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Motivations

Consistent truncations are powerful tools to compute solutions in
higher dimensions.

* Find AdS vacua with less symmetry

* Solutions with fixed asymptotics,
> e.g. perturbations of AdS solutions

*  Kaluza—Klein spectrum  [Samtleben-Malek]
‘> complete stability in higher dimensions
‘> higher point functions

First example

> 50(8)-gauged supergravity in four dimensions  [de-wit-Nicolai
C 11D supergravity on AdS4 X 57 [de-Wit-Nicolai-Pilch-Godazgars]

Modern technique

> Generalised Scherk—Schwarz reduction  [Hohm-Samtleben]



Motivations

©® Generalisation to two dimensions

< Involves affine Kac-Moody Eg  [Julia-Nicolai]

® Conformal AdS, x S8 / M-theory Matrix quantum mechanics

® A large variety of other AdS;, vacua

> Different phases of the M-theory matrix model
> Other matrix models, BMN mass deformation, ...



Outline

M-theory Matrix model

Generalised Scherk—Schwarz for affine

50(9) gauged supergravity to eleven dimensions
BMN thermodynamics



Super-Membrane on 52

The super-membrane Lagrangian  [de Wit-Hoppe-Nicolai]

£ = —\/—detn, (VX1 + GyeVO) (VXY + §1+V6)
- %(dX“(dX” + 077 dg) + %érwcméwde) 0,4, d0
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becomes limy_,o U(N) matrix quantum mechanics.



BFSS matrix Model

The U(N) matrix quantum mechanics with Spin(9) symmetry
[ Banks, Fischler, Shenker, Susskind]
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where the M-theory radius
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R=e30=e"Va,

describes gravitons at large N in eleven dimensions
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Holographic description

Dual to the pp-wave background
2 ONT o 2, 2,02
ds2, = 2dtdy) + N(;> d? + dr? + r2dQ3
for
Planck scale ~ Ns¢ < r < N3{ ~ String scale ~» Matrix .

Can be realised in type IIA supergravity for r > N7 ¢

[ NET d
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dleD 7 (_Wdt +top td )

> Conformal AdS / QFT COrreSpondance [Boonstra, Skenderis, Townsend]



Holographic description

The black hole solution

ds2, = (1—(%)7)&(2@ N€2dt>+N( >d¢2 ()7+r2dfz§

r

describes the M-theory matrix model at finite temperature T with
7= ((NT26?)s .

Can trigger the BMN deformation [Berenstein, Maldacena, Nastase]
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W|th C = Mdt AN r3C3dQ2 . [Costa, Greenspan, Penedones, Santos]



Supergravity solutions
Solutions with given pp-wave asymptotic at r > 7

© 50(3) X 50(6) Symmetry [Costa, Greenspan, Penedones, Santos]
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ld_CCQ +¢2dQ5 + (1 - ¢?)d03

~ dsg = T1(r, C)

2 _
dQg =
2
C2
© Consistent truncation to maximal supergravity

[Anabalén, Ortiz, Samtleben]

dsg = (e +(1-(Me ™) = d¢’ —at e 2025+ e?(1—

for a single ¢(t, r).

+ To(r, O)C2dQ3 + T5(r,¢)(1 — ¢?)dQ?



Ey exceptional field theory
The scalar fields in K(Eg)\Eg

VAu(x,y) ~V =p oV [ ] exp(- YAT?,)

n=1

The vector fields in the basic module R(Ag)
AM(x,y) ~ |A)
and the derivative in the conjugate module

0
oy~
satisfying
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Affine extension Eq

© One defines the affine Kac—Moody algebra

[TnAa Tn‘f] = fABCTnCer + ’75n+m77AB
A A
[an Tm] = _an—i—m
2
(Lo, L] = (n— m)Lpym + §n(n2 — D)bpsm -

® The basic module R(Ag) generated from the vacuum

TA0)=0, V¥Yn<O0, L,J0) =0, ¥n<1.



