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Introduction
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Introduction

axiomatic settings for rigorous quantum field theories by
© Wightman [1956]
@ Haag-Kastler [1964]
© Osterwalder-Schrader [1974]

today: numerous examples in dimension 1,2,3;

not a single non-trivial example in 4 dimensions
this talk:
@ We are concerned with a toy model for 4D QFT.

@ We have advanced much further than expected.
There are good chances that the model satisfies
Osterwalder-Schrader.

@ As by-product we find structures which could be relevant
for quantum gravity.
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Introduction
oe

A toy model for 4D non-linear QFT

@ start with Euclidean QFT on 4D noncommutative geometry

@ essentially a matrix model, with infinite number of Ward
identities from action of U(co) group

@ These Ward identities, and the theory of singular integral
equations, turn the Schwinger-Dyson equations into a fixed
point problem for which we prove existence of a solution.

@ find numerical evidence for phase structure, phase
transitions and critical phenomena

@ construct Schwinger functions on R* satisfying (OS0)
boundedness, (OS1) invariance and (OS3) symmetry

© numerical evidence for (0S2) reflection positivity of the
2-point function in one of the phases
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Matrix models, WI & SD
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Field-theoretical matrix models

@ A maitrix is for us a compact (Hilbert-Schmidt) operator on
Hilbert space H = L2(1, u).

o realise as integral kernel operators: ¢ = (¢ap) € L2(Ix1, pxp)
@ action = non-linear functional S for ¢ = ¢* in volume V:
S[g] =V tr(E¢® + Pl¢))

E — unbounded positive selfadjoint op. with compact resolvent,
P[¢] — polynomial in ¢ with scalar coefficients

Euclidean quantum field theory

@ partition function Z[J]| = /D[qﬁ] exp(—S[¢4] + V tr(¢d))

@ For P[¢] = 0, D[¢|eV!'(E?*) /Z[0] is GauRian measure (of
covariance determined by E) on random s.a. matrices.

@ Our aim is to construct D[g]e ~V"E#*+29%) / z[0].
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Matrix models, WI & SD
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Topological expansion

@ Feynman graphs in matrix a @
models are ribbon graphs. ~° \\& = =
o @ IS e "
@ Viewed as simplicial complexes, they encode the topology
(B, g) of a genus-g Riemann surface with B boundary

components (or punctures, marked points, holes, faces).

@ The k" boundary component carries a cycle

Ni — TNk —
JIpspy, = [1Z1 Jpypya OF Nic external sources, Ny +1 = 1.

_ N\ 1y2-B B Ns
° Expanq log Z[J] = Z §V G\pi...pﬁll\...\p?...pﬁB\ Hﬁ:l pr---pﬁf,
according to the cycle structure. s

@ The G‘p%. | become (smeared) Schwinger functions.

Py, - IPE PR
@ QFT of matrix models determines the weights of Riemann

surfaces with decorated boundary components compatible
with (1) gluing and (2) symmetry.
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Matrix models, WI & SD
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Ward identity

@ Unitary transformation ¢ — U¢U™* leads to Ward identity

0= /D¢ [E6 — 66E — 30+ 63| exp(~S[g] +V tr(63))
that describes how E, J break the invariance of the action.

...choose E (but not J) diagonal, use ¢4, = %‘]ba:

Proposition [Disertori-Gurau-Magnen-Rivasseau, 2007]

The partition function Z[J] of the matrix model defined by the
external matrix E satisfies the |I| x |I| Ward identities
(Ea—Ep) 022 0Z 0Z
0= Jon— — Jo——
PRl 83and3ng | """ 3an ”annp>

nel

For E of compact resolvent we can always assume that
m — Emn > 0 is injective!
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We turn the Ward identity for E injective into formula for

> onel aimzdj] The J-cycle structure in log Z creates

@ singular contributions ~ dap
@ regular contributions present for all a, p

Theorem (Ward identity for injective E)

92Z[3] Jp, - Jp Gjan|Py)...|Px| , SlalalPyl...Px]
=4 b e iRl 1]-.-|Px
Z B ap{ (EK; Sk (nz;:
DY qulaqhqr\P1|M\PK\J$Mq,)
r>1q;....0r €l
Jp, - JIpJo,  Jaoy, Glapyl...Ipc| ClalQul... |k |

K K il |Qcl |z
VD SeSK }20]

v 9] 9]

BYAN 0Z[

J -3 )
TE, _E. nze; (3o 83an "™ Dup
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Matrix models, WI & SD
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How to use the Ward identity

Write S = ¥ 3, p(Ea + Ep)dab®ba + VSint[¢]-
Functional integration yields, up to irrelevant constant,

Z[J] — e_vslnl[\/dﬁ]e%<‘]7‘]>E , <‘J7‘J>E — Z M

Example: Gqp (for a # b)

G - L oFAN]
131 ™V Z[0] 93paddan

J=0

_ 1 O Vs [vds] 9 oy

~VZ[0] { PR T }J:o

! 1 B(—VSin)\T O

“EatEy | (Eat Eb)Z[O]{<“ab Dat )[vaJHZ[J]‘J:o
a(_\/Sint) 82

contains, for any P[], the derivative —_—
ad)ab y [qb] Zn dJan()an
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Matrix models, WI & SD
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Schwinger-Dyson equations (for Sini[¢] = %tr(¢4))

Ward identity and reality Z = Z let the usually infinite tower of
Schwinger-Dyson equations collapse.

