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Introduction and motivations

4d SCFTs N =4, N =2 = Holographic and localization techniques.

Mostly focus on SQCD or quiver gauge theories in the large N-limit

e Partition function, Correlators among Chiral/Anti-Chiral.[r. passerini and
K.Zarembo (2011)], [J.G. Russo and K.Zarembo (2012)], [E. Gerchkovitz. J. Gomis, N. Ishtiaque, A.
Karasik, Z. Komargodski and S. Pufu (2016)], [D. Rodriguez-Gémez and J.G. Russo (2016)],[B. Fiol and
A.R. Fukelman (2019), (2020)],[M. Beccaria, G.V.Dunne and A.A. Tseytlin (2021)],[M. Beccaria, G.P.
Korchemsky and A.A. Tseytlin (2022),(2023)],[M. Bills, M. Frau, A. Lerda, AP and P.Vallarino (2022)]

[ For A/ =2 finding exact results at strong coupling is difficult

@ BPS Wilson loops, Chiral and Wilson loops = many properties still
deserVe to be analysed [S. -J. Rey and T. Suyama (2011)], [H. Ouyang (2021)], [K.Zarembo

(2020)],[F. Galvagno and M.Preti (2021)]
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Introduction and motivations

Specific © Type-E theory
4d N =9 SCFTS [I.G.Koh and S. Rajpoot (1984)]
(“close” to N = 4) @ Z,; orbifold of N =4

Powerful tool: the X-matrix
[M. Beccaria, M. Bills, F. Galvagno, A. Hassan and A. Lerda (2020)]

Sum up the perturbative series

[ Exact results in the 't Hooft limit
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Contents of the talk

© (W 0Osp11) in the type-E theory
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Type_E theory [I.G.Koh and S. Rajpoot (1984)]

Matter content

[ G =SU(N), Vn=2 Adj,  Hpa-2 Sym,  Hpr—2 Anti-Sym,

1WdN=2 [SU@)r| x(UQ). 8=0 = CFT

Chiral Operator

[ o(2) Vxa = Onle) = trg™ (x) — trg™(x) n={ny,ni)

chiral C.P.O. Conformal dimension

@Z(Qn(w)=0, [An:n1+n2+"'+n[j
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Defect correlator in the Type-E theory

Half-BPS Circular Wilson loop

We = v trPexp g §dr (4,00 + S (o) + 7))}

T

R? cRi

(1) =R (cosT,sinT,0,0) c 3,74 . |

R __’_,_———"‘

wn(g,N) 1
<W On(a’))) - ' 7
(27[[z(|c)An
e

R =1 and single-trace O,,(z)
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LOCE\ | |Zat|on [E. Gerchkovitz. J. Gomis, N. Ishtiaque, A. Karasik, Z. Komargodski and S. Pufu (2016)]

R4 - __0n(N) St

o (On(N)Om(S))
On 0 6m *6m o=
(On(0)Tm(e0)) +Don(=0) - o)
Large N-limit ¢ Matrix Model  a=apT?  (v.pestun (2012)]
z - fd —tra’— Sint(a)~ Simel@) (f(a) fdaf(a)e_tm —Sint(a)

[M. Billo, F. Fucito, A. Lerda, J.F. Morales, Ya.S. Stanev and Congkao Wen (2017)]
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Gram-Schmidt Orthogonalization

Mixing with lower dimensional operators

[ OA g 0A+610A_2+620A_4+---

S* Matrix Model |:> R* CFT

Orthogonalization procedure

On =tra” - Z ‘Mn,m‘omn

m<n

(0,0,)=0 ¥ m<n = \Mnm\

[E. Gerchkovitz. J. Gomis, N. Ishtiaque, A. Karasik, Z. Komargodski and S. Pufu (2016)]
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Type_E theory pI’OpertleS [M. Beccaria, M. Bills, F. Galvagno, A. Hassan and A. Lerda (2020)]

Sint(a) = > gem(N) [tr a2+t trazm”j

£m=1

only odd powers

Large N @ limit

[ Z=[da etra®=Sini(a) _ [ Dw ezl (XM _ det_%(l - X°dd)

X°dd_matrix

(Xodd)

1 7]

o t
°<[0 dte—l)Q(JQiH(t\/X) J2j+1(t\/X)} convolution

?(et_
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Warm-u 9] (WC Og) [AP and P. Vallarino (2023)]

Even - planar equivalent [V. Pestun (2012)]
k
1
(We O2y) = (We Oa)o O3 =tra®, c= — Z:: (2N) Htra’C
<Wc 03 2n+1 nl()\) I2n+1(\/_)
Dpe(A) = Gpp + (XU, 0+ (X"dd)?LZ +.+  Type-E theory

