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Summary

Melons are branched polymers

Hausdorff and spectral dimensions coincide

[Gurau, JR: 13]

Towards a double scaling limit

next-to-leading order behaviour

[Kaminski, Oriti, JR: to appear very soon!]

Monday 25 March 2013



Rooted melonic graphs
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From melons to trees

0\1}?3
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i.i.d model:

Why are melons interesting?

-

[Gurau: 10]
[Bonzom, Gurau, Rivasseau: 12]
4N {ts} = /[dT dT] e N {15y (TT)
SN (tst = tra, (T, T) + EB: e —re trg(T, T)

—1)lel
__arD ( ) e w(9)
Znfewy = N EngYw (| [ 5, )N~ @D

[Gurau: 10]

. [Gurau, Rivasseau: 11]
——  melonic sector
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Critical Exponents

vanilla: Y= 1/2 [Bonzom, Gurau, Riello, Rivasseau: 11]
Ising hard dimer dually weighted
[Bonzom, Gurau, Rivasseau: 12] [Bonzom: 12] [Benedetti, Gurau: 12]

[Bonzom, Erbin: 12]

[Ambjorn, Durhuss, Frohlich: 85]

reminiscent of branched polymer phase [Ambjorn, Durhuus, Jonsson: 90]
[Bialas, Zurda: 96]

rooted branched polymer
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The Hausdorff dimension

[Albenque, Marckert: 08]

Branched polymers: dr = 2
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1st Major component of our proof:

[Aldous: 91]
[Marckert, Mokkadem: 03]
[Le Gall: 05]

Galton-Watson trees
=1 (ak.a. critical) Continuum Random Trees

o L_l (CRTS)

dr
T, = > (T2e, dae
( m) Hoo(Q 2¢)

F]

converge under distribution
w.r.t.
Gromov-Hausdorff topology
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(D+1)-ary trees are GW trees

(D+1)-ary trees: T,

offspring distribution: ¢

S €t = —
T D1 bP+1 = D11

induces uniform distribution trees
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Continuum Random Trees

Real tree coded by f: o

f

CRT: 7.
coded by the Brownian excursion e
d,ue — l [dQ(t)} 6_% fol [4(t)]*dt
Z 4(0)=q(1)=0

q(t)>0
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D+l-ary trees converges to the CRT

Iy

’ = ” (,7567 d2€)
\/(D—I—l)n n—00
D
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simple example: words on frees
(0;10132120312)
(0;1013212031)

(0;101321203)

(0;10132120)

(0;1013212)
(0;101321)

(0;10132)

tree distance

length of word

(0;1013)

(0;101)

depth in D-ball = number of subwords

A

(0;10)

(0;1)
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2nd major component of our proof:

average depth/tree-distance
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3rd major component of our proof:

Convergence of metrics [Marckert: 06]

— dTn (p) \ O

dmn
WY e

Result [Albenque, Marckert: 08]

—7n—00 (7-267 d2e)

A,
My,
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The spectral dimension

[Jonsson, Wheater: 97]

Return probability:

_ dlog P(t)
P(t) ~ t™9s/2 ds = —2
(t) 5 dlogt
4
Branched polymers: ds = 3
Rough argument:
1 1
. _ A : ~
Am Pv(l) = 3 t>>V Jm Pylt) ~ 575
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The spectral dimension

Generating functions:
I 1 a

o t
Pr(y) = D0 Pr(y) ~ s+ o Ay
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Random walks on a melon

return/transit P PIO®)
P (t) — M
(o reeo)
1 E } O
Ist-return/1st-transit Py (¢)
PYY (1) = 0"V 6,0+ PYY (1) trajectory example: 1001

S ; X Wy Liwg(1)wg (2 Liwg(g—1)wq Liwg ()Y
_|_ZZ Z PJ{A (1)(tO)PM (1) ()(tl)o--PM (g—1) (q)(tq—l)PM (q) (tq).

q=1 wq to+-+tg=t

Relation Pum(y) =1+ Py (y) + [Py (y))* + - =
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Decomposition and iteration

Ml

trajectory example: ABBA

1 1
) —— _phAd_ 9
D12 T D ( )

Pyl (t) =

1 < . . . .
P 2 (PO Pl @) plesle @ g, ) Prea@(,))
g=1 wq to+-+tg=t—2
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Recursive equation

MD

1 ( 21 11 p1 292
X yE“ + E Py oFE )

Eg% =05 5% where a,b,a, f € {1,2} .
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Simple melon case

Ml
1
Py =y’ I
MU D412 Py, o—e¢—<4 )
MD

simultaneously diagonalize

y2

T D12 ()

)\./\/l (y) and )\M(O) (y) — :|:y

generating function

1
Q(z,y) = Zzpl @) pole at y=1

M
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Simple melon case

non-pole contribution

extract spectral dimension

4
dS:§

Monday 25 March 2013



Towards a double scaling limit

Aim: double scaling limit for tensors
Requirements: control [David: 90]
g (2—273)X(h)
E~ Y Nx) (1 - —>
zh: Je SR
’ 2
Why: access EDT at finite G

At the moment: next-to-leading order + friends
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Supermelon graph:

2-point function:

free energy:

{

Yo =

N |
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Core graphs: o~ w(g) = PV o)

(55)

Enumerate graphs: cannot just add melons to core graphs

11

0 d>:

2-dipole move:
® <€ » ip

D '-
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Critical behavior

:| 2D+2

D
Griog = 9(D+1) [Grog| Griog +9 Grog

g DD+1) [GLO,Q

2D+2
7 [Guos

2-point function: Grro,g = D
1= g(D+1) |Gro|

DO

g 2—YNro 3
Free energy: ENLO,g Y (1 — g-) /YNLO —_— —
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Further sectors

3 1
sum up so far: E~N0(1—9£> +N2D(1—gi> +o

K-di . 3
dipoles N (k=1) (kD) (1 - i)
’iD gC

> washed away

Conjecture: only (multiple) 2-dipole sectors survive

double-scaling weakens as dimension increases
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Outlook

Part 1:

Tensor models < > Brownian map

Part 2:

Complete the double scaling limit
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