In a scaling limit V. — oo and & > _pe finite, we have

1. A closed non-linear equation for Gf§g|
(0)  ~(0)
69 -t - 15600 - Sipo G|ab|)
3l B, + B,  (Ea+Ep)V < |ab| ap| Ep—Ea
2. For N > 4 a universal algebraic recursion formula
(0)
[bobz...by—1]
N2 ~(0) (0) (0) (0)
_ (_)\) ZZ: G\bobl...bzpl\G|b2|b2|+1~~bN—1| B G|b2|b1...bz|,1\G|b0b2|+1...bN,1\
— (Eb, — Eb)(Epy, — Eny_,)

(corresponds to restriction to genus g = 0)
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Matrix models, WI & SD
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Renormalisation theorem

Theorem (2013)

Given a real quartic matrix model S = V tr(E¢? + 3¢*) with E
of compact resolvent.

Assume that the selfconsistency equation for G|(23| has a finite
solution after affine renormalisation E — Z (E + C1) and

A — Z2)\. Then

@ All higher functions G|(t?0)..,bN,l| with N > 4 are automatically

finite without further need of a renormalisation of \.

@ All quartic matrix models (with renormalisable Gg’g') have
vanishing g-function (i.e. are almost scale-invariant).

@ The perturbative observation 5 = 0 for Moyal
[Disertori-Gurau-Magnen-Rivasseau, 2007] is generic!

(Similar statements hold for B > 2)
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Matrix models, WI & SD
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Graphical realisation for N > 4 (and B = 1)

G = (—A)G|b0b1\G|bzbs|—Glbobs\Glbzbl' = )\
|bob1b2bs| (Ebo Ebz)(Ebl Eb3

Giby..bs| = /\2{ + +

OO0 @@@

b b — = G| leads to non-crossing chord diagrams; these are

counted by the Catalan number CN_(NJF'\‘l')'N,
2 (GHD!
b= Eb-EEb leads to rooted trees connecting the even or odd

' vertices, intersecting the chords only at vertices
Open Problem: Which trees arise for a given chord diagram?

. . 1 1 1 _
ot unique: = —¢5E, &) + & E)E ) T (& EEE) — O
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Quantum gravity
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The Kontsevich model in 2D quantum gravity
/dgf) exp (tr(—1E¢? + L4°))

/dqb exp (tr(—3E¢?))
@ exact solution related to Korteweg-de Vries evolution equation

@ resulting ribbon graphs dual to triangulations counted in
other versions of 2D quantum gravity

Z[E] =

@ 2D quantum gravity might have equivalent de-
scriptions as cubic and quartic matrix model
(which we proved is also exactly solvable)

@ possible advantages: positivity and boundedness from below

Coloured tensor models
@ extend these methods to quantum gravity in D > 3
@ Schwinger-Dyson equations and action of U(co) group
@ also exactly solvable? [Ousmane-Samary, 2014]
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Noncommutative QFT
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¢*-QFT on a 4D noncommutative geometry

@ has formulation as matrix model with eigenvalues
En = c1 + c2n, n € N, and multiplicity dimker(E — E,id) = n+1

@ suitable limits and rescaling Gy — Gap, With a,b < &, lead
to Carleman-type singular integral equation for G, —Ggao

Theorem (2012/13) (for A < 0)

Let Ha(f) = E/P/t f(p)dp be one-sided Hilbert transform. Then
0

/"

Gp= 2N0(R)) sign(n) olro(e)]-Halm (o))

A .
where m,(a) := a[ré:t%n <MHA—:;H> and Gy solution of

exp( / /)mp 1+Aprp[G.o])>
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Noncommutative QFT
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Computer simulation: evidence for phase transitions

10

@ Gy, for A2=107 with

f:5 [ Gab 7£ Gba .
= " (winding number 2000 sample points
= t neglected) . .
‘B @ ) discontinuous at
& o ’ Ac = —0.396
:; ettt * ° @ )\ Singular at
O il O Xo= — 0.455 where
o o i L = —
7‘1.0 71‘).5 ; ;,' “ 05 A\ 10 y 1
Iy @ Nothing particular at
pole \p = —5 = 0.014
sl of Borel resummation
-, @ A key property for
i: e y:_l_dggo a=0 s
R | ol M et = —Goooo realised in subinterval
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Schwinger functions
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Osterwalder-Schrader reconstruction theorem (1975)

Assume for Schwinger functions S(x1, ..., Xn):