(We Os)o =~ I3(V)), G3=(0303)0 N =4 SYM

V3G3
N

J

[G. W. Semenoff and K. Zarembo (2001)]
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Warm_up (WC 03) at Strong COUpllng [AP and P. Vallarino (2023)]

1+ Awg()\) <<WWC(E)I);> =~ Z V2 I2;3+(1\(/\X/)X) Dl,n()\)

Asymptotic expansion

12n+1(\/X) 1_2//2 +2n-4 2nt+4nd —n?-9n+ l(')+... _ i Q2s(n)

S PRSP +
13(\/X) A—o0 ﬂ A s=0 )‘8/2
1 /om T 4 1
%nzzzl 2n+1D17n()\) + R;;(/\) )\_’:/oo ﬁ+0(x) + R',(/\)
5=0 s>1 5=0 s>1

[M. Bills, M. Frau, A. Lerda, AP and P.Vallarino (2022)]
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R3(\) numerical evaluation [AP and P. Vallarino (2023)]

(We 03) ( A )k
<WC Os)o Zd - for |\l < Ac

Radius of convergence A\, =72 = Behaviour outside \. 77

&

Numerical Method: Conformal Padé approximant Py
[O.Costin G.V.Dunne (2019)]
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Rg ( )\) \/X numerical evaluation [AP and P.Vallarino (2023)]

40 5=0
Am
VA
3.5
3.0
25
2.0
—— (1 + Psoiso)(AWs (AW A
15 520
| | | | - | - | = A/ITZ
10 100 1000 10 10 10



Rg ( )\) \/X numerical evaluation [AP and P.Vallarino (2023)]

40 5=0
Am
35 s>1 Finite gap v
3.0
25
2.0
—— (1 + Pisosoy(Aws(A)V A

15 520

| | | | | | A/ITZ

10 100 1000 10* 10° 108



Rg ( )\) \/X numerical evaluation [AP and P.Vallarino (2023)]

4.0 5=0
Am

L .. 2.69(4) 1 NG
35 s>1 Finite gap = R3(\) ~ RV, s O(3x)
3.0
25
2.0

—— (1 + Pisosoy(Aws(A)V A
15 520
10 100 1000 10* 10° 108 wr
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Warm_up (WC 03) at Strong COUpllng [AP and P. Vallarino (2023)]

Strong coupling prediction

(We O3) o %( At + Rél) ) +O(§)

s=0 s>1

R{" = -2.69(4)
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<WC 02p+1 > Pla nar lim it [AP and P. Vallarino (2023)]

(We Ogpi1)  Type-E theory

1 2 00 4 ‘
N > VGorr1 Mapi1 201(X) D) V2 +1 (IZn+1(\/X) > ]),(,(;)Dn,m()\))
/=1 n=1 m=1

Gram-Schmidt coefficients Numerical coefficients

N =4 SYM

\/(2 1 " _
(We Ogpir)o = ( p+N)g2p 11'2;1;+1(\/X), (0rn,On)o =Gn

[G. W. Semenoff and K. Zarembo (2001)]
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<WC 02p+1 > at St rong cou pl | ng [AP and P. Vallarino (2023)]

Strong coupling prediction

(1)
A -1 R. 1
(We O2p+1))\:w (We O2pi1)o ( 2@% )(27r+ '; )+O(X)

Conformal dimension ,R;())l) =-2.69(4)
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<WC 02p+1 > at St rong cou pl | ng [AP and P. Vallarino (2023)]

Strong coupling prediction

| RrW 1
(WCO2p+1))\:°° (Wc(92p+1>0( 21;% )(27r+ - )+O(—)

Conformal dimension Rg” =-2.69(4)

Systematic and analytic large \ expansion

[G.P. Korchemsky, AP and P. Vallarino TO APPEAR]

R o —dr 2 -26967... v ©
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Contents of the talk

© (W---W) in the 4d N = 2 circular quiver
———
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The N - 2 q u IVer theory [M. Bills, M. Frau, F. Galvagno, A. Lerda and AP (2021)]

o I:O’...,M—l

node — V/(\22 SU(N);

line » Hjp—o

gr=g VI = A=¢°’N

¢

Single trace chiral operators

pD eV, 00 (@) =tr oD (@)
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Untwisted / Twisted Wilson loops
Half-BPS Circular Wilson loop
(D(p) = L ( D ()i (1) + 2 (oD (2) + 30 )]
W (x) NtrP exp[gjédr i Ay (2)d (7')+2(<p (x)+2"(2))

