — ZmEZ ngz—m—Q
Y(szv Z) — ZmEZ LTCr:LQZ_m_z

=

represent the Virasoro algebra on 1V with central charges

7 14
Cp, = 5 and Cg, = = resp.

3



-

Then the coefficients of the corresponding vertex operators

Y(ngv Z) — ZmEZ ngz—m—Q
Y(szv Z) — ZmEZ LTCr:LQZ_m_2

=

represent the Virasoro algebra on 1V with central charges

7 14
Cp, = 5 and Cg, = = resp.

3

These operators only satisfy bracket relations
Llr 2(k)] = —ka(k +m) for 2(k) where z is in the
corresponding subalgebra 7. = B3 or T}, = G>.

o -



-

Then the coset Virasoro construction (Goddard, Kent,
Olive) says that the differences

=

1/2 oy
Y(WDLL — WhBs; Z) — ZmEZ Lm/ Z~m?

7/10
Y(wBs — W@y, Z) — ZmEZ Lm/ < ’



-

Then the coset Virasoro construction (Goddard, Kent,
Olive) says that the differences

=

1/2 oy
Y(WDLL — WhBs; Z) — ZmEZ Lm/ Z~m?

7/10
Y(wBs — W@y, Z) — ZmEZ Lm/ < ’

represent the Virasoro algebra on 1V with central charges

1 7
Cp, —Cp, = 5 and Cp, — Cg, = 10 resp,



-

Then the coset Virasoro construction (Goddard, Kent,
Olive) says that the differences

1/2 oy
Y(WDLL — WhBs; Z) — ZmEZ Lm/ Z~m?

7/10
Y(wBs — W@y, Z) — ZmEZ Lm/ < ’

represent the Virasoro algebra on 1V with central charges

1 7
Cp, —Cp, = 5 and Cp, — Cg, = 10 resp,

and have the commutation relations

7
. L2 L = o, (L2, BV =0, (L1, V) =o.

-

_p:



-

This means that the Virasoro module, .(1/2, k), generated

by the operators L%Q, m < 0, applied to any highest weight

vector for fo), IS a space of highest weight vectors for Bél).

=



o .

This means that the Virasoro module, .(1/2, k), generated

by the operators L%Q, m < 0, applied to any highest weight

vector for fo), IS a space of highest weight vectors for Bél).

The Virasoro modules, .(7/10, hy), generated by the

operators LZ/lO, n < 0, applied to any of the vectors in

L(1/2,hy), form a space of highest weight vectors for Ggl).



-

This means that the Virasoro module, .(1/2, k), generated

by the operators L%Q, m < 0, applied to any highest weight

vector for Dfll), IS a space of highest weight vectors for Bél).

The Virasoro modules, .(7/10, hy), generated by the
operators LZ/lO, n < 0, applied to any of the vectors in
L(1/2,hy), form a space of highest weight vectors for Ggl).
This shows that the decomposition of the Dfﬁ-modules with

respect to GS) are sums of tensors of the form

=

L(1/2,h1) @ L(7/10, he) @ W ()

for some irreducible level-1 Ggl)-module W(€2;).

o -



Loney’s Main Theorem
Theorem: VV = V0 ¢ V! @ V! & 73 decomposes w.rt. G
into twelve Virl/2 x Vir”/10 x ¢{Y-modules as follows:

AN

0

|
7 N\
h
N
DO =
-
N——"
D
h
VN
DO =
DO =
N——"
N
X
N\
h
~
=|~
-
N——"
D
h
~
=|~
(\W] IOV
N——"
N
X
=
o
)
N——"

® & &
/'\/'b‘\/'\



Loney’s Main Theorem
Theorem: VV = V0 ¢ V! @ V! & 73 decomposes w.rt. G
into twelve Virl/2 x Vir”/10 x ¢{Y-modules as follows:

AN

0

|
7 N\
h
N
DO =
-
N——"
D
h
VN
DO =
DO =
N——"
N
024
N\
h
A~
=|~
-
N——"
D
h
A~
=|~
(\W] IOV
~—
N
X
=
o
)
N——"

c~
=
D
=
[\\.le—\
X Q//
02y
N\
B~

® & &
/'\/'b‘\/\

NOI— N DN~

>~ Gl
N——
&
~

Each summand is determined by 4(V;/, h'/2 h7/10 Q) a

HWV w.r.t. both coset Virasoro algebras and Gél), which

has L§ eigenvalue »¢ and Ggl) weight €2;. The explicit form
of these highest weight vectors is given below. J