@ growth rate: ‘/dxf X1, s XN)S (X1, oo, xN)‘<cl N2 |f e,
@ Euclidean invariance: S(xg, ...,Xn) = S(RX1+4, ..., Rxy +a)
@ reflection positivity: for each (fo, ..., fx ) with fy € S(RNY),

Z /dxdy S(XNy - X1, Y15 - Ym )N (X s XD (Y1, - Yym) > 0
M,N=0 where (XO Xl Xd 1) ( XO Xl Xd 1)
© permutation symmetry: S(Xg,...,Xn) = S(X #(1)> > Xo(N))

Then the S(&1, ..., En— 1)]§O>0, with & = Xj—X;_1, are inverse
Laplace-Fourier transforms of FT W(ql,. .,On_1) of Wightman
distributions in a relativistic QFT.

If in addition the S(x4, ..., XN ) satisfy
@ clustering
then the Wightman QFT has a unigue vacuum state
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Schwinger functions
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From matrix model to Schwinger functions on R*

folding G_.. with eigenbasis of 4D harmonic oscillator:

Proposition (2013)
Se(j0cs, -]

d* pﬁ (B8 > (1) Xy ig g
647‘(2 Z Z<H N@ /th 471'2 e' 3 FXo(Ny+.. +Ng_y )>

Ng+...+Ng=N O'GS
N g even

x G

lpall® .. llpal® lpell®> .. _lpel?
2u2(1+Y)° P 2u2(A+Y) |1 2u2(1+Y) ) 2u2(14Y)

Ny Ng

@ Schwinger functions are symmetric @ and invariant under full
Euclidean group @ (completely unexpected for NCQFT)

@ growth conditions @ established

@ clustering @ is violated: The (N1+ ... +Ng)-point functions
are insensitive to the distance of different boundaries.

@ remains: reflection positivity @
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Schwinger functions
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Osterwalder-Schrader reflection positivity

@ Reflection positivity @ gives spectrum condition which
guarantees representation as Laplace transform in £°,
hence analyticity in Re(¢%) > 0.

Theorem (2013)

S(x1,X2) is reflection positive iff a — Ga, is a Stieltjes function,

_ [~ d(p(t)
Gaa—/o

a+t
with p positive and non-decreasing.

'

Theorem [Widder, 1938]

f : R.—R is Stieltjes iff C>°, positive and Ly ¢[f(e)] > 0, where

o (_t)k—l d2k—1 K B B
Lict[f(e)] := TW“ f(t)), c1=1 e =kI(k-2)!

@ In this case p/(t) = limy_ . Ly ([f(e)] (weakly and a.e.).

A\
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Schwinger functions
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Widder’s Ly {[G..]

Gab

key step: integral formula for 2 analb

06

05

04

03

02

01
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Schwinger functions
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Is there a window of reflection positivity?

ol r g

no reflection positivity

forA>0 :
(n:egative aﬁomalousf

dimension due to
renormalisation)

~05 04\ —2.03 0.2 ~0.1 0 01 A

@ If there is such a window, and if this extends to higher
Schwinger functions, then this model defines the first 4D QFT.

@ If so, is it non-trivial?

@ preferrence of A\ < 0 reminiscent of planar wrong-sign
)\gbj{—model [t'Hooft, 1983], [Rivasseau, 1983]
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Summary

© The quartic matrix model Z = [ dM exp(tr(JM—EM2—2M*4))
is exactly solvable in terms of solution of a non-linear equation.

@ Similar to Kontsevich model in 2D quantum gravity.
Is there a deeper connection to quantum gravity?

Q qu—theory on a noncommutative geometry is of that type.
In scaling limit, non-linear eq. reduced to fixed-point problem
@ unigue non-perturbative and non-trivial solution for A < 0

@ phase transitions and critical phenomena, hence
interesting statistical physics model
© Projection to Schwinger functions for scalar field on R*:
o @ automatic, full Euclidean symmetry @), control about @
@ no clustering €, no momentum exchange (close to triviality)

© Reflection positivity @ does not fail immediately. Why?
Needs verification and extension to higher correlation functions
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(Non)-triviality?

Projection to diagonal matrices brings the non-trivial
intermediate matrix model close to triviality. This is more subtle:

@ suppose we can prove @, then reconstruct Hilbert space H,
field operators ¢(f), unitaries U(a, L) and some vacuum
@ uniqueness of  cannot be proved without clustering @

@ main problem: characterise set of Poincaré-invariant unit
vectors of H, and find its extremal points Q¢

@ each restricted Hilbert space He, generated by its cyclic
vector e, admits collision states (Haag-Ruelle theory) and
(if asymptotically complete) an S-matrix

@ involves new Wightman distributions

We(xla ceey XN) - <Qe7 SO(Xl) e SO(XN )Qe>
expected to differ from W (X1, ...,Xn) = (€, p(X1) - - - (XN )2)

Consequently, a non-trivial S # 1 is not impossible.
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