[F. Galvagno and M.Preti (2021)], [S. -J. Rey and T. Suyama (2011)], [H. Ouyang (2021)], [K.Zarembo (2020)]

Change of basis

1 ML 27mi
(1 = Z I“W(I) p = eﬁ
VM
Untwisted =0 Twisted o + 0
~ (D ML D
0= 0 Z W\ (\ \ Z w
=0 1=0
\,x twisted sector =1, -, M -1
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The correlators

n-coincident Wilson loops  planar limit

n
(W, W, W, ) =0 mod M
i=1

2V M
\/X Il(\/X)a

[F.Galvagno and M.Preti (2021)], [S.-J. Rey and T. Suyama (2011)]

(Wo) = VM (W), = (W.,)=0 1-point

(WoWo-Wo) =~ (VM (W))" n-point untwisted
| ——

n
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The matrIX mOdel [M. Bills, M. Frau, A. Lerda, AP and P. Vallarino (2022)]

1 M-1 N . ,
Au,k:— 2 P traI AT\k:A\/*”»k aIEa[Tb
VM 5 ’

su(N) generators

Wilson loop representation [v. pestun (2012)]
1
N
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Wa rm-u p <WO[W(1);> [M. Bills, M. Frau, A. Lerda, AP and P.Vallarino (2022)]

Sint can be diagonalized = Generalization of the X°99_matrix

Ain= A= (Ao (Ao Al m) =D CinCim D7(1—)2i,m—2j
2%
() T2
Di,j = 5]4:,4 + S Xk’g+52 X]%:,f+53 Xi’:! I S ESin(M)
Sint =0 Sint £0

X = =8(= 1)k+mu\/_[ T tetl)QJk( \{T_)Je( ;{T_), Xog,2041 =0
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[AP and P. Vallarino (2023)]

Warm-up (W, W)

(W, W) = ii LN LX) VEIDL) S0

Sint -0 N =4 SYM [K. Okuyama (2018)]

w2 —(WW>0—<W)02£—71(\/_)12(\/_)

conn

T
WaWa) _ 1+ Aw()(M,N)

Ratio
Wil (M)
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<Wa WJ{) at Strong cou pl I ng [AP and P. Vallarino (2023)]

Ii(VX)
Li(V))

2 = s (5(.

(@)
Aw (MA)MIZ 2

[M.Beccaria, G. P. Korchemsky and A. A. Tseytlin (2023)]

analytic computation

IO(S“) IO(S‘\/,“) ( ]. )
1+ Aw( (M, A ol =
( ))\ —00 2\/8_“ 2‘/8\[7“ \/X

[ Large A\ expansion of Fredholm determinant of Bessel operators

To(sa) = [y & 20, log(l +5, smh(%)q), eg Zo(1)=7%
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Numerical CheCk 'FOI’ M =2 Sa = 1 [AP and P. Vallarino (2023)]

10 100 1000 10* 10° 100 2

2
6 —1~-0.38315
Pisorso(AwD(2,A))




Numerlcal CheCk 'FOI’ M - 2 SO[ - ]_ [AP and P. Vallarino (2023)]

A
10 100 1000 10* 10° 100 2

2
15 — 1~-0.38315
Pisorso(AwD(2,A))

-0.4 ~ -
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3-point ( Wa, Wa, W, )

[M. Bills, M. Frau, A. Lerda, AP and P.Vallarino (2022)]

Ciy,ky

Cig ko ~ N N
<A JﬁA ,k2A 7k3)z
Vil,iz,ia
Z Ci1,k1 Cig, ko Cig ks Vil,i27i3
11,12,13
Cig k3
The Vertex
LT ) g2) g(0s) () — v p(@)
Vu,iz,igﬁ \/MN k1—2i1dk2—2i2dk3—2i3 dk :g:ZQDM \/E
Factorization at large V
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3-point (Wu, Wa, Wa,)

(W, W, ,W,.) analytic expression VA Sjp #0

[AP and P. Vallarino (2023)]

St =0 N =4SYM

W = (WW W)= 3(W)o (W W)o +2(W)§

[K. Okuyama (2018)]

(I/Vf\\ VV(\: W\;;)

= 1 + Aw( 2 (M, )
VMWL)

Ratio
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3—p0|nt (Wal Wa2 WQ/?)) at Strong COUpllng [AP and P. Vallarino (2023)]