Affine extension Eq

© One defines the affine Kac—Moody algebra
(T2 Tl = 8 T+ b
[Ln, Ti] = —mT,f‘er
(Lo, L] = (7 = m) Loy + %n(n2 D)o -
® The basic module R(Ag) generated from the vacuum
TA0)=0, VYn<0, L,0)=0, Vn<1.
© The bilinear forms
MapTO@ TP =nagd TR TE , —Li@1-1@L,

o~ n
are invariant under Eg and L. We write 1,38 = 10a3-



Spectral flow

One further decomposes the module according to both Ly and
T, € glg Ceg
<2 2 =72 a2 2
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Spectral flow
One chooses a spectral flowed Virasoro
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Spectral flow

One has then the algebra

[T ToL] = 8 Tt = 8L TSy at + moma(8501 — $615])

Thhhb
m—p/3’ n+p/3 JhJ3

I=
[Tll hls  lalsls ]
] =

[hh k] hht
= 18035 TH L+ 6(m = B)omiads,

1/1
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m— p/37 n P/3 m+n— 2p/3/7/3/g

/7 Igly

[T T, m+n+2p/3

m+p/3 hhlz> n+p/3l4l5ls
The slg subalgebras are conjugate for all

* p=0mod3 ~» SL(9)C Eg with ¢eg = slo © 84 ¢ 84
* p==+1 mod 3.

— p = 1is the gravity line SL(9) decomposition
associated to eleven dimensions



Basic module

Generalised vector field in the SL(9) (p = 1) decomposition
Ny = (¢ + Iak 7_1%( + INHEET s + EP T S+ ) [0)
defines ordinary diffeomorphism and gauge transformations

6Gy =Vi&+ Vi€, Auk = EFLuk + 30pA K -



Eq Generalised diffeomorphisms
Ly V) = (@vINIV) = naglOal TN TP V) — (OalA)| V)

In the SL(9) (p = 1) decomposition
IN) = (&' + 3k Ty75 + g Tyys g + € T+ )[0)
The derivative on section

(0 = (00,

and
Las|V) = ¢o|Vv) - alsJTAJ|V> +01¢ (Lo — 3)|V)
1 .
—501A\ K 2 8/)\ T3k IV)
— k&M, T V) +



Eq Generalised diffeomorphisms

Las|V) = (0vIN|V) = nag(Oal TN TP V) = (OAIN)]| V)
— N1 TX[TOZ] TP V)
In the SL(9) (p = 1) decomposition
IA) = (&' + A TE + e s + S T+ ) [0)

The derivative and constrained ancillary parameter on section

(9] = (0|'9, Y= (=700),+...)(/
and

Las|V) = &o|V)y — o T{IV) + 01 (Lo - 3)|V)
1 1. .,
—501A\ K 2 g T3k IV)
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Generalised Scherk—Schwarz

Generalises to Ey/K(Eg4) symmetric matrix as
Mun(x,y) = UEm(y)Mpo(x)UN(y)
with [Berman—Musaev—Thompson,Hohm-Samtleben]

r UM e Qo R ) = 0p. T*Fg

|Riho_s)
with EpM = r=14=Mp one has

EEBEQ = —Opa TQBBEB



Generalised Scherk—Schwarz

We take
V(x, Y) = VOQUY),  plx, Y) = r(Y)e(x)
and define the eg-valued Weitzenbock connection
Wal @ T* = r ' HeMUut @ ot U™
with

Wal @ T =D (WA @ TS+ (Wol @ Lo + (Wk| ® 1

n

WE @ T* = > (WAl @ Tiy + (Wol @ Leg + (W[ ®1

n



Gauged algebra

The gauge parameters
N =r U, E=rUTt TN U,
satisfy
rULpy, s (r U VY ) = n_1ap(0] TN TP V)
with the embedding tensor
(O] = —(WalT*.
> implies quadratic constraint  [Samtleben-Weidner]

N-1a50|T*® (0] TP =0



Eleven-dimensional supergravity basis

To obtain compactifications from eleven-dimensional supergravity
< |dentifies the coordinate module 9 C R(/o)
> The structure group of the tangent space SO(9) C GL(9).

To exhibit the symmetries of S8
> The isometry group of the sphere SO(9) C GL(9).