Highest Weight Vectors
-

The following are the highest weight vectors
oV hY2 h7/10 Q) corresponding to the summands in the

-

branching rules for the level-1 fo)-modules:

$(V§,0,0,90) =1 = vac
¢(‘7107%71_10792) :1(_%)4(_%)14—1(—%)4*(—%)1
$(V0,0,2,0,) = 2(2(—%)3(—%)1) (- D)1 4 1~y (—
$(V, 3, 5,90) = 11%44% — 22%44* — 33%44* 4+ 1%234 4+ 1*234* + 12*3%4 + 12*3*4*
¢(‘71/27%70790) = 4(—35)1 4+ 4%(—3)1
¢(‘711/2,0, %,92) = 1(—%)1
¢(V31/2, 1,2,Q0) =234+ 234" — 144
O(Vi)00,3,Q0)  =1174— 114" — 2274+ 2274% — 334 4 3374 4 2(1723 4 12737
¢( A12/271i678—30,92) = 1" = vac
OV 15 15-20) = 17(0)47(0)1' — 2% (0)3* (O) 1/
SV 150 a5 Q) =45(0)1
L ¢(‘713/27 6 160 0) = 17(0)1" 4 2(0)3*(0)4*(0)1’ J



Explicit Coset Virasoro Operators
-

Theorem: The following vertex operators provide two coset
representations of the Virasoro algebra on the

Neveu-Schwarz module, CMy(Z + 1) = V0 @ V1, with
central charges and - 15+ respectively.

=

For all &£ € 7Z, we have

1/2— 4 Z 7“—|— (: A(r)d(k —r) . 4+ 4% (r)d*(k —1r) :

TEZ+2
APk — ) o A () Ak — 1) )

o -



f 7/10 _ T

and for ri, 7o, 73,74 € Z + &, we have L,

4
B e H( @ik i) k) )




-

Theorem: The following vertex operators provide two coset
representations of the Virasoro algebra on the Ramond
module, C'My(Z) = V? @ V?, with central charges £ and %
respectively.

=

For all & € 7Z, we have

1/2 1
Lk — E5k70]

I () (A=) 44— )
rel

ARk — ) o A () Ak — ) )



f 7/10 _ T

and for ry,r9, 73,74 € Z, we have L,

ool 535 + ) ()il = ) + i)t (k= 1))

1=1reZz

+350 (r+3) (:4(7~)4(k — 1)+ 45 ()4 (k —r):

rez

+ 4*( )4(k: ) A=) )

( 1(r 2%(rg): + :1(r1)1%(r2)3(r3)3" (1r4):
ri+---+rs==k
— :2(r1)2%(r2)3(r3)3*(ryg) :
+ : 1%(r1)2(r2)3(r3)4(ry) = + : 1(r1)2%(r2)3" (r3)4*(ry)

1% (r1)2(r2)3(r3)4% (1) - — 1(r1)2*(r2)3*(r3)4(r4);).

—p.:

O'(Ii—\

3
3

o



Character Theory
-

For a g-module V* with weights 1%, the character
ch(V?) = > e dim(V) et € Z[h*]  satisfies
ch(VA @ VH) = ch(V*) +ch(VH*) and
ch(VA @ VH) = ch(V?) - ch(VH).



Character Theory

For a g-module V* with weights 1%, the character

ch(V?) = > e dim(V) et € Z[h*]  satisfies
ch(VA @ VH) = ch(V*) +ch(VH*) and
ch(VA @ VH) = ch(V?)-ch(VH).

For a g-module, the graded dimension

gr(Vd) =e 4 Z dim(\/ﬁf\)e“
pellr

captures the information about the infinite number of
weight spaces VMA In a formal power series of / + 1

variables, u; = e %, 0 < < /.

o



R A .

The spinor construction of V' gives a product form for its
graded dimension:

4
r(V0e V) = H H (14 e“q™)(1+ e “q")

2:10<nEZ+%
4
gr(V2eVs) = (H (1+e ) IT I +eqm@+e g
1=1 1=1 0<neZ



R A .