(WoW, W1y = /M (W) (W, WI)  mixed correlator

«

Large A\ expansion of Fredholm determinant of Bessel operators
[M.Beccaria, G. P. Korchemsky and A. A. Tseytlin (2023)]

analytic computation

6’\ 1\) a3 3 [0 1
1+A’ZU(HI’(H)(M,)\) - 1+ M 3 1—[ (S o L
A—oo pe1 \/sz,/, \/X
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H |gher pOI ntS free theory [M. Bills, M. Frau, A. Lerda, AP and P.Vallarino (2022)]

~ ~ k1+ko
2pt <A"\7k1 AH;,kg)OEN 2 5(1“\/7(1)

~ ~ N kitkotks

—_—-1
3pt <A(l\,k1 A(\g,kg Ar\;7k3)02N 2 54\\4-4\1,\/*(\,;

[ n >4 points = Factorization a la Wick

~ A~ A

EXample (A“hkl Au»_»’k‘g A(\;,k}3 A4\17k4)0 &

—_

> ---o

[}

le---02 le .2

> ---o

3 4 Je----e4 3¢ L X!

(Ao Ao koo kAo ko (Ao kAo ko dolAn ks A ko (Ao ki Aok )olAos kAo ks)o

[ rhs+0 = leading order reducible
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Higher correlators

[AP and P. Vallarino (2023)]

n-pts free theory = Factorization a la Wick interacting theory
[M. Bills, M. Frau, A. Lerda, AP and P.Vallarino (2022)]

<

(W, --W.,, ) exact expressions in A in the planar limit

p=2neven (W, W, W, ) large A

n I a94i-1 I a9
- G ({15 e 3o

Jj=1 2\/ Sagji 2\/ Say;

1

64\7»"‘ 1,M—oa; +oe

?3 7271—1
. .
&4 $2n

o— — o

2
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Higher correlators

p=2n+1 odd

= MW (W)™ (—‘“ e

[AP and P. Vallarino (2023)]

(W, W,,--W,, ) large

, 3 I()(s L3 IO(S H)IO(S M)
) 5, e
lHl NG H2/7 2 Js, CanjenM 2 T )
lea »3 75 ?2n+1
R 1 1
¢ &4 $2n
2
To(s,,
W, — —M simple rule at large A ©
2\/sa,

Alessandro Pini
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Contents of the talk

© Conclusions
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Summary and outlook

o Exploiting the properties of the X-matrix we summed up the
perturbative series for

©Q (We Ozpy1) in the Type-E theory.
Q@ (W, W, )in the Zys orbifold of N =4 SYM.

Exact expressions in the planar limit.

@ Numerical and analytical methods = QFT strong coupling
predictions = Test with the AdS/CFT correspondence.

@ Analytic derivation of the strong coupling expansion for (W¢ Ozp41).

[G. Korchemsky, AP and P. Vallarino TO APPEAR]
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The X—matrlX [M. Beccaria, M. Bills, F. Galvagno, A. Hassan and A. Lerda (2020)]

The interaction action Syt (a)

C(20+2m+1)tra® Hra?m*t

4 Z ( 1)Z+m

£m=1

@\ (204 2m + 1)
(20+1)!(2m+1)!

The matrix element X,

—8(- 1)’”W(2k+1)(2g+1)f : szk+1(tf)J2e+l(ﬂ)

2T 2T
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The 'FU || I_le a |gebra a pproaCh [B. Fiol, J. Martinez-Montoya and A. Rios Fukelman (2019)]

[M. Beccaria, M. Bills, F. Galvagno, A. Hassan and A. Lerda (2020)]

~

Zga = f Iﬁdmu A(m)|Z(im,g)|25(Zmu) = [dM e S §(trM

Hermitean traceless matrix M with eigenvalues m,,

We introduce the matrix a, tr 1,1, = %51)6 bec=1, -, N>2-1

5 5 N2-1
2
a= 8iM = Zgu= (%) f da ™t~ Sim(a)
T
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The 'FU || I_le a |gebra a pproaCh [B. Fiol, J. Martinez-Montoya and A. Rios Fukelman (2019)]

dab

daI;[\/%

(f(@)y = [ dae™™ f(a)

Expectation value in the interacting model

(o)) = LIS @ 5@ (f(@)e Dy
[ da etr@*=Sini(a) (e Sm(@) )
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The free-variables representation in the large N-limit

/_) single trace operator on R* for ' =4 SYM

[

09 00y =1 () bnm = GO
L ~m”1(0) 2 , n ,

[M. Beccaria, M. Bills, F. Galvagno, A. Hassan and A. Lerda (2020)]

the free variables w

wi(a) = W = <wi(a)wj(a)>(0) = 6i7j
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The free-variables representation in the large N-limit