Two conjugate SL(9) decompositions of Eg to identify.



Spectral flow
One chooses a spectral flowed Virasoro
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Spectral flow
One chooses a spectral flowed Virasoro
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Spectral flow

One has then the algebra

[ Tonss 0| = 65 Tt = 8L Tifs nt + mmn(0)37 — $015[)

Lt [hbh 1] hhl
[Tnif,f/y nip/3hbd | = 18000 Ty +6(m = 8)dmnd} 3,0,

[Tll bl Tl ] 1 e
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x p =1 arises in dimensional reduction on T2.
* p =2 appears for the S8 isometries.



SO(9) supergravity in two dimensions

Supergravity in Misner frame obtained directly by reduction on T?°

1 1 .
L=o0/—gR+ 20DMiy DM" — 50 Mt MIP MR Da, i « Dagpg

_ i€/1/2/3J1J2J3K1

KoKy
64 ahbls DaJl Jds N DaKl KaKs

with ) _
Gy =o03Myy, ayk € 84 .



SO(9) supergravity in two dimensions

In the p = 2 frame the SL(9) representations are conjugate

1 1 .
L =2doxdo + 3 0DMy; * DMM — 50 MM p Mg Da"’ « DalP?
1

64

hbl 1o Ki Kz K:
5I1I2I3J1J2J3K1K2K33123D3 10203 A DgaHfiRaKs

with
My € SL(9)/S0(9),  a“ c8a4.

> 44 + 84 degree of freedom.



Compactification on S8 x St

Conjugate such that (0| reads in the (p=2) SL(9)

1 i i
(0] = ;<0!JT10/§3:' = (310
We take
ufl — rLoeS Ufl

the embedding tensor

_2 _ 1 _ 2
O] = r5esU™10% U1 ;US, U g ((%\[KLTﬂ 7<%|Q[KT1LQ5’5?])
+ =r ies T

(U—IOKOI,U—ML — Ui uo, wi U710KU710L><%‘P(K L

o =

TR o, 1 1
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Scherk—=Schwarz solution

Introduce SO(9) embedding coordinates with metric 4, for
O = Aoy
oYyl =1

The SL(9) twist matrix components are taken to be
. 1 .. .
U™t = |detg|s (g7, + c'V))
U0 = \detg]*éy/,

and
1 7
r=|detg|z, e°® = A|detg]|is .

where gjj = 5”8,-))/8ij and ¢’ the 7-form potential
gi0:Y10,Y)=61,-V1Yy, |detg\7%3i <\detg!%gij8j3}/> = —-8),

and
|detg|~28; (|detg|%c") + |detg|iwg =7



Scherk=Schwarz solution
With the embedding tensor
(6] = —eu4/3”,
and the coset component

yl—... eh’JT7J1/e%aUKTfl/sleQLer V!

1
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> Components fit the Yukawa couplings  [ortiz-Samtleben]



SO(9) gauged supergravity in two dimensions

L=2doxdo + %QDM,J * DMY — %g% My M p MygDa « DatP@
1

hibl J1 o) K1 Kx K- K 1J
- @5/1/2/3J1J2J3K1K2K3a1 *%Da™=> A Da™ ™™ + h™ 0k FY — Vgauged

with

e7 s 1
Vipges = - g: 010K (2MIK Mot _ MUMKL) + 5 9—2/3 (a/PQaKRS M Mpg Mags — 24/KP L@ MPQ)
n Zg—zh/PhKQMQ[P ML 4 Q—s/sa/PRhJPaKQshLQMRS
o

2
n > hJPaKQ, Q L@ 805060750. . M PR

3
—4/3 _I[IM;M, _M;M,)J _K[N; N, _N3N,]L
+§Q /3 QM My M5 M,1J (KINL N, N5 Ny Mg, v, Mg, v, Mit,n, M,

—2
e IN; N, aJN3N0 aNst Ny ey, aKP, P, aLP3 P, aP5P6P7 cp,...p, IV,NQPE MNg Py

+
2. 1442
9—3/3
2'RP Y g at M gL N N Noy N No@ Mpq
576 o
9—8/3
o M g NN RN NN GRPPe gl Pa P P PoPr QP PeS b Migs
11522 e o