The spinor construction of V' gives a product form for its
graded dimension:

4
VO D Vl H H (14 e“q™)(1+ e “q")

2:10<nEZ+%

4
gr(VZe V3 = (H(l + e“)) H H (14 e“g™)(1+ e “q")
1=1

1=1 0<neZ

where ¢“¢" corresponds to the Clifford generator a;(—n)
and e “¢" corresponds to a; (—n).

o -



- .

Use the notations: v; = e, u; = e %, 1 < ¢ < 4,
uy = e~ = =0 where 0 = aq + 209 + a3 + oy = €1 + €9 IS
the highest root of D;,.



ste the notations: v; = e, u; = e %, 1 < ¢ < 4, T
uy = e~ = =0 where 0 = aq + 209 + a3 + oy = €1 + €9 IS
the highest root of D,. For the principal specialization of the
graded dimension, set each u; =« for 0 <: < 4. Thus
g=e % =uge ¥ = uoulu%U3u4 — 1Y and we get



ste the notations: v; = e, u; = e %, 1 < ¢ < 4, T
uy = e~ = =0 where 0 = aq + 209 + a3 + oy = €1 + €9 IS
the highest root of D,. For the principal specialization of the
graded dimension, set each u; =« for 0 <: < 4. Thus

q = 6_5 — uge_‘g = UQU1U%U3U4 — U6 and we get
4

g,rpr(f/()@f/l) _ H H(1+ui—4u6m+3)(1+u4—z’q6m+3)
0<meZ i1=1
o n 3n\ __ ¢(U2)¢<U6)
=2 [ +um+u) = 255505
1<neZ
where

o(u) = (1 —u").
B o N



-

Similarly, for the Ramond modules, we get the same result:

grpr(f/2 — VB)

4
<H1+u4z>H H 1_,’_uz46n 1_|_u4z6n)
1=1

1=1 1<n€&Z

- n 3n\ __ ¢(U2)¢(U6)
=2 [] O+um)(1+u ) = 25 e
1<neZ




-

Similarly, for the Ramond modules, we get the same result:

grpr(f/2 P V3)

4
(Hl_,’_uélz)H H 1_,’_uz46n(1_|_u426n)
1=1

1=1 1<n€&Z

3n cb( “)o(u’)
1<nEZ

But triality symmetry gives V' =~ V2 =~ /3 which implies
g (V1Y) = g1 (V?) = g1, (V) and therefore,

o -



gror (V2@ V3)

1
(H 1+u4’>H T @+ wi=tubm) (1 + ut=iufm)
1=1

1=1 1<n€&Z

- n 3n\ __ ¢(U2)¢(U6)
=2 [] O+um)(1+u ) = 25 e
1<neZ

But triality symmetry gives V' =~ V2 =~ /3 which implies
g (V1Y) = g1 (V?) = g1, (V) and therefore,

ngr(‘A/O) — ngT(‘A/l) — QTPT(VQ) — grpr(f/g) — gb(u2>¢(U6)

o(w)o(ud)
o (u)p(u’)

Similarly, for the Ramond modules, we get the same result:

-



-

Now we need the principal graded dimensions of the two
level-1 Ggl)-modules W (o) and W ().

=



-

Now we need the principal graded dimensions of the two

level-1 Ggl)-modules W (o) and W ().
Theorem [Mandial:

=

grpr(W(Q0)) = Flu)a(u’) and  gry(W(Q2)) = F(u)b(u’)

where



-

Now we need the principal graded dimensions of the two

level-1 Ggl)-modules W(Qp) and W ().
Theorem [Mandial:

-

grpr(W(Q0)) = Flu)a(u’) and  gry(W(Q2)) = F(u)b(u’)

where
_ 1 1 k k 5k+3)/
a(C]) — H - 2)(1—¢"3)  &(q) Z +3)
n>1
_ 1 1 k k5k 1)/
b(Q) — H - D(1—¢m %) — 3(q) Z +1)
n>1 keZ
_ o(u)e(u’) 1
f(u) b (u) B (ub) H(1 w6n—5) (1—uon—1)



-

Theorem [Berndt, et al] Among the forty identities found by
Ramanujan to be satisfied by the two Rogers-Ramanujan
series a(g) and b(g), one needed for this project was

=



-

Theorem [Berndt, et al] Among the forty identities found by
Ramanujan to be satisfied by the two Rogers-Ramanujan
series a(g) and b(g), one needed for this project was

=

4N\ 2
1(g)b(—q) + a(—q)b(q) = 2ZZEZ§ —2 Tl + ¢

n>1




-

Theorem [Berndt, et al] Among the forty identities found by
Ramanujan to be satisfied by the two Rogers-Ramanujan
series a(g) and b(g), one needed for this project was

o(q*)? 5 M\ 2
— (1+¢°")
d(q?)? 7}:[1 !