[M. Beccaria, M. Bills, F. Galvagno, A. Hassan and A. Lerda (2020)]

Wick’s theorem for odd correlation function =

(wis (@)wiy (@) -+ wi, (@) = [ Dw wiywy - wi, 5™ D= ﬁ

:1

interacting theory

(f(w)) = wa Fw)e 3¢ @ Xw  z o qet73(1-X)
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3-p0| nt 'FU nCthﬂ at I_a rge_N [M. Baggio, V. Niarchos and K.Papadodimas (2015)]

Planar limit = Gram-Schmidt simpler set single-trace {O,,}

On =8y, — Z Cn,mom

m<n

1
O, | = + N(single and multi trace)
\) orthogonal only to single-trace

3-point

Gryng = {Ony OnyOnying ) = (Ony OnyOny iy ) + O (1/N)
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ReSU |tS at Strong cou pllng 1 [M. Beccaria, M. Bill, M. Frau, A. Lerda and AP (2021)]

Product of Bessel functions = inverse Mellin transform

(]

27 27
B /+ioo ds [(-s)T'(2s+ 2k + 20+ 3) tV/A Plorhrtrl)
" Jiico 2miT(s+2k+2)D(s+20+2)(s+2k+20+3) \ 4m

+ico 2(s+k+0+1)
XM:—8(—1)’f+f\/(21<+1)(2£+1)f ds [(:ﬂ)
—1 v

L(=s)['(2s + 2k + 20+ 3)T'(2s + 2k + 20 + 2)
[(s+2k+2)[(s+20+2)'(s+2k+2(+3)

o 271

C(2s + 220 + 1)]

\.
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Results at strong coupling 2

[M. Beccaria, M. Bill, M. Frau, A. Lerda and AP (2021)]

Contributions = poles on the negative real axis

Xie =81V @R 1)(20 1) [16);2 (2(% - f];;si% i)
Ok,¢ Ok+1,0 Ore Ry
2k(2k + 1)(2k +2)  2(2k+ 1)(2k +2)(2k + 3)) TSk 1) o™ 2)]

At Strong COUp|Ing [M.Beccaria, A.A.Tseytlin and G.V. Dunne (2021)]

r

X ~ —2g
Aooo 272

Skz=1(—1)k+€ 20+1 Ok-1,0 . Okp . k1.0
4 V ok +1\k(2k-1)  k(k+1)  (k+1)(2k+3)

[Y. lkebe, Y.Kikuchi and I.Fujishiro (1991)]

J
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N - 2 qU |Ver—mat|’|X mOdel [M. Billd, M. Frau, F. Galvagno, A. Lerda and AP (2021)]

1
Up+= Ay = T (trag + tray + -+ traly,_;)

1 M-1
TCY?’LHAOZ,TL:\/_M p
I=0

)

_O‘Itra?

Interaction action

oo m )\ m .
Sua= 3 | £ 3 () Fon(t™ = e o~ )

fm,k _ (_1)m+k( 2;” ) <(2m_ 1)

2m
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The X—matl’lX [M. Bills, M. Frau, F. Galvagno, A. Lerda and AP (2021)]

Xpe =Xk, Xog+1,20 =0
id _
Xyt = Xoge1,2041

2 2

s @R [T (52 e (32)

even

ke = X2k,2€

o [ (D))

2T 2
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The X—matrIX [M. Billd, M. Frau, F. Galvagno, A. Lerda and AP (2021)]

Gram-Schimdt = Change of basis A, , = Pan

Poz,n = Z[Cn,k \Aa,n—Qk = <Pa,n7>5,m>0 = 5n,m5a+5,0

iy

Explicit expression

<

. . . _ ..92
Expansion with the X-matrix 5q = sin” (57

Py (1 fooye(—1
<,Pa,2k,Pa,25) = (W)M <P072k+17)a,2f+1) - (1 B SaXodd )k,e
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The correlator (W, Wj W(I . 5) [AP and P. Vallarino (2023)]

3 oo 00
(Wa W W], ;) \/_N4 [ 1:[ (Z ;ng(\/X)\/ (2k) (20) Dé?i’;)e)

5 [(ZZI% fWWDS:";f))

k=1¢=1

(i > Lo (VAW 5 1) (205 1) Déiiféiﬂ) x

k=1/¢=1

—_

(i i Iojat (VAV(2k +1) (20 + 1) D;;;:f;;ﬂ)] ] ,

k=1/¢=1

where
Q3 = { (1a2a3)’ (3> 172)7 (2737 1) } :
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