Uplift formula
The metric in eleven dimensions reads
dskp = p9e* (—dt? + dz?) + po Gys(dy! + AT)(dy” + AT).

with the dilaton

Nh—l

p(x,y) = (detg)zo(x),

The internal metric

Grjdy'dy”? = Gydy'dy/ + (detGy) ™" (dv + Kidy')?
satisfies
€% GU = X203 €2 (detg)’ V) g% 0V Yk g0V (2MKUMIL 4 9=2/3 MpgalP aKLQ) .
and Ay = a,-y’a,-yfau(x,y) satisfies

YRS (2MK[P MAL 4 p=2/3 MRQBPJRBKLQ)QIJ(X7 V) = 0~ 3yka P Myp .



The SO(3) x SO(6) invariant truncation

= 2doxdo - 7Qd¢*d¢ *Q3e ~%%dax da
3
+ 595 (6 +12¢% + 8672 4 p2/3e72¢ %)

with explicit Upllft [Anabalén—Ortiz—Samtleben for a = 0]

ds? = e A(1+ f)s (—dt2 +dz%) + o~ %(dw + AL+ (1 - A2
(1+f)3
4 1 dCZ e‘¢

1+f —¢A 2dQ2 4 e?(1 — ¢)d02
N G e e IR R P Lie)

where

2 ,—4p ,—3 2
A=P L (1-Qe b0, f=So 227 AQ T >o0,
and

dA; = e2"g§(4¢+6e¢+e 0 3a)dt/\dz
5
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Asymptotic pp-wave solutions

. . 4
With x = 7/r and ¢ = 1 we define z(x) by % = 1X3j(2 and the
pp-wave black hole solution
X7 \
e2o:1X7X , 0=X 2.
. . . . A ~ Iu
The linearised solutions with fi ~ 5-=
_ 3¢, 14,57 3 F (3 6.9.,7 5
a(x) = 2 axaF1(3, 7: 2 x") +ax?oF1(3, 3: 7:x7) ) + O(x7) ,

B(x) = vx?oF1(2,2; 3;x7") 4+ Bx°2F1(2, 2 2 xT) + O(x*) ,

* [i and v non-normalisable modes:

< Sources trigger deformations of the matrix model.
* « and [ normalisable modes:

< Expectation values determined by a regular horizon.



Asymptotic pp-wave solutions

With x = 7/r and ¢ = 1 we define z(x) by % = lxgj(; and the

pp-wave black hole solution

1—x7
200 __ —
e - X7 b Q

Il
X
io

The linearised solutions with /i ~ 5£=
i
a) = = (3Rl 50 — RIS §ix >) +00).
T 2r(H)r(2)y 5 10.
; )—7X2F17ﬂ7 )

ST(N(3)?

* /i and v non-normalisable modes:
< Sources trigger deformations of the matrix model.

* « and (3 normalisable modes:
> Expectation values determined by a regular horizon.



Asymptotic pp-wave solutions

With x = 7/r and ¢ = 1 we define z(x) by % = 13;; and the
pp-wave black hole solution

1—x’
e20‘ —

x7

The linearised solutions with i ~ 2;‘

3/,
a(x) = —Z(mﬁ(%,%;;;x?) :
B(x) = vx?oF1(2,2;4;x7) + Bx°oF1(2, 2 2 X7

triggers the expansion

1—x’ 142
e%’ = 7X (1 v
X



BMN thermodynamics

FOI’ ﬁ = % sma|| enough [Hadizadeh, Ramadanovic, Semenoff, Young]
o “deconfined phase’ F ~ N2.

For i > 0.1 the degeneracy p(N) of vacua gives F ~ 1.

Study at strong cou pllng [Costa, Greenspan, Penedones, Santos]
‘> Can the consistent truncation gets analytic?



Conclusions

Egy exceptional field theory Scherk—Schwarz reduction
Uplift formula for SO(9) supergravity
Application to M-theory Matrix Model

Consistent truncations for BMN vacua?