=

4

a(q)b(—q) + a(—q)b(q) = 2

Using this identity, the characters of Virasoro modules
shown below, and the graded dimensions of the level-1 fo)

and Ggl) modules, along with the twelve explicit HWVs,
gives the equality in the above branching rule

decomposition of V.

o -
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The characters of the minimal model Virasoro modules we

need are well-known (Feigin-Fuchs). For ¢ = %:

-

1.1 < 15) 2

X3(0) = D a (" =™
keZ

1,3 (2~ 18) 12k2 Ok 13kt

Xz1(0) =T D — ¢

o ker

1,2 (16 ~38) 12k2 —Qk 10k+2

Xz1(0) =g D4 — ¢'"*?)
ke



» ;.

and for ¢ =

10"
1,1 (—2i0) 20/~g2 Ok-+1
Xy5(q) =1 (4 DA UAEE
o keZ
1,2 10~ 240 20k* / 3k 13k+2
Xa5(0) =g a7 (¢ =)
o ke
, (5~ 210) 20k%, Tk 17Tk+3
Xa5(@) = T D (d™ =)
o kez
, (5~ 210) 20k%, 11k  21k+4
xi5(@) =T ) (@ =t
. ker
2,1 (16 ~240) 20k%, 6k 14k-+-2
Xis(@) =T a (@ =g
kel




Mauriello’s Main Theorem

o y N .

Theorem: The decomposition of level-1 irreducible
EY-modules V7, i = 0,1,6, into Virt/> x F\"-modules is:

)@ L(3, ) @ W()

O~
Cﬂll\.’)

00 = L4 0 e L(4,3) o W) & L(E

Vi =L(5,3) @ W(Q0) ® L(35, 15) © W ()
Ve = L(3,3) ® W(Q) & L%, 75) ® W(Q).



Mauriello’s Main Theorem
- | ) o o

Theorem: The decomposition of level-1 irreducible
EY-modules V7, i = 0,1,6, into Virt/> x F\"-modules is:

Each summand is determined by a HWV ¢(V/!, h*/° Q)
w.rt. Vird/s < £V located in Vi with )" eigenvalue 1*/3
and F4(1) weight €2;.

o -



Mauriello’s Main Theorem
- | ) o o

Theorem: The decomposition of level-1 irreducible
EY-modules V7, i = 0,1,6, into Virt/> x F\"-modules is:

Each summand is determined by a HWV ¢(V/!, h*/° Q)
w.rt. Vird/s < £V located in Vi with )" eigenvalue 1*/3
and F4(1) weight €2;.

The explicit HWVs found are listed on the next two slides.

o -



Mauriello’s Heighest Weight Vectors
| o

of Eg, resp. Then the highest weight vectors w.r.t. Vir*/® x Ff) are:

heorem: Let «; and \;, 1 <1 < 6, be the simple roots and fundamental weights



Mauriello’s Heighest Weight Vectors
| o

of Eg, resp. Then the highest weight vectors w.r.t. Vir*/® x F4(1> are:

heorem: Let «; and \;, 1 <1 < 6, be the simple roots and fundamental weights

o(Vy,0,Q0) = 1® e’



Mauriello’s Heighest Weight Vectors

Theorem: Let o; and \;, 1 < i < 6, be the simple roots and fundamental weights
of Eg, resp. Then the highest weight vectors w.r.t. Vir*/® x F4(1) are:

o(Vy,0,Q0) = 1® e’

¢(‘A/30> 37 QO ( >\1 ‘|‘>\6 _3) + (/\3—>\5)3(—3) + ()\1—>\3 ‘|‘>\5_>\6>3(_3)) &) 60
As)(—1) @ €179 4 (A — As)(—1) @ e~ 1+a0)
( >\1 +X6)(—1) ®e*3 7% 4 (=A1 + Xg)(—1) ® e~ *3795)

— A+ A3 — A5 + >\6)(_1> X X1 T3 —a5—ag

—AL+ A3 — A5 + X6)(—1) @ e” M1 3T asFAS

O

/\

+ 4+ 4+ + ||
NN~ NFR N
/\/\/\/‘\



Mauriello’s Heighest Weight Vectors
| o

of Eg, resp. Then the highest weight vectors w.r.t. Vir*/® x F4(1) are:

heorem: Let «; and \;, 1 <1 < 6, be the simple roots and fundamental weights

o(Vy,0,Q0) = 1® e’

¢(V307 37 QO) —

O+
—~

(=A1+X6)°(=3) + (A3—=A5)°(=3) + (A1 —A3+A5—X6)°(—3)) @ €’
Az = As)(—1) @™ 7Y + (A3 — As)(—1) @ e” 1 70)

~A1 FX6)(—1) @e*¥ 4 (=1 + Xg)(—1) @ e~ @3T%5)

—A1 4+ A3 — A5 + X)) (—1) @ M1 TasTa5 A

—AL+ A3 — A5 + X6)(—1) @ e” M1 3T asFAS

+ 4+ 4+ +
NN~ NFR N
N N N N

/N N

5 2 2 2 2
¢(V10, 2 94) —1 ® 60q—|—ozg—|— azt2a4+tas+ag 1 ® eoq—l—ag—i—ozg—i— agq4+2a5+ag

_p.z



Mauriello’s Heighest Weight Vectors
| o

of Eg, resp. Then the highest weight vectors w.r.t. Vir*/® x F4(1) are:

heorem: Let «; and \;, 1 <1 < 6, be the simple roots and fundamental weights

o(Vy,0,Q0) = 1® e’

¢(V307 37 QO) —

O+
—~

(=A1+X6)°(=3) + (A3—=A5)°(=3) + (A1 —A3+A5—X6)°(—3)) @ €’
Az = As)(—1) @™ 7Y + (A3 — As)(—1) @ e” 1 70)

~A1 FX6)(—1) @e*¥ 4 (=1 + Xg)(—1) @ e~ @3T%5)

—A1 4+ A3 — A5 + X)) (—1) @ M1 TasTa5 A

—AL+ A3 — A5 + X6)(—1) @ e” M1 3T asFAS

+ 4+ 4+ +
NN~ NFR N
N N N N

/N N

5 2 2 2 2
¢(V10, 2 Q4) —1 ® €a1+a2—|— azt2a4+tas+ag 1 ® €a1+a2+a3+ agq4+2a5+ag

¢(‘A/207 %7 Q4) — (—2@1(—1)—Ckg(—l)—|—045(—1)—|—2a6(_1)) R 6041+Oé2+2@3+20é4+045+a6
—|_(2CV1(_1) ‘|_ 043(—1) — 055(—1) — 2046(_1)) ® ea1+a2+043—|-2044—|—2a5—|—a6
_|_3 0% €2a1—|—a2—+—2a3—{—2a4—{—o¢5 + 3 ® 6042—|—oz3—{—2a4—{—2a5—{—2a6

_p.z



B -

¢(V21/37 %7 QO) =1® €_>\1+>\6 +1® 6>\3_>\5 —1® 6>\1_>\3+>‘5_>\6



B -

¢(V21/37 %7 QO) =1® 6_/\1—'_)\6 +1® €>\3_>\5 —1® 6>\1_>\3+>‘5_>\6

¢(V21/37 1_157 Q4) =1® €>\1



=

63 2,Q0) = T@e MHde f 1@ ededs — 1 geimdeths
¢(V2/37 15794) =1® €>\1

¢(V2/37 2 Q) =1eM M +1Re T —1ge M AT



=

¢(V2/37 3790) =1® €_>\1+>\6 +1® €>\3 As 1® €>\1_>\3+>‘5_>\6
¢(V2/37 15794) =1® €>\1
¢(V2/37 2 Q) =1eM M +1Re T —1ge M AT

¢(V2/37 15704) =1® 6)\6



-

The proof of the main theorem uses another Ramanujan
identity,

=

a(t?)a(t) + b(t?)b(t) =



-

The proof of the main theorem uses another Ramanujan
identity,

=

2 (49 o )
t“a(t”)a(t) + b(t7)b(t) = Do)

the principal graded dimensions of each Eé”-module, Ve,

. =0,1,6, and of the two Ff)-modules, W () and W (£24),

as well as the characters of six VVir*/>-modules. The result

for V0 seems to require a new identity, which is still being
Investigated.

o